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! Lambda Calculus, Continued



! Questions before we start?



Does every term have a

! normal form?

Try to normalize:
(A X. X X) (A X. X X)



! Evaluation



* Order of Evaluation

m Not all terms reduce to normal forms

Evaluation



i Order of Evaluation

m Not all terms reduce to normal forms

Cannot normalize:
(A X. X X) (A X. X X)

Evaluation



* Order of Evaluation

m Not all terms reduce to normal forms

m Not all reduction strategies will produce
a normal form if one exists

Lazy vs. Eager

Evaluation



* Order of Evaluation

m Not all terms reduce to normal forms

m Not all reduction strategies will produce
a normal form if one exists

|Lazy|vs. Eager

Evaluation



* Order of Evaluation

Lazy
E _E” - [ Evaluation ]
E EI N EII EI

L-App

(A X . E) E' — E[E/X]

Evaluation N



* Order of Evaluation
Lazy

E _E” - Evaluation ]

E EI N EII EI

L-App

(A X . E) E' — E[E/X]

[ Reduce leftmost applications first ]

Evaluation .



* Order of Evaluation
Lazy

E _E” - Evaluation ]

E EI N EII EI

L-App

(A X . E) E' — E[E/X]

[ Reduce leftmost applications first ]

Evaluation .



* Order of Evaluation
Lazy

E LE” - Evaluation ]

E EI N EII EI

L-App

(A X . E) E' — E[E/X]

[ Reduce leftmost applications first ]

Evaluation .



* Order of Evaluation
Lazy

E LE” - Evaluation ]

E EI N EII EI

L-App

(A X . E) E' — E[E/X]

[ Reduce leftmost applications first ]

Evaluation N



* Order of Evaluation
Lazy

E _E” - Evaluation ]

E EI N EII EI

L-App

(A X . E) E' — E[E/X]

[ Delay computation of function arguments ]

Evaluation N



* Order of Evaluation
Lazy

E _E” - Evaluation ]

E EI N EII EI

L-App

(A X . E) E' — E[E/X]

[ Delay computation of function arguments ]

Evaluation .



* Order of Evaluation
Lazy

E _E” - Evaluation ]

E EI N EII EI

L-App

(A X . E) E' — E[E"/X]

[ Delay computation of function arguments ]

Evaluation -



* Order of Evaluation
Lazy

E _E” - Evaluation ]

E EI N EII EI

L-App

(A X . E) E' — E[E/X]

Stop when term is not an application, or
leftmost application is not an application of
an abstraction (that is, a lambda term)

\. J

Evaluation N



Evaluation

* Example 1 [ — ]

L-App

Az.(Ax. X)) (Ly.YY)(Ay. YY) —p—> ??

[ What does this evaluate to? ]

Evaluation N



Evaluation

* Example 1 [ — ]

L-App

rAz.(Ax.x))((Ary.YY) (Ly.yYy)) —p—> ??

[ Subtitute for z ]

Evaluation .



Evaluation

* Example 1 [ — ]

L-App

rAz.(Ax.x)) (Ay.YY) (Ly.YY)) —B—> (A X. X)

[ There is no z in the body ]

Evaluation N



* Example 1

Lazy
Evaluation

]

L-App

Az.(Ax. X)) ((Ly-YY) (Ly.yYy)) —B—> (A X. X)

7

.

We didn’t ever need to
compute the argument.
Which is good here ...

J

Evaluation

22



* Order of Evaluation

m Not all terms reduce to normal forms

m Not all reduction strategies will produce
a normal form if one exists

Lazy vs.|Eager|

Evaluation .



* Order of Evaluation

Eager
E _E” - Evaluation ]
E EI N EII EI
E’ — E" E-App

(A\X.E)E'— (Ax.E)E”

V-App

(AX . E) V — E[V/X]

Evaluation N



* Order of Evaluation

Eager
E E” Evaluation
— App
E EI N EII EI
E’ — E" E-App

(A\X.E)E'— (Ax.E)E”

V-App

(AX . E) V — E[V/X]

[ (Eagerly) reduce leftmost applications first ]

Evaluation .



* Order of Evaluation

Eager ]
E _E” - Evaluation
E EI N EII EI
E’ —> E" E-App

(A\X.E)E' > (A\X.E) E”

V-App

(AX . E) V — E[V/X]

[ Then (eagerly) reduce argument ]

Evaluation .



* Order of Evaluation

Eager
E _E” - Evaluation ]
E EI N EII EI
E’ — E" E-App

(A\X.E)E'— (Ax.E)E”

V-App

(Ax.E)V — E[V/x]

[Once you have abstraction and value, substitute]

Evaluation .



Evaluation

* Example 1 [ — ]

2?
Az.(Ax. X)) (Ly.YY)(Ay. YY) —p—> ??

E-App

[ What does this evaluate to? ]

Evaluation .



* Example 1 [ — ]

Evaluation

(Ly-yy)(ry.yy) —B—>?? E-App
Az. (A% x) ((hy-yYy) (hy.yYy)) —p—> 2?

[ Reduce the argument first ... ]

Evaluation .



* Example 1 [ — ]

Evaluation

AY- YY) AY.YY)B>AY. YY) XY YY) can
Az. A X)) ((AY. YY) (RY. YY) —B—> ??

[ Uh oh ... ]

Evaluation 0



* Example 1 [ — ]

Evaluation

AY- YY) AY. YY) B>V YY) MY YY) can
Az.(Ax.x) (LY. YY) (Ay. yy)) —p—>
AzZ. (AX. X)) (AY. YY) (AY.yY))

[ Uh... ]

Evaluation .



* Example 1 [ — ]

Evaluation

Az.Ax. X)) (Ay.YY)(Ay. YY) B>
Az. AX. X)) ((Ay. YY) (Ay. YY) —B—>
Az.AX X)) ((AY.YY)(AY.YY))

[ Yo guys ]

Evaluation "



i Order of Evaluation

m Not all terms reduce to normal forms

m Not all reduction strategies will produce
a normal form if one exists

Lazy vs. Eager

Evaluation 33



i Order of Evaluation

m Not all terms reduce to normal forms

m Not all reduction strategies will produce
a normal form if one exists (in general)

Lazy vs. Eager

Evaluation N



* Order of Evaluation

m Not all terms reduce to normal forms

"m Not all reduction strategies will produce A

a normal form if one exists (in general)
(for some terms, may not matter)

Lazy vs. Eager

) Evaluation



* Example 2 [ — ]

Evaluation
(AX.XX) (LY. YY) (Az 2)) —p—>
?7?

Evaluation y



* Example 2 [ — ]

Evaluation
9; X.XxX) ((Ly.-vy) (A 2z 2)) p—>

[ Substitute for x ]

Evaluation -



* Example 2 [ . ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>
((Ay-yy) (2z.2)) ((hy-yY) ()2 2))

[ Substitute for x ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

((hy.yy)(hz.2)) (Ay. YY) (A2 2)) p—>
??

[ Evaluate leftmost ]

Evaluation o



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(hz.2)) (Ay. YY) (A2 2)) p—>
??

[ Substitute for y ]

Evaluation .



* Example 2 [ . ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(hz.2)) (Ay. YY) (A2 2)) p—>
(hz.2) (22.2)) (Ay. YY) (A z 2))

[ Substitute for y ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(hz.2)) (Ay. YY) (A2 2)) p—>
(hz.z2) (hz.2)) (LY. YY) (X z 2))

[ Evaluate leftmost ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(hz.2)) (Ay. YY) (A2 2)) p—>

g(_} z.z) (hz.2)) (Ay. yy) Az 2)) -p—>

[ Substitute for z ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(hz.2)) (Ay. YY) (A2 2)) p—>
(Az.z) (hz.2)) (LY. YY) (X z. 2)) B—>
(Lz.z) (Ay. YY) (Az 2))

[ Substitute for z ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(hz.2)) (Ay. YY) (A2 2)) p—>
(Az.z) (hz.2)) (LY. YY) (X z. 2)) B—>

(?7; z.z) (hy.yy) (2. 2)) B>

[ Substitute for z ]

Evaluation N



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(hz.2)) (Ay. YY) (A2 2)) p—>
(Az.z) (hz.2)) (LY. YY) (X z. 2)) B—>
rz.z2)((hy-vy) (22 2)) p—>

(Ly.yy) (hz 2)

[ Substitute for z ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(hz.2)) (Ay. YY) (A2 2)) p—>
(Az.z) (hz.2)) (LY. YY) (X z. 2)) B—>
rz.2)((hy-vyy) (L 2. 2)) p—>

Ay.vyy) (hz.2)-p—>
??

[ Substitute for y ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(rz.2)) (Ay. YY) (A z 2)) B>
(A z.2) (hz.2)) (Ay. YY) (A z. 2)) —B—>
rz.z2) ((ry.yy) (A 2z 2)) p—>

rAy.yy) (hz. z) -B—>

(Lz.2) (hz 2)

[ Substitute for y ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(rz.2)) (Ay. YY) (A z 2)) B>
(A z.2) (hz.2)) (Ay. YY) (A z. 2)) —B—>
rz.z2) ((ry.yy) (A 2z 2)) p—>

rAy.yy) (hz. z) -B—>

(Lz.2) (A2 2)—Pp—>

PP,

[ Substitute for z ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(rz.2)) (Ay. YY) (A z 2)) B>
(A z.2) (hz.2)) (Ay. YY) (A z. 2)) —B—>
rz.z2) ((ry.yy) (A 2z 2)) p—>

Ay.vy) (rz. z) p—>

(Lz.2) (A2 2)—Pp—>

(L z. 2)

[ Substitute for z ]

Evaluation -



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(rz.2)) (Ay. YY) (A z 2)) B>
(A z.2) (hz.2)) (Ay. YY) (A z. 2)) —B—>
rz.z2) ((ry.yy) (A 2z 2)) p—>

Ay.vy) (rz. z) p—>

(Lz.2) (A2 2)—Pp—>

(L z. 2)

(Done )

Evaluation n



* Example 2 [ — ]

Evaluation
(AX.XX) (LY. YY) (Az 2)) —p—>
?7?

Evaluation -



* Example 2 [ — ]

Evaluation
9; X.XX) ((Ly.vyVy) (L2 2)) —p—>

[ Eagerly evaluate argument ]

Evaluation -



* Example 2 [ — ]

Evaluation
95_, X. XxX) (Ay.yy) (0 z. 2)) B—>

[ Substitute for y ]

Evaluation N



* Example 2 [ — ]

Evaluation
Ax.xx)((Ay.yy) (hz z)) B>
(AX.XxX) ((hz.2) (L2 2))

[ Substitute for y ]

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xx)((Ay.yYy) (hz 2)) B>
(AX.XX) ((hz.2) (M2 2))—p—>
27

[ Eagerly evaluate argument ]

Evaluation ,



* Example 2 [ — ]

Evaluation
Ax.xx)((Ay.yy) (A2 2)) -p—>

(AX. XX) (A z.2) (N2 2)) —p—>
?2?

[ Substitute for z ]

Evaluation -



* Example 2 [ — ]

Evaluation
Ax.xx)((Ay.yy) (A2 2)) -p—>
(AX. XX) (A z.2) (N2 2)) —p—>
(A X. X X) (M 2. 2)

[ Substitute for z ]

Evaluation .



* Example 2 [ — ]

Evaluation
A x.xx) ((Ay.yYy) (A2 2)) p—>
(AX. XX) (A z.2) (N2 2)) —p—>

(A xX. xX) (A 2.2)—p—>
?2?

[ Substitute for x ]

Evaluation 59



* Example 2 [ — ]

Evaluation
Ax.xx)((Ay.yy) (A2 2)) -p—>
(AX. XX) (A z.2) (N2 2)) —p—>
(A xX. xX) (A 2.2)—p—>
(Lz.2) (hz 2)

[ Substitute for x ]

Evaluation o



* Example 2 [ — ]

Evaluation
(A x.xx) (A y.yy) (hz 2))—p—>
(AX. XX) (A z.2) (N2 2)) —p—>
(A xX. xX) (A 2.2)—p—>
(Lz.2z) (\2z2.2) p—>
??

[ Substitute for z ]

Evaluation N



* Example 2 [ — ]

Evaluation
(Ax. xx) (A y. YY) (A2 2)) —p—>
(AX. XX) (A z.2) (N2 2)) —p—>
(A xX. xX) (A 2.2)—p—>
(Lz.2z) (\2z2.2) p—>
(L z. 2)

[ Substitute for z ]

Evaluation o



* Example 2 [ — ]

Evaluation
(Ax. xx) (A y. YY) (A2 2)) —p—>
(AX. XX) (A z.2) (N2 2)) —p—>
(A xX. xX) (A 2.2)—p—>
(Lz.2z) (\2z2.2) p—>
(L z. 2)

(Done )

Evaluation .



* Example 2 [ — ]

Evaluation
(Ax.xxX) ((Ly-vYy) (h 2z 2)) p—>

(Ay.yy)(rz.2)) (Ay. YY) (A z 2)) B>
(A z.2) (hz.2)) (Ay. YY) (A z. 2)) —B—>
rz.z2) ((ry.yy) (A 2z 2)) p—>

Ay.vy) (rz. z) p—>

(Lz.2) (A2 2)—Pp—>

(L z. 2)

(Done )

Evaluation N



* Example 2 [ — ]

Evaluation
(Ax. xx) (A y. YY) (A2 2)) —p—>
(AX. XX) (A z.2) (N2 2)) —p—>
(A xX. xX) (A 2.2)—p—>
(Lz.2z) (\2z2.2) p—>
(L z. 2)

(Done )

Evaluation -



! Questions so far?

Evaluation



* n (Eta) Reduction/Expansion

m nRule: A x.fx—n—>fif xnotfreeinf
m Can be useful in each direction
= Not valid in OCaml
m Interacts poorly with side effects
m Not equivalent to (A x. f) x => f (inst. of )

m Example: A X. (A Y. Y) X—1—> A V. ¥y

Evaluation

67



* How Powerful is the Untyped A-Calculus?

m The untyped A-calculus is Turing Complete
m Can express any sequential computation
m Yes, in that few computation rules

m But it'd suck to use as-is:

m How to express basic data: booleans,
iIntegers, etc?

m How to express recursion?
m What about constants? If-then-else?

m "Just” a convenience—can be added as
syntactic sugar

Evaluation o



Bonus:

! Representing Data Structures

69



* First Pass - Enumeration Types

m Suppose T is a type with n constructors:
C,, ..., C (no arguments)

m Represent each constructor as an abstraction:
mLetC —>AX ... X.X

m Think: you give me what to return in each
case (think match statement), and I’ll
return the case for the ith constructor

Representing Data Structures .



* Example: Booleans

bool = True | False
True — A X A X, X,
False — A X0 A X5 X,

AX.AY. X
JAXCAY Y

1
Il o

Representing Data Structures .



* How to Represent Booleans

bool = True | False
True — A X A X, X,
False — A X0 A X5 X,

AX.AY. X
JAXAY. Y

1
Il o

Representing Data Structures .



* How to Represent Booleans

bool = True | False
True — A X A X, X,
False — A Xio kX5 X,

AX.AY. X
JAXCAY Y

1
Il o

Notation: Will write
A X, ... X . € for A ) ST A X .¢€
e, e ..e for(.(ee,)..e)

Representing Data Structures .



* How to Represent Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXYV. X
JAXY Y

III
III a

Notation: Will write
A X, ... X . € for A ) ST A X .¢€
e, e ..e for(.(ee,)..e)

Representing Data Structures N



* Functions over Enumeration Types

m FortypeT =C, | .. [ C

m Write a "match” function:
match e with
C1 -> X,

Cn -> X

ds.

)\x1 X €L eX . X

Representing Data Structures .



* Functions over Enumeration Types

m Fortype T =C, | .. | C

m Write a "match” function:
match e with
C1 -> X,

Cn -> X

ds.

)\x1 X €L eX . X

m Think: give me what to do in each case and give
me a case, and I'll apply that case

Representing Data Structures .



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

— 2?2
match oot = 28

Representing Data Structures _



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

Representing Data Structures .



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchbool= AX X, €. eX X,
=, AXyb.bxy

(AXyb.bxy)xy True

Representing Data Structures 79



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

(Axyb.bxy)xyTrue

Representing Data Structures .



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

(True x y)

Representing Data Structures o



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

((AXxy.Xx)Xxy)

Representing Data Structures .



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

(Axy.x)xy)

Representing Data Structures .



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

Representing Data Structures N



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

(A\xyb.bxy)xy False

Representing Data Structures .



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

(Axy.y)xy)

Representing Data Structures “



* match for Booleans

bool = True | False
True — A X, X,
False — A X, X,

AXY.X
)\xy y

III
III a

matchb00/= AX X, €. eX X,
=, AXyb.bxy

Representing Data Structures .



* How to Write Functions over Booleans

if b then x else y =

Representing Data Structures "



* How to Write Functions over Booleans

if b then x else y =
match, Xxyb =

bool

Representing Data Structures .



* How to Write Functions over Booleans

if b then x else y =

match, _ Xyb =
(A Xyb.bxy)xyb-=

Representing Data Structures o



* How to Write Functions over Booleans

if b then x else y =

match, _ Xyb =
(AXyb.bxy)xyb-=
bXxy

Representing Data Structures o



* How to Write Functions over Booleans

if b then x else y =

match, Xxyb =

bool

(A Xyb.bxy)xyb-=
bXxy

if_then_else
0 Xy . (match, X yDb)
OXYy.(AXyb.bxy)xyb

= A
= A
= A

OXY.bxy

Representing Data Structures .



* Example:

notb

Representing Data Structures .



* Example:

notb

= match b with
| True -> False
| False -> True

Representing Data Structures o



* Example:

notb

= match b with
| True -> False
| False -> True

— (match,_ ) False True b

Representing Data Structures .



* Example:

notb

= match b with
| True -> False
| False -> True

— (match,_ ) False True b
=(AXyb.bxy)(Axy.y)(Axy.x)b

Representing Data Structures o



* Example:

notb

= match b with
| True -> False
| False -> True

— (match,_ ) False True b
=(AXyb.bxy)(Axy.y)(Axy.x)b
=b(AXYy.y)(AXY. X)

Representing Data Structures .



* Example:

notb

= match b with
| True -> False
| False -> True

— (match,_ ) False True b
=(AXyb.bxy)(Axy.y)(Axy.x)b
=b(AXYy.y)(AXY. X)

not=Ab.b(AXxy.y)(AXY. X)

Representing Data Structures N



* Example:

and bl b2 [ Let’s do this together ]
= ??

Representing Data Structures N



* Example:

and bl b2

= match b1 with
| True -> b2 [One way to do this]

| False -> False

Representing Data Structures o



* Example:

and bl b2
= match b1l with
| True -> b2
| False -> False
— (match,___) b2 False b1l [ Using match_bool ]

Representing Data Structures o



* Example:

and bl b2
= match b1l with
| True -> b2
| False -> False
— (match,___) b2 False b1l
=(Axyb.bxy)b2(Axy.y)bl [ Expanding |

Representing Data Structures o



* Example:

and bl b2
= match b1l with

| True -> b2

| False -> False
— (match,___) b2 False b1l
=(AXyb.bxy)b2(Axy.y)bl
= bl b2 ()\ XY. Y) [Reducing]

Representing Data Structures o



* Example:

and bl b2
= match b1l with

| True -> b2

| False -> False
— (match,___) b2 False b1l
=(AXyb.bxy)b2(Axy.y)bl
=blb2(AXy.Yy)

and =Ablb2.blb2(AXxy.y) [Done]

Representing Data Structures o



* Example:

and bl b2
= match b1l with

| True -> b2

| False -> False
— (match,___) b2 False b1l
=(AXyb.bxy)b2(Axy.y)bl
=blb2(AXYy.Y)

and =Ablb2.blb2(AXxy.y) [Done]

and True True = (AXY. X) (AXY. X) (AXY.y)
Representing Data Structures o




* Example:

and bl b2
= match b1l with

| True -> b2

| False -> False
— (match,___) b2 False b1l
=(AXyb.bxy)b2(Axy.y)bl
=blb2(AXYy.Y)

and =Ablb2.blb2(AXxy.y) [Done]

and True True = (AXy. xX) (AXY.X) (AXY.y)
Representing Data Structures o




* Example:

and bl b2
= match b1l with

| True -> b2

| False -> False
— (match,___) b2 False b1l
=(AXyb.bxy)b2(Axy.y)bl
=blb2(AXy.Yy)

and =Ablb2.blb2(AXxy.y) [Done]

and True True = (A X Y. X)
Representing Data Structures .




* Example:

and bl b2
= match b1l with

| True -> b2

| False -> False
— (match,___) b2 False b1l
=(AXyb.bxy)b2(Axy.y)bl
=blb2(AXy.Yy)

and =Ablb2.blb2(AXxy.y) [Done]

and True True = True
Representing Data Structures o5




* Try on your own:

or bl b2
= ??

Representing Data Structures s



! More in Appendix
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{ Questions?
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! Next Class: Axiomatic Semantics
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ﬁ Next Class

WA10 due Thursday

MP11 due next Tuesday

Email me about retakes!

All deadlines can be found on course website
Use office hours and class forums for help
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! Appendix A: More Data Structures
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* Second Pass - Union Types

m Suppose T is a type with n constructors:

type T =
C,t, ..t
Ct, ..t

m Represent each term as an abstraction:

Ci —A t, .. tij, X o X o Xt tij

Appendix A 3
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* Second Pass - Union Types

m Suppose T is a type with n constructors:

type T =
C,t, ..t
Ct, ..t

m Represent each term as an abstraction:

Ci —A t, .. tij, X o X o Xt tij

m Think: you need to give each constructor its
arguments first

Appendix A 3
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* Example: How to Represent Pairs

Pair has one constructor taking two arguments:

type (‘a, 'b) pair =
| ()@’

Appendix A 3
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* Example: How to Represent Pairs

Pair has one constructor taking two arguments:

type (‘a, 'b) pair =
| ()@’

(@a,b)>AXx.xab

Appendix A 3
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* Example: How to Represent Pairs

Pair has one constructor taking two arguments:

type (‘a, 'b) pair =
| ()@’

(@a,b)>AXx.xab
() - ANabx.xab

Appendix A 3
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* Functions over Union Types

m Write a "match” function:

match e with
CJ Yo Yoy = f1 Yy Yoot

Cn Yoo Yoo = 1’n Yy Yoo

Appendix A "
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* Functions over Union Types

m Write a "match” function:

match e with
CJ Yo Yoy = f1 Yy Yoot

CVY, oV, > 1’n Yy Yoo
m match T —>Af ..f e ef..f

Appendix A "
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* Functions over Union Types

m Write a "match” function:

match e with
Cy, .V >y, .y,

Cy, ..y, . ->fy ...y
m match_. T - Af, .. f e ef. f

Appendix A "
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* Functions over Union Types

m Write a "match” function:

match e with
Cy, .V >y, .y,

Cy,..y,.,>Fy ..y
m match_. T - Af, .. f e ef. f

m Think: give me a function for each case and give
me a case, and I'll apply that case to the
appropriate function with the data in that case

Appendix A "
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* Example: Functions over Pairs

match . =A fp.pf

pair

Appendix A "
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* Example: Functions over Pairs

match . =A fp.pf

pair

fst p = match p with (X, y) -> x

Appendix A "
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* Example: Functions over Pairs

match . =A fp.pf

pair

fst p = match p with (X, y) -> x
fst — A p. match it (AXY. X)

Appendix A "
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* Example: Functions over Pairs

matchpair= ANfp.pf
fst p = match p with (X, y) -> x
fst — A p. match it (A X Y. X)
=Afp.pf)(Axy.x)

Appendix A "

7



* Example: Functions over Pairs

matchpair= ANfp.pf
fst p = match p with (X, y) -> x
fst — A p. match it (A X Y. X)
=(Afp.pf) (AXY.X)
=Ap.p(AXY.X)

Appendix A "
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* Example: Functions over Pairs

matchpair= ANfp.pf
fst p = match p with (X, y) -> x
fst — A p. match it (A X Y. X)
=(Afp.pf) (AXY.X)
=Ap.p(AXY.X)

snd - Ap.p(AXY.Y)

Appendix A "

9



* Third Pass - Recursive Types

m Suppose T is a type with n constructors:

type T =
C,t, ..t
Ct ..t

m Suppose t, : T (i.e, itis a recursive reference)

Appendix A N
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* Third Pass - Recursive Types

m Suppose T is a type with n constructors:

type T =
C,t, ..t
Ct ..t

m Suppose t, : T (i.e, itis a recursive reference)

= In place of a value t, have a function to compute
the recursive valuer, x, ... X_
C— At .1, B Xy XX T (r X, o X0) ..

t.
’ Appendix A N

1



* Example: Natural Numbers

nat =
|
|

0
Suc nat

Such representation called Church Numerals

Appendix A N

2



* Example: Natural Numbers

nat =
|
|

0
Suc nat

O=AfX.X

Such representation called Church Numerals

Appendix A N
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* Example: Natural Numbers

nat =
|
|

0
Suc nat

0=AfX. X
Suc =Anfx f(nfx)

Such representation called Church Numerals

Appendix A N
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* Example: Natural Numbers

nat =
|
|

0
Suc nat

O0=AfX X
Suc =Anfx f(nfx)
Sucn=Afx.f(nfx)

Such representation called Church Numerals

Appendix A N
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* Example: Some Church Numerals

SucO=Anfx.f(nfx)) (Afx.x)—

Apply a function to its argument once

Appendix A N
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* Example: Some Church Numerals

SucO=Anfx.f(nfx)) (Afx.x)—
AX.F((AFXx.X)fX) —

Apply a function to its argument once

Appendix A N
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* Example: Some Church Numerals

SucO=Anfx.f(nfx)) (Afx.x)—
AXF(ANFX. X)FfFX) —

Apply a function to its argument once

Appendix A N
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* Example: Some Church Numerals

SucO=Anfx.f(nfx)) (Afx.x)—
AMX.T(AFX. X)fX)—

AN X F((AX X)X) —

AN X FX

Apply a function to its argument once

Appendix A N
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* Example: Some Church Numerals

Suc (Suc0)=(Anfx.f(nfx)) (Suc0) —
Anfx.f(nfx))(Afx.fx)—
AXfF(AFx. fx)fx)) —

AMXF(AX fX)X) —
Afx f(fx)
Apply a function twice

Appendix A y
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* Example: Some Church Numerals

Suc (Suc0)=(Anfx.f(nfx)) (Suc0) —
Anfx.f(nfx))(Afx.fx)—
AXfF(AFx. fx)fx)) —

AMXF(AX fX)X) —
Afx f(fx)
Apply a function twice

Ingeneraln =Afx. f(..(fx)..)withn
applications of f

Appendix A y

1



! Appendix: Recursion

142



* Primitive Recursive Functions

m Write a “fold” function

fold f1 fn =
match e with

C1 Yo Yoy = f1 Yy Yoot

Ciy, .ry. Y, -> Ty, .. (fold f .. T r) .y

Cn Yoo Yoy = 1‘n Yy Yoo
m fold_T—-Af ...feef..f

Appendix B y

3



* Primitive Recursive Functions

m Write a “fold” function

fold f1 fn =
match e with

C1 Yo Yoy = f1 Yy Yoot

Ciy, .ry. Y, -> Ty, .. (fold f .. T r) .y

Cn Yoo Yoy = 1‘n Yy Yoo
m fold_T—-Af ...feef..f

m Match in nonrec. case a degenerate version of fold

Appendix B y
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* Primitive Recursion over Nat

fold f z n=
match n wit
| 0 -> 2z
| Suc m -> f (fold f z m)

fold=Xrfzn.nfz

Appendix B y
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* Primitive Recursion over Nat

fold f z n=
match n wit
| 0 -> 2z
| Suc m -> f (fold f z m)

fold=Xrfzn.nfz

is_zero n = fold (A r. False) True n =
(A fx. f"x) (A r. False) True =
(A r. False) ") True =
if n = 0 then True else False
Appendix B

6



* Adding Church Numerals

N=AfxX.f"x andm=Afx. fMx

Appendix B y
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* Adding Church Numerals

N=AfxX.f"x andm=Afx. fMx

n+m

= A fx f M x
=Afx " (F™Mx)
=Afx.nf(mfx)

+=rnmfx.nf(mfx)

(Subtraction is harder.)
Appendix B y
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* Multiplying Church Numerals

N=Afx.f"x and m=Afx. fMx

n*m

=Afx. (f""M x
=Afx. (F™M"x
=Afx.n(mf) X

*=anmfx.n(mf) x

Appendix B y

9



* Predecessor

let pred_aux n =
match n with
| 0 -> (0, 0)
| Sucm ->
(Suc (fst (pred_aux m)), fst (pred_aux m))
= fold (A r. (Suc (fstr), fstr)) (0, 0) n

Appendix B N
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* Predecessor

let pred_aux n =
match n with
| 0 -> (0, 0)
| Sucm ->
(Suc (fst (pred_aux m)), fst (pred_aux m))

= fold (A . (Suc (fstr), fstr)) (0, 0) n

pred = A n. snd (pred_aux n) n =
A n. snd (fold (A r. (Suc(fstr), fst r)) (0, 0) n)

Appendix B N
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* Recursion

m Want a A-term Y such that for all terms R,
Y R =R (YR)

m Y needs to have replication to “remember”
a copy of R

Appendix B N
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* Recursion

m Want a A-term Y such that for all terms R,
Y R =R (YR)
m Y needs to have replication to “remember”
a copy of R
B Y=AY. (AX.y(XX) (AX. Yy (XX))
B YR=(AX.R(XX)) (AX. R (XX))
= R ((AX. R(XX)) (AX. R(XX)))

m Notice: Requires lazy evaluation

Appendix B N
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* Factorial

letF=Afn.
fn=0thenlelsen*f(n-1)

Appendix B N
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* Factorial

letF=Afn.
fn=0thenlelsen*f(n-1)

YE3=F(YF)3
= if 3 = 0 then 1 else 3 * ((Y F)(3 - 1))

Appendix B N
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* Factorial

letF=Afn.
fn=0thenlelsen*f(n-1)

YF3=F(YF)3
=if3=0then1else3* ((YF)(3-1))
=3*YF)2=3*(FYF)2)
=3*(if2=0thenlelse2*(YF)(2-1))
=3*2*(YPFA)=3*R2L*(FYF)1)=..

Appendix B N
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* Factorial

letF=Afn.
fn=0thenlelsen*f(n-1)

YF3=F(YF)3

=if3=0then1else3* ((YF)(3-1))
=3*YF)2=3*(FYF)2)
=3*(if2=0thenlelse2*(YF)(2-1))
=3*2*(YPFA)=3*R2L*(FYF)1)=..
=3*2*1*(if 0 =0 then 1 else 0*(Y F)(0 -1))
=3*2*1*1=6

Appendix B N
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* Y in OCaml

#letrecyf=f(yf),;
valy : ('fa -> 'a) -> 'a = <fun>
# let mk_fact =
funfn->ifn=0then 1 elsen* f(n-1);;
val mk_fact : (int -> int) -> int -> int = <fun>

Appendix B N
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* Y in OCaml

#letrecyf=f(yf),;
valy : ('fa -> 'a) -> 'a = <fun>
# let mk_fact =
funfn->ifn=0then 1 elsen* f(n-1);;
val mk_fact : (int -> int) -> int -> int = <fun>
#y mk_fact;;

Stack overflow during evaluation (looping
recursion?).

Appendix B N
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* Eager Eval Y in Ocaml

#letrecyfx=~f(yf)x;;
valy : (('a->'b)->'a->"'b)->"'a->'b = <fun>
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* Eager Eval Y in Ocaml

#letrecyfx="f(yf)x;;
valy: ((la->'b)->'a->'b)->"'a->"'b = <fun>
#y mk_fact;;
- 1 int -> int = <fun>
# vy mk_fact 5;;
-1 int =120
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* Eager Eval Y in Ocaml

#letrecyfx=f(yf)x;;
valy: ((la->'b)->'a->'b)->"'a->"'b = <fun>
#y mk_fact;;
- 1 int -> int = <fun>
# vy mk_fact 5;;
-:int =120
m Use recursion to get recursion

Appendix B .
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* Some Other Combinators

m For your general exposure
mI=AX.X

m K=AXYy.X

m K. =AXYy.y

m S=AXxyz.xz(yz

m See "SKI combinator calculus”
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