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Wrap Up 3SAT
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Last Time: 3SAT

Recall: last time, we wanted to prove that 3SAT is NP-complete.
Need a function f such that if ¢ € CNF-SAT iff f(p) € 3SAT.
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Last Time: 3SAT

Recall: last time, we wanted to prove that 3SAT is NP-complete.
Need a function f such that if ¢ € CNF-SAT iff f(p) € 3SAT.

f converts each clause in ¢ into multiple size-three clauses:
o If C = (#1), include clauses (£1 V xc1 V xc2),
(£1 V Xc1 V Xcz), (fl V Xc1 V X—CZ), and (61 V Xc1 V XC2).
@ If C = (£1V £3), include clauses (£1 V £2 V xc) and
(fl V by X—C)
o If C = (El V £2 V 23), include C.

o IfC= (41 V...V L) (for k > 4), include clauses
(El V Ez V XC1), (X—CI V £3 V Xcz), C e (XC(k—3) V Ek—l V Ek)
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Last Time: 3SAT

Recall: last time, we wanted to prove that 3SAT is NP-complete.
Need a function f such that if ¢ € CNF-SAT iff f(p) € 3SAT.

f converts each clause in ¢ into multiple size-three clauses:
o If C = (#1), include clauses (£1 V xc1 V xc2),
(£1 V Xc1 V Xcz), (fl V Xc1 V X—CZ), and (61 V Xc1 V XC2).
@ If C = (£1V £3), include clauses (£1 V £2 V xc) and
(fl V by X—C)
o If C = (El V £2 V 23), include C.

o IfC= (41 V...V L) (for k > 4), include clauses
(El V Ez V XC1), (X—CI V £3 V Xcz), C e (XC(k—3) V Ek—l V Ek)

Need to show: ¢ is satisfiable iff £(¢) is!
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CNF-SAT to 3SAT: If

o — F(p):
(El) — (f] V Xc1 \/Xcz)/\(el \/X—Cl\/Xcz)/\(fl V Xc1 VX—Q)/\(El\/xa \/Xcz)

(21 \/Ez)—>(£1 \/fz\/XC')/\(El \V 2 \/E)
(21 \/£2V£3) — (El \/£2V£3)

(fl V.. .\/Ek) — (ﬁl \/Ez\/XCl)/\(X—Cl\/E3\/XC2)/\. . -/\(XC(k—3) Vli_1 \/ﬁk)

Xeqg =T X, =T X

Claim: If f(¢p) is satisfiable, so is ¢. crn=T
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CNF-SAT to 3SAT: Only-If

o — F(p):

(1) = (b1 Vxc1Vxc) A1V xc1V xc2) A1V xc1V Xec2) A (€1 V Xc1 V Xc2)
(b1 VvV £) — (L1 V £y V xc) N (€1 V €3 V XC)

(61 V £y V £3) — (£1V €2V £3)

(fl V... \/fk) — (£1 V €5 \/XC1)/\ (X—Cl\/£3\/xcz) VANTIAN (XC(k—3) VAli_1 \/Ek)

o= T Y= F

Claim: If ¢ is satisfiable, so is f(¢). * (e 5% F
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Independent Set
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Independent Set

Recall: An independent set is S C V such that no vertices in S have
an edge between them. Let IS = {(G, k) | G has an IS of size k}.
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Independent Set

Recall: An independent set is § C V such that no vertices in S have
an edge between them. Let IS = {(G, k) | G has an IS of size k}.

IS is NP-complete. \

Chekuri and Hulett (UIUC) CS/ECE 374 A 7 Spring 2025 7/21



Independent Set

Recall: An independent set is § C V such that no vertices in S have
an edge between them. Let IS = {(G, k) | G has an IS of size k}.

IS is NP-complete. \

IS is in NP: w is the description of an IS of size k.
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Independent Set

Recall: An independent set is § C V such that no vertices in S have
an edge between them. Let IS = {(G, k) | G has an IS of size k}.

IS is NP-complete. \

IS is in NP: w is the description of an IS of size k.

What problem should we reduce to IS in order to prove hardness?

CAT (NF-CAT SCAT
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3SAT to IS: Intuition

We have a 3SAT formula ¢. We want to construct (G, k) such that
@ is satisfiable iff G has an IS of size k.
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3SAT to IS: Intuition

We have a 3SAT formula ¢. We want to construct (G, k) such that
@ is satisfiable iff G has an IS of size k.

Key observation: ¢ is satisfiable iff we can pick one literal from each
clause to be true.

(We don’t need to pick every true literal—just don’t pick two that contradict!)
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3SAT to IS: Intuition

We have a 3SAT formula ¢. We want to construct (G, k) such that
@ is satisfiable iff G has an IS of size k.

Key observation: ¢ is satisfiable iff we can pick one literal from each
clause to be true.

(We don’t need to pick every true literal—just don’t pick two that contradict!)

e =(x1 VixaVx3)A(x2V x3Vixg) A (X1V X2 Vixy)

—

X, e 4!
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3SAT to IS: Reduction

Let () = (G, k) where:
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3SAT to IS: Reduction

Let () = (G, k) where:

@ For each clause C in ¢, we add three connected vertices to G,
labeled with the literals of C.
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3SAT to IS: Reduction

Let () = (G, k) where:

@ For each clause C in ¢, we add three connected vertices to G,
abeled with the literals of C.

@ For each variable x; in ¢, add edges between each vertex labeled
x; and each labeled X;.
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3SAT to IS: Reduction

Let () = (G, k) where:

@ For each clause C in ¢, we add three connected vertices to G,
abeled with the literals of C.

@ For each variable x; in ¢, add edges between each vertex labeled
x; and each labeled X;.

@ We set k as the number of clauses in ¢.
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3SAT to IS: Reduction

Let () = (G, k) where:

@ For each clause C in ¢, we add three connected vertices to G,
abeled with the literals of C.

@ For each variable x; in ¢, add edges between each vertex labeled
x; and each labeled X;.

@ We set k as the number of clauses in ¢.

This reduction clearly runs in polynomial time. (in fact, quadratic.)
Just need to show ¢ € 3SAT iff f(p) € IS.
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3SAT to IS: Only-If

Let f() = (G, k) where:

@ For each clause C in ¢, we add three connected vertices to G, labeled with
the literals of C.

@ For each variable x; in ¢, add edges between each vertex labeled x; and
each labeled X;.

@ We set k as the number of clauses in ¢.

Claim: If ¢ is satisfiable, G has an IS of size k.
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3SAT to IS: If

Let f() = (G, k) where:

@ For each clause C in ¢, we add three connected vertices to G, labeled with
the literals of C.

@ For each variable x; in ¢, add edges between each vertex labeled x; and
each labeled X;.

@ We set k as the number of clauses in ¢.

Claim: If G has an IS of size k, ¢ is satisfiable.
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Related problems

Recall: Independent Set and Clique reduce to each other.
(G has an IS of size k iff G has a clique of size k.)
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Related problems

Recall: Independent Set and Clique reduce to each other.
(G has an IS of size k iff G has a clique of size k.)

CLIQUE = {(G, k) | G has a clique of size k} is NP-complete. \
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Related problems

Recall: Independent Set and Clique reduce to each other.
(G has an IS of size k iff G has a clique of size k.)

CLIQUE = {(G, k) | G has a clique of size k} is NP-complete. \

A vertex cover is S C V such that every edge in G has at least
one endpoint in S.
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Related problems

Recall: Independent Set and Clique reduce to each other.
(G has an IS of size k iff G has a clique of size k.)

CLIQUE = {(G, k) | G has a clique of size k} is NP-complete. \

A vertex cover is S C V such that every edge in G has at least
one endpoint in S.

Observation: S is a vertex cover iff V — § is an independent set.
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Related problems

Recall: Independent Set and Clique reduce to each other.
(G has an IS of size k iff G has a clique of size k.)

CLIQUE = {(G, k) | G has a clique of size k} is NP-complete. \

A vertex cover is S C V such that every edge in G has at least
one endpoint in S.

Observation: S is a vertex cover iff V — § is an independent set.

VC = {(G, k) | G has a vertex cover of size k} is NP-complete. \
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3-Coloring
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Graph Coloring

For a graph G, a valid coloring is an assignment of “colors” to each
vertex such that no edge has the same color on both ends.
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Graph Coloring

For a graph G, a valid coloring is an assignment of “colors” to each
vertex such that no edge has the same color on both ends.

O

()
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Graph Coloring

For a graph G, a valid coloring is an assignment of “colors” to each
vertex such that no edge has the same color on both ends.
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Graph Coloring

For a graph G, a valid coloring is an assignment of “colors” to each
vertex such that no edge has the same color on both ends.
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Graph Coloring

For a graph G, a valid coloring is an assignment of “colors” to each
vertex such that no edge has the same color on both ends.

Key question: given a graph G, what is the fewest colors we can use?

(This is referred to as the “chromatic number” of G)
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Graph Coloring

For a graph G, a valid coloring is an assignment of “colors” to each
vertex such that no edge has the same color on both ends.

Key question: given a graph G, what is the fewest colors we can use?

(This is referred to as the “chromatic number” of G)

Our focus: Can G be 3-colored? % /VD!
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3COLOR

3COLOR = {G | G has a valid 3-coloring} is NP-complete. \
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3COLOR

3COLOR = {G | G has a valid 3-coloring} is NP-complete. \

3COLOR is in NP: w is the description of a valid 3-coloring.
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3COLOR

3COLOR = {G | G has a valid 3-coloring} is NP-complete. \

3COLOR is in NP: w is the description of a valid 3-coloring.

What problem should we reduce to 3COLOR in order to prove
hardness?

AT TS (o (ligee /uc)
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3SAT to 3COLOR: Intuition

We have a 3SAT formula 0. We want to construct a graph G such
that ¢ is satisfiable iff G is 3-colorable.
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3SAT to 3COLOR: Intuition

We have a 3SAT formula 0. We want to construct a graph G such
that ¢ is satisfiable iff G is 3-colorable.

Step 1: associate “colors” with True / False values.

-
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3SAT to 3COLOR: Intuition

We have a 3SAT formula 0. We want to construct a graph G such
that ¢ is satisfiable iff G is 3-colorable.

Step 1: associate “colors” with True / False values.
Step 2: ensure each variable is assigned to True or to False.
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3SAT to 3COLOR: Intuition

We have a 3SAT formula ¢o. We want to construct a graph G such
that ¢ is satisfiable iff G is 3-colorable.

Step 1: associate “colors” with True / False values.
Step 2: ensure each variable is assigned to True or to False.
Step 3: ensure each clause is satisfied.

Semnple @se: (4, \MJ (4, \/Qz sz)
@w i WE vedtec Coa be colosed Yt
\ l\(( £[ or ’02 r\g (QIQ‘/-?J ’ l//vl“

Y 3

Chekuri and Hulett (UIUC) CS/ECE 374 A 16 Spring 2025 16 /21




3SAT to 3COLOR: Reduction

Let f() = G, where:
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3SAT to 3COLOR: Reduction

Let f() = G, where:
@ We add vertices T, F, and X to G, all connected.
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3SAT to 3COLOR: Reduction

Let f() = G, where:
@ We add vertices T, F, and X to G, all connected.

@ For each variable x; in ¢, we add vertices x; and X;, connected
to each other and to X.
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3SAT to 3COLOR: Reduction

Let f() = G, where:
@ We add vertices T, F, and X to G, all connected.

@ For each variable x; in ¢, we add vertices x; and X;, connected
to each other and to X.

@ For each clause C = (€1 V €5 V £3), we add the following

“gadget” to G: (Note: square vertices already exist in G.)
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3SAT to 3COLOR: Reduction

Let f() = G, where:
@ We add vertices T, F, and X to G, all connected.

@ For each variable x; in ¢, we add vertices x; and X;, connected
to each other and to X.

@ For each clause C = (€1 V €5 V £3), we add the following
“gadget” to GZ (Note: square vertices already exist in G.)

1

F
12
£3 X

This reduction clearly runs in polynomial time. (in fact, linear.)
Just need to show ¢ € 3SAT iff G € 3COLOR.
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3SAT to 3COLOR: Picture

Say p = (x1 Vx2o V' X3) A (x2 V x3 V Xg)
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3SAT to 3COLOR: Picture

Say p = (x1 Vx2o V' X3) A (x2 V x3 V Xg)

X1
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3SAT to 3COLOR: Only-If

Let f(p) = G, where for each clause C = (41 V £3 V £3), we include:

41

F
£
L3 X

Claim: if ¢ is satisfiable, G is 3-colorable.
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3SAT to 3COLOR: If

Let f(p) = G, where for each clause C = (41 V £3 V £3), we include:

41

F
2
L3 X

Claim: if G is 3-colorable, ¢ is satisfiable.
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Takeaway Points

Known NP-complete languages
@ SAT (from Cook-Levin)
CNF-SAT (from Cook-Levin)
3SAT (from CNF-SAT)
Independent Set (from 3SAT)
Clique (from Independent Set)
Vertex Cover (from Independent Set)
3-coloring (from 3SAT)
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