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RECURSION

As a warmup, we will talk abouvt recursion, which (s one of the most tmlaor-tant de.ngn tools
for a(f'onthms

The basic ea is that you want to solve an Instance of a }woblem and the woy yov solve it is
by not ““""g it but la)/ rnalung a Ultle bt of progress until we have one or move smaller
instances of the problem , whch yoo solve by delegating” to the “recutsion fair /v, or just bwte-force

it if is constant -sized .

As a canonical examl)lc, consider the Tower of Hanot Froblcrn.

Tower of Hanol

This is a yhys'cal puzzle desfgned in late 1800s by the French mathemat'don Edword Locas

‘There are tiee peps and oh one of them there s a stack of cirevlar dises of different
sizes stacked vp <o that the sizes intrense from top to bottom
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left middle right

Goal : Move all discs from left to the n'g’H’ peg by fbllow"nfr these rules :
[J we can only move one disc at a time
a disc can only be on top of a lavger disc

How do we do this ?
Here & how we are got'ng- o H#ank aboot (t

We want to move the botiom most disc 40 a dﬁ‘erent peg - Ip order 4o dothis , we have to
gd: the other discs wt of e way This s the same Frobletn with ope less disc.

We can assome that the
6 vecursion fairy selves the
e
—t— = smaller  problem and ovy
let middle vight Dh,}’ Job n6w (s move he
}argast disc 4o the vght pep”

[ sTep 1 ’ Re.cuvsion Fal'\(/

solves
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Solves

The algorithm fofmaH)/ to move n discs from sovrce (sic) to destination (dst) P
using a éemfaorar)/ (Jcm}?) peg s as fo({ows .

Hanoi( n, svc, dst, tmp) What about the base case ?
If n>0: Thete has o be a largest disc, so
Hanov (n-1, Stc, #mp, dist) n has to be o pastive integer, otherwise
Move disc n from sre to dst tt does not make cepse to call Hahoi (h-1,... )

Hanoi (n-1, tmp,, svc, dst)
This means that if the condibion n >0 (s violated , we have io solve the onl)l vemal'm'ngr

ase of n=0 dfferently. But in this cam, there are no discs ,s0 there s aothing¢o do
and the algoritim above wil work.

Advice : Believe n the vecursion fairy and check assumpbons abovt bovndary cases
We also have 4o analyze the algonthm :
U Pove Hhat it is cowect — thi easy to do here, so this is for you to hink abovt
(3 Ronning Tme ,ie, the nomber of moves
Let TTn) = number of moves for nh discs

For ovr algm'thm, Tth) - 0 ¥ h=o0
Tn-1) +1 + T(nh-1) otherwise

This vecurrenee velation is not vseful 4o wompare wnning time of alpurithms,
So we want 4o get a closed form bt;g-o expreson for Th) b/ opening

vp ihe recvrrence

let's review how 40 solve vewnences. We will see andther way later bt the
most dbvbus way (s to guess and check.

How o guess ! Use wfkl')oedu'a which Say:s Th)=2"-1 or write down a few Sreall
valves and make o guess by looking ot He patiem.
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We stll need +o0 venfy that the guess e correct.
How clo we proe this 2 Indoction

Theorem  Ttn) = 2" -1 for all n3 0

Proof ~Let n be an avbitrar)/ integer 170,

Induction Hypothesis  For all k<n , we have T(k) = 21

Base Cose n=0. Then, T(0) = 0 = 2’-1

General Case n>0, Tlh) = 2T(n-1) + 1
=2(2""-1) + 4 (Tndoction Hypothesis)
= 2" _2+1
= 2"-1 o

Integer MuH:ip ['cation

Lothice. based muli»ilolfcat{bn algon'ihm VSes Ffadvcb of s(nglc dl'gv't (nl-egers 10
comrat—e Products of {mgle (ntegrer

Eg. 123 We motiply each digit of ome number by
x 45 6 all of the digits of the other nomber,
? 3 8 Wike dowh the partia( products and
6 15 add +them P
4 9 2
S 6 0 8 8

To mulbiphy two n-digit numbers, we need to write down h’ digrts
S, this takes O(*) +me — two nested for (oops with no Tecvrsion

A{gm'thms for mottiplying intepers in OCn*) Hmes hae been knovn for milehia
Kolmogofm/ in 1953 formulated +the “n*" conjectyre -
any agran'fhm for muli{flying/ two n-digit inegers , necds at teass n* steps

Kolmogovov mggan}zed a semimr +o g’ef mathemabicions o work on the conjecture
Karatslba wac o gradvate student who attended he first semnar and came op with

a  faster agxon"l:hm. The semihar was cancelled afterwards.



Kayatsvba's Idea

Tdea : An)( nomber x with R dt'g’ft: can be writlen as a combination of two nombecs

with 1/, digﬂ;

/
x = a10"4 b
n dfgl‘b

!/
let y = c-lonz+c( be arother nomber
n d:‘gfts

Goal : CDIT]PI)";E onduct of « and 3%
x-y = ac-10" + (a-d +b-c) 0" + bd

We have veduced multiplicatin of one instane of two n- dipit pumbers
+o camfwb'ng four products o h, digt numbers

We can let e vecursion f‘i”)’ cam]ooie these ?miu::br and vse the l'defrl-t"?
dbove to compute %y

Multi?l}n‘ng by powers of 10 CorYU})onC[S o) an(c(f"f extm 2ergs which (s
C&Jy -Lo do

Addction (s also easy 40 do.

S, we get an algoﬂ'thm whose vonning dime Tlh) satisfies

Tth) = ‘tT(!‘i) + 0t)
"~ Tme to add exba =vos and ,De)/ﬁo/m addton

How do we solve this rewrrence ? We can giess and check , bvt 4o show another method
we aré going to use a recTrTenee tree.

We draw a dree for each recvrsive call and wrte how much hon- vecwrsive wotk
is Feffafmcd in thal vecwrde  all

> Total work ot Hus leel n
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L L )
Total amovnt of work = T 22w = n ( lZ 2¢ where L (s the maximom level
2=0 =0

. o moximom depth of recrsion
This s a geomef'(ic series, S s 2¢ = 0(2")

L=o
What s L ? Each time we vecorse , we reduce the problem size by 2

Afttr L=lopsn dines , we hove - digit nomber ,so we can md#/}al)'
wrthovt  recursion

log. n
Ths, Th) = O(n-22%*") - om?)
This did not hdp.’ An intuitive way of seeing why His s h* is ts plck ane d(g)'t in
each number | then thee must be one bettom mast vecorsive call where these iwo
dt'gt'bs get mvlbiplied, So, O(n*) is rcalé/ the best we can hofe por this algar:"h)m,.nhce
erew paiv of digits gets molbiplied.
Kavatsoba’s Ngm‘thm was bosed on one more (dea -

Reaall wt-y = ac-10" + (a-d +b-c) 0" + bd

We compuied by vecorson a-c, a:d, bc, and bd
Bt what we wamt (s ac, ad+bec, and b-d

Kovatsvba observed that (a-b)Ce-d) = ac¢ -ad -be + bd
= ad +be =

= ac+ bd —(a-b)(Ce-d)

Therefore, by compuiing three groductks  a-c, bd and (a-b)(c-d) recvravely
we can c:)myvte Ay

Recursive. calls might heed to do some acldrdional work. now | ep-, SUbtiadion
bot that is also easy 4o do

Overall, our vecurrence now bewomes  Tlh) = 37T(m,) + O(h)

Redrqwn'ng the recursion tree , each node now has only 3 children and romber

of levels is shll log,h since problem size goes down by half each Hime .

> Total work at s leel n
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log,n

{ Log,n
Thus, tolal amount of work = 5 (2)n = hO((%) ° )
L=0
In c
. log, ¢ lha —.r;) lng; @
l)sing the (dentﬁ)/ a € = € ' c £

Thes, Tw) = O(n- nlng(3/Z)) = Oﬁhz.sw) Significantly va@uadm.b‘c_'
We aw not mottiplying all pais of digtks anymore
In F'md:l'cc it is also fagter than lathice ~bosed molflflfcafrbn ,f nzso

But one can irn/crmvt it further by d,‘v/ah'ng' nmber Inty more ]n'cca and conyb'nfry
those with fener dleps

Eve_hwally, this leads o OCn-l%rrﬁ a‘/So-mr.me from 2019 bosed on the Fast
Fovrier Trahsform  wWhich we ave E’oing to see next Hme

Next Lecture Fast Founer Tfansj(orm



