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* Objectives for Today

m Last week, we covered type checking as it
interacted with polymorphism

m This week, we will continue to type inference



! Questions from last week?



! Type Inference



* Two Problems

m Type checking
m Question: Does exp. e have type T in env I'?
m Answer: Yes / No
m Method: Type derivation

m Typability

m Question: Does exp. e have some type in env I'?
If so, what is it?

m Answer: Type T / error
m Method: Type inference
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*Type Inference - Qutline

Assign a type variable to the whole expression
Decompose the expression into components

Generate constraints using typing rules, both
on components and on the whole expression

Recursively find a substitution that solves the
typing judgment of the first component

Apply substitution to the next component;
find substitution solving the next component;
compose with the first, etc.

Apply composition of all substitutions to
the original type variable to get the answer
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m What type can we give to:
(fun x -> fun f -> f (f X))

Example -
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4 N
Decompose the expression

into components
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* Type Inference - Example

7

.

Decompose the expression
into components

\

J

X:Brr{funf->f(fx)) :vy

[Function rule]

FUN

{}-({funx->funf->f(fx)):a

Example .
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7

.

Generate constraints
using the typing rule

\

J

X:Brr{funf->f(fx)) :vy

[Function rule]
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* Type Inference - Example

7

.

Generate constraints
using the typing rule

N

J

X:B}r(funf->f(fx)) :vy

[Function rule]

FUN

{}-({funx->funf->f(fx)): a

Constraints: a = (B — Y)

Example .



* Type Inference - Example

7

Recursively find
substitution

N

Pardrs

{X:B}+ (fun-iz:> f(FX):vV run

{}-({funx->funf->f(fx)):a

Constraints: a = (B — V)

Example .
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.
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FUN
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* Type Inference - Example

7

.

Decompose the expression
into components

J

{f:0,x:B}r-f:¢p—o¢

\[Application rule ]

0 XIBrrTX:Q

{:0;X:BHF(fX): € run

X:Brr{funf->f(fx)) :vy

FUN
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* Type Inference - Example

( )
Nothing is known about ¢ yet,

but we'll learn more soon.
\_ )

{f:0;, X:B}rf:ip—e {f:0;X:B}-fX:d L
{f:0; X:B}Hf(fX):€ run
{X: B} - (fun f-> f(fX)) Y  Fun
{}r(funx->funf->f(fx)):a

Constraints: a= (B —vy); y= (0 — €)
Example y
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g J
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* Type Inference - Example

( )

Apply substitution
(since the LHS is done)
\, J

VAR

{f:0; Xx:Byrf:d—e {f:0;X:BrrfX:0 ,pp
{f:0; X:B}Hf(fX):€ run
{X:Brr (fun f-> f(fX)) Y run
{}r(funx->funf->f(fx)):a

Constraints:a= B —vVy);y=(0 —€); 0 = (¢ — ¢€)
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(since the LHS is done)
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* Type Inference - Example

( )
Recursively find

substitution

VAR ?22?

{f: p—g; XBrrf:p—oe {fido-g X:BIHFTX: QP e
{f:0; X:B}Hf(fX):€ run
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Constraints:a= (B —Vv); y=(0 — €)
,Substituted: {0 = ¢ — €} Example .




* Type Inference - Example

7

\.

Decompose the expression
into components

\

J

Pardrd

VAR

{f: p—g; X:B} T : p—€

{f: 0—€, X:B} -fx: ¢ APP

{:0;X:BHF(fX): € run

X:Brr{funf->f(fx)) :vy

{}-({funx->funf->f(fx)):a

Constraints:a= (B —Vv); y=(0 — €)
Substituted: {0 = ¢ — €}

Example
46



nference - Example

* Type I

[Application rule ]

7

\.

N
Decompose the expression

into components

{f:ip—€; x:B} {f:0—€; x:B}

VAR Ff:c—>¢ I_X:C APP

{f: p—g; XiB}HT: 0o {fidoog XIBIHFIX1P Lop

{:0; X:By-f(fX):€ run

{X :

Brr(funf->T({EX) Y e

1 F

(funx->funf->f(fx)):a

Constraints:a= (B —Vv); y=(0 — €)
,Substituted: {0 = ¢ — €} Example .
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7

.
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* Type Inference - Example

"By unification (which we will
learn about soon), we get that
=egand ¢ = &.
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X:Brrfunf->f(fX):V
{}r-(funx->funf->f(fx)):a

Constraints:a= B —vy); y=(0 — s);[C =g P=¢
,Substituted: {0 = ¢ — €} xample -
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. J
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,Substituted: {0 = ¢ — €} Example -
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* Type Inference - Example

( )

Apply substitution
(since the LHS is done)
. J

{fie—e; X:B} {f:e—¢; X:B}

wr T e—>e X € APP

{f: p—g; XiB}HT: 0o {fidoog XIBIHFIX1P Lop

{:0; X:By-f(fX):€ run
X:Brrfunf->f(fX):V
{}r-(funx->funf->f(fx)):a

Constraints:a= (B —Vv); y=(0 — €)
Substituted: {{=¢, d=€}o{d=¢—¢€} Example




* Type Inference - Example

[Compose substitutions ]
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war —fie—e X € AP
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Substituted: {{=¢, p=€}o{d=¢p -} Example ,
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* Type Inference - Example

4 N
Recursively find
substitution VAR 227?
\, J
{fie—e; X:B} {f:ie—¢; X:B}
war —fie—e X € AP

{f: p—g; XiB}HT: 0o {fidoog XIBIHFIX1P Lop
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{}+-({funx->funf->f(fx)) :a

Constraints:a= (B —Vv); y=(0 — €)
Substituted: {{=¢, =€, d=¢c — €} Example




* Type Inference - Example

[Variable rule ]

( )
Decompose the
expression into
components

R

. J
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* Type Inference - Example

[Variable rule ]

7

.

Generate constraints
using the typing rule

\

J

VAR

R

{fie—e; X:B} {fie—¢e; X:B}

—fie—e FX:g APP

{f: p—g; X:B} +-T: p—>€
{:0; X:By-f(fX):€ run
{X:Brr(funf->f(fx):y e

{}r-(funx->funf->f(fx)):a

Constraints:a=(B—- V), y=(0 —¢), =B
Substituted: {{=¢, =€, d=¢c — €} Example

{f: b—¢, X:B} -fx: ¢ APP
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* Type Inference - Example

[Variable rule ]
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Generate constraints
using the typing rule

\

J

VAR

R

{fie—e; X:B} {fie—¢e; X:B}

—fie—e FX:g APP

{f: p—g; X:B} +-T: p—>€
{:0; X:By-f(fX):€ run
{X:Brr(funf->f(fx):y e

{}r-(funx->funf->f(fx)):a

Constraints:a=(B—- V), y=(0 —¢), =B
Substituted: {{=¢, =€, d=¢c — €} Example

{f: b—¢, X:B} -fx: ¢ APP




* Type Inference - Example

( N
Apply substitution
(since the RHS is done)
\ < VAR VAR
{fie—e; X:B} {f:e—e€; X:B}
wr —fie—€ - X € APP

{f: p—g; XiB}HT: 0o {fidoog XIBIHFIX1P Lop

{:0; X:By-f(fX):€ run
X:Brrfunf->f(fX):V
{}r-(funx->funf->f(fx)):a

Constraints:a=(B—- V), y=(0 —¢), =B
Substituted: {{=¢, =€, d=¢c — €} Example




* Type Inference - Example

( )

Apply substitution
(since the RHS is done)
. J

{f:B—B; x:p} {f:B—B; x:B}
VAR |—f:B—>B =X B APP
{f: p—g; XiB}HT: 0o {fidoog XIBIHFIX1P Lop
{:0; X:By-f(fX):€ run
X:Brrfunf->f(fX):V
{}-(funx->funf->f(fx)):a

Constraints:a= (B —vy); y = (0 — €)
Substituted: {e = B} o{{=¢, ¢ = ¢, 6 = € — ¢} Example




* Type Inference - Example

[Compose substitutions ]

{f:p—B; x:p} {f:B—B; X:B}
VAR |—f:B—>B =X B APP
{f: p—g; X:Brrf:p—oe {fido— X:PIFTX: QP e
{f:0; X:BIHf(fX):€ run
{X:BFEUNT->T(FX) Y
{}-({funx->funf->f(fx)) :a

Constraints:a= (B —Vv); y=(0 — €)
Substituted: {€ = B}o{{=¢ b =5, 8 =€ > e}Example




* Type Inference - Example

[Compose substitutions ]

{f:p—B; x:p} {f:B—B; X:B}
VAR |—f:B—>B =X B APP
{f: p—g; X:Brrf:p—oe {fido— X:PIFTX: QP e
{f:0; X:BIHf(fX):€ run
{X:BFEUNT->T(FX) Y
{}-({funx->funf->f(fx)) :a

Constraints:a= (B —vy); y = (0 — €)
Substituted: {e =B, { =B, d =B, 5 = B — B}Example




* Type Inference - Example

[ Done with that, so back down one ]

more layer apply substitution there

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

{f: p—g; X:B}Hf: P—€ {fipog; XB}-fX:dD Lo
{f:0; X:BIHf(fX):€ run
X:Brrfunf->f(fX):V
{}r-(funx->funf->f(fx)):a

Constraints:a= (B —vy); y = (0 — €)
.Substituted: {€ = B, (=B, ¢ =B, d = B — B} Example




* Type Inference - Example

[ Done with that, so back down one ]

more layer apply substitution there

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

{f: B—B; X:B} - f: BB {f: BB, X:P}-TX:B e
{f:0; X:BIHf(fX):€ run
X:Brrfunf->f(fX):V
{}r({funx->funf->f(fx)):a

Constraints:a= (B —vy); y = (0 — €)
.Substituted: {e =B, (=B, ¢ =B, 6 =B — B} Example




* Type Inference - Example

[Done with that, too, so back down one]

more layer apply substitution there

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

{f: BB, X:B} -1 BB {F1 BB XIPF-TX 1P e
{:0; X:B-f(fFX):€ run
X:Brrfunf->f(fX):V
{}r({funx->funf->f(fx)):a

Constraints:a= (B —vy); y = (0 — €)
.Substituted: {€ =B, (=B, ¢ =B, & = B — B} Example




* Type Inference - Example

[Done with that, too, so back down one]

more layer apply substitution there

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

{f: B=B; x:p} - fr BB {1 BB, X:PFHIXIP e
BB, x:BrF(fXx) B
X:Brrfunf->f(fX):V
{}-(funx->funf->f(fx)):a

Constraints:a= (B —vy); y = (0 — €)
.Substituted: {e =B, {=B, ¢ =B, 6 =B — B} Example




* Type Inference - Example

Done once more, so back down one
more layer apply substitution there

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

{f: B=B; x:p} - fr BB {1 BB, X:PFHIXIP e
BB, x:Br-f(FX) B
X:Brrfunf->f({fX):V¥
{}-(funx->funf->f(fx)):a

Constraints:a = (B — V); Yy = (0 — €)
.Substituted: {e =B, (=B, ¢ =B, 5 =B — p} Example




* Type Inference - Example

Done once more, so back down one
more layer apply substitution there

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

{f: B=B; x:p} - fr BB {1 BB, X:PFHIXIP e
BB, x:Br-f(FX) B
X:Brrfunf->f({fX):V¥
{}-(funx->funf->f(fx)):a

Constraints:a = (B — V); Yy = (0 — €)
.Substituted: {€ =B, (=B, ¢ =B, d = p — B} Example




* Type Inference - Example

Done once more, so back down one
more layer apply substitution there

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

{f: B=B; x:p} - fr BB {1 BB, X:PFHIXIP e
BB, x:Br-f(FX) B
X:Brrfunf->f({fX):V¥
{}-(funx->funf->f(fx)):a

Constraints:a= (B —vV); vy = ((B — B) —B)
.Substituted: {e =B, {=B, ¢ =B, 6 =B — B} Example




* Type Inference - Example

Done once more, so back down one
more layer apply substitution there

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

BB XiBr BB BB XiBY X8 e
BB i XiBr - T(EX) !B run
X By - (funf->F(fx)): ((B—B)—B) run
{}+ (funx->funf->f(fx)):a

Constraints: a = (B — V)
Substituted: {y = ((B—B)—B), =B, .., 6 = B—~B} Example y




* Type Inference - Example

[Back to the very start. ]

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

BB XiBr BB BB XiBY X8 e
BB i XiBr - T(EX) !B run
XBr-(funf->F({fx): (BB —>B) run
{}r(funx->funf->f(fx)):a

Constraints: a = (B — Y)
Substituted: {y = ((B—B)—B), =B, .., 8 = B—~B} Example i




* Type Inference - Example

[Back to the very start. ]

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

BB XiBr BB BB XiBY X8 e
BB i XiBr - T(EX) !B run
XBr-(funf->F({fx): (BB —>B) run
{}r(funx->funf->f(fx)):a

Constraints: a = (B — ((B — B) —B))
Substituted: {y = ((B—B)—B), =B, .., 6 = B—~B} Example N




* Type Inference - Example

[Now we substitute. ]

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

{f: BB, X:By-f: B—=B {f:B-B, XIPIFIXIB
{f:B=B, X Brrf(fX):B
{X:iBr-(funf->f(fx):(B-B)—B) run
(Yr(funx->funf->f(fFx)):a

Constraints: a = (B — ((B — B) —B))
Substituted: {y = ((B—B)—B), =B, .., 6 = B—~B} Example i




* Type Inference - Example

[Now we substitute. ]

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

1 BB XiBy i poB i BB XiBrETX B e
BB XiBrT(FX) 1B
{X: B}F(funf->f(fx))((B—>B)—>5) FUN
{3 F(funx->funf->f(fx)): (B— ((B— B)—B))

Substituted: {a = (B — (B — B) —B)), Y = (B — B) —B),
e=B, (=B ¢0=B 5=p—p} Example




* Type Inference - Example

[We are done. ]

{f:p—B; x:B} {f:p—B; X:B}
VAR I_f:B_>B =X B APP

1 BB XiBy i poB i BB XiBrETX B e
BB XiBrT(FX) 1B
{X: B}F(funf->f(fx))((B—>B)—>5) FUN
{rF(funx->funf->f(fx)): B (B—B)—B)

Substituted: {a = (B — (B — B) —B)), Y = (B — B) —B),
e=B, (=B ¢0=B 5=p—p} Example




! Questions so far?
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Type Inference Algorithm
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* Type Inference Algorithm

mletinfer(l,e, T) =0
m [ is a typing environment (giving polymorphic
types to expression variables)
m e is an expression
m Tis a type (with type variables)
m ¢ iS a substitution of types for type variables

Algorithm .

2



* Type Inference Algorithm

mletinfer(l,e, T) =0
m [ is a typing environment (giving polymorphic
types to expression variables)
m e is an expression
m Tis a type (with type variables)
m ¢ iS a substitution of types for type variables

m Idea: ¢ is a substitution that solves constraints
on type variables necessary forF're: T

Algorithm .

3



* Type Inference Algorithm

mletinfer(l,e, T) =0
m [ is a typing environment (giving polymorphic
types to expression variables)
m e is an expression
m Tis a type (with type variables)
m ¢ iS a substitution of types for type variables

m Idea: ¢ is a substitution that solves constraints
on type variables necessary forF're: T

m Should have o(I') + e : o(T) valid

Algorithm .

4



* Pseudocam!

let infer (I" : env) (e: exp) (T : type) : substitution =
match e with
| Var v ->

Unify{T = freshInstance(l'(v))}

Algorithm .

5



*Example of Var Rule

(* Type inference returns a substitutions o *)

infer {x : ¥V ‘a.(‘a *'b) list, y : '‘b} x ((int * string) list) ==
Unify {((int * string) list) = freshInstance(V ‘a.(‘a * 'b) list)}
Unify {((int * string) list) = (‘c * 'b) list} =>

{’c =int, ‘b = string} (* 0 *)

(* We can substitute using o to validate this *)

o({x: V 'a.(a *'b) list, y : 'b}) F x : o((int * string) list)
{x : V 'a.(la * string) list, y : string} + x : (int * string) list
(* Note we have updated the environment *)

Algorithm .

=>
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* Example of Var Rule

infer {x : V 'a.(a *'b) list, y : 'b} x ((int * string) list) =>
Unify {((int * string) list) = freshInstance(V ‘a.(‘a * 'b) list)}

Algorithm .

7



* Example of Var Rule

infer {x : V 'a.(a *'b) list, y : 'b} x ((int * string) list) =>
Unify {((int * string) list) = freshlnstance(V ‘a.(‘a * 'b) list)} =>
Unify {((int * string) list) = ('c * 'b) list}

Algorithm .

8



* Example of Var Rule

infer {x : ¥V ‘a.(‘a *'b) list, y : b} x ((int * string) list) =>

Unify {((int * string) list) = freshInstance(V ‘a.('a * 'b) list)} =>
Unify {((int * string) list) = ('c * 'b) list} =>

{’c = int, 'b = string}

Algorithm .

9



* Example of Var Rule

infer {x : ¥V ‘a.(‘a *'b) list, y : b} x ((int * string) list) =>

Unify {((int * string) list) = freshInstance(V ‘a.('a * 'b) list)} =>
Unify {((int * string) list) = ('c * 'b) list} =>

{’c = int, 'b = string}

o({x : V ‘a.(a *'b) list, y : 'b}) + x : o((int * string) list)

Algorithm ;

0



* Example of Var Rule

infer {x : ¥V ‘a.(‘a *'b) list, y : b} x ((int * string) list) =>

Unify {((int * string) list) = freshInstance(V ‘a.('a * 'b) list)} =>
Unify {((int * string) list) = ('c * 'b) list} =>

{’c = int, 'b = string}

o({x : V ‘a.(a *'b) list, y : 'b}) + x : o((int * string) list)
{x: V 'a.(la * string) list, y : string} + x : (int * string) list

Algorithm ;

1



* Example of Var Rule

infer {x : ¥V ‘a.(‘a *'b) list, y : b} x ((int * string) list) =>

Unify {((int * string) list) = freshInstance(V ‘a.('a * 'b) list)} =>
Unify {((int * string) list) = ('c * 'b) list} =>

{’c = int, 'b = string}

o({x : V ‘a.(a *'b) list, y : 'b}) + x : o((int * string) list)
{x: V 'a.(la * string) list, y : string} + x : (int * string) list

Algorithm ;

2



! Questions so far?

Algorithm .



* Pseudocam!

let infer (I" : env) (e: exp) (T : type) : substitution =
match e with
| Var v ->

Unify{T = freshInstance(l'(v))}

Algorithm ;

4



* Pseudocam!

let infer (I" : env) (e: exp) (T : type) : substitution =
match e with
| Var v ->

Unify{T = freshInstance(l'(v))}
| Const ¢ ->

Unify{T = freshInstance ¢ }

Algorithm ;

5



* Pseudocam!

let infer (I" : env) (e: exp) (T : type) : substitution =

match e with
| Var v ->

Unify{T = freshInstance(l'(v))}
| Const ¢ ->

Unify{T = freshInstance ¢ }
| Fun (%, e) ->

let 6 = infer (I, x : @) e B in

Unify({o(T) = o(@ — B)}) oo

Algorithm ;

6



* Pseudocaml (continued)
let infer (I" : env) (e: exp) (T : type) : substitution =
.|"App (el, e2) ->
letol =inferl el (a —T)in

let 02 = infer (o1(")) e2 (o1(a)) in
02 o 01

Algorithm ;

7



* Pseudocaml (continued)

let infer (I" : env) (e: exp) (T : type) : substitution =

.|"App (el, e2) ->

letol =inferl el (a —T)in
let 02 = infer (01(N)) e2 (o1(a)) in
02 o 01
| If (el, e2, e3) ->
et 0l = infer [ el bool in
et 02 = infer (o1(N)) e2 (o1(T)) in
et 03 = infer ((02 0 01)(IN)) €3 ((02 0 01)(T)) Iin

03 002001 Algorithm

8



* Pseudocaml (continued)

let infer (I" : env) (e: exp) (T : type) : substitution =
| Let (X, el, e2) ->

let 01 = infer" el ain
let 02 =

infer((o1(N)), x : GEN(o1(l"), o1(a))) e2 (o1(T))
In 02 o0 01

Algorithm ;

9



* Pseudocaml (continued)

let infer (I" : env) (e: exp) (T : type) : substitution =
| LetRec (X, el, e2) ->

let ol =infer (I, x:a)el ain
let 02 =

infer((o1(I)), x : GEN(o1(I"), o1(a))) e2 (o1(T))
in 02 o 01

Algorithm 0

0



* Pseudocaml (continued)

let infer (I" : env) (e: exp) (T : type) : substitution =

Algorithm 0

1



* Pseudocaml (continued)

let infer (I" : env) (e: exp) (T : type) : substitution =

let type_of ' e =

let 6 = infer [ e a in o(q)

Algorithm 0

2



{ Questions?
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! No Class Thursday due to Midterm!
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ﬁ Next Class

Midterm instead of class on Thursday
Please sign up in CBTF if you haven't yet
MP6 deadline extended

EC2 after midterm

All deadlines can be found on course website
Use office hours and class forums for help
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