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âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

İƨ ȕȳɄ˝ ʚǫŗʚ ó�ÿ Ƕʌ ¥âࣽƉɄȭɱțƨʚƨ ˝ǫǶƉǫ ȭƨŗʌȳ ʚǫŗʚ Ƕʚ Ƕʌ Ƕȳ
¥âࣽpŗɼƕࣖ p��ÿ Ƕʌ ŗțʌɄ Ƕȳ ¥âࣽpŗɼƕࣖ yʌ ó�ÿ ɼƨƕʯƉǶſțƨ ʚɄ p��ÿࣞ

ࡹ



,óࣩE,Eࣽࣘࢅࢁ �ƨƉʚʯɼƨ ࡽ ࣽ ¡Ʉɼƨ ¥âࣽ,Ʉȭɱțƨʚƨ
ɼƨƕʯƉʚǶɄȳʌ

�ƨƉʚʯɼƨɼࣘ ¥ǶƉȕ˙ŗʌǫ �ŗȳǶ
,ǫŗʚ ȭɄƕƨɼŗʚɄɼࣘ óŗȭǶɼ �ǫŗȳ
�ɱɼǶț ࢙ࣗࡽ ࡹࡽࡱࡽ

ĎȳǶ˙ƨɼʌǶʚ˦ ɄǑ yțțǶȳɄǶʌ ŗʚ Ďɼſŗȳŗࣽ,ǫŗȭɱŗǶǖȳ



âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

İƨ ȕȳɄ˝ ʚǫŗʚ ó�ÿ Ƕʌ ¥âࣽƉɄȭɱțƨʚƨ ˝ǫǶƉǫ ȭƨŗʌȳ ʚǫŗʚ Ƕʚ Ƕʌ Ƕȳ
¥âࣽpŗɼƕࣖ p��ÿ Ƕʌ ŗțʌɄ Ƕȳ ¥âࣽpŗɼƕࣖ yʌ ó�ÿ ɼƨƕʯƉǶſțƨ ʚɄ p��ÿࣞ

ࡽ

Yes

HALT is NP Hard which for all X END XEPHA
therefor SAT SpHALT

Show SAT Ep HALT

Issigured
Decider5AT

Reduction Construct atm us

loop over all assignments to

SAT
halt if assignment is
satisfied



ÿɄƕŗ˦

¥âࣽ,Ʉȭɱțƨʚƨȳƨʌʌ ɄǑ ʚǫɼƨƨ ɱɼɄſțƨȭʌࣘ

 ĎȳƕǶɼƨƉʚƨƕ p, ɱɼɄſțƨȭ
 ɄțɄɼ,ࣽࢁ âɼɄſțƨȭ
 ,ǶɼƉʯǶʚ ó�ÿ

yȭɱɄɼʚŗȳʚࣘ ʯȳƕƨɼʌʚŗȳƕǶȳǖ ʚǫƨ ɱɼɄſțƨȭʌ ŗȳƕ ʚǫŗʚ ʚǫƨ˦ ŗɼƨ ǫŗɼƕࣖ

âɼɄɄǑʌ ŗȳƕ ɼƨƕʯƉʚǶɄȳʌ ˝Ƕțț ſƨ ʌȕƨʚƉǫ˦ ŗȳƕ ȭŗǶȳț˦ ʚɄ ǖǶ˙ƨ ŗ
̈ŗ˙Ʉɼ

ࢁ



pŗȭǶțʚɄȳǶŗȳ Ɖ˦Ɖțƨ Ƕȳ ʯȳƕǶɼƨƉʚƨƕ
ǖɼŗɱǫ



pŗȭǶțʚɄȳǶŗȳ ,˦Ɖțƨ Ƕȳ āȩƐǮɮƣƅʋƣƐ eɼŗɱǫʌ

âɼɄſțƨȭ
tȩɤʠʋ aǮˉƣȩ ʠȩƐǮɮƣƅʋƣƐ ǐɮŗɤǣ a = (Ğ, B)
aȹŗȑ 3ȹƣɾ a ǣŗˉƣ ŗ lŗȣǮȑʋȹȩǮŗȩ ƅ˖ƅȑƣࣝ òǣŗʋ Ǯɾࣗ Ǯɾ ʋǣƣɮƣ

ŗ ƅ˖ƅȑƣ ʋǣŗʋ ˉǮɾǮʋɾ ƣˉƣɮ˖ ˉƣɮʋƣ˕ ƣ˕ŗƅʋȑ˖ ȹȩƣ ࣯ƣ˕ƅƣɤʋ
ɾʋŗɮʋ ŗȩƐ ƣȩƐ ˉƣɮʋƣ˕ࣰࣝ

ࢅ

HC in directed graphs NP complete
3SATE LtCoirected



¥âࣽ,Ʉȭɱțƨʚƨȳƨʌʌ

ÿǫƨɄɼƨȭ
lŗȣǮȑʋȹȩǮŗȩ ƅ˖ƅȑƣ ɤɮȹŻȑƣȣ ǋȹɮ ʯȳƕǶɼƨƉʚƨƕ ǐɮŗɤǣɾ Ǯɾ
�×ࣽ*ȹȣɤȑƣʋƣࣖ

âɼɄɄǑࣖ
 ÿǫƨ ɱɼɄſțƨȭ Ƕʌ Ƕȳ ¥âࣙ ɱɼɄɄǑ țƨǑʚ ŗʌ ƨ˥ƨɼƉǶʌƨࣖ
 pŗɼƕȳƨʌʌ ɱɼɄ˙ƨƕ ſ˦ ɼƨƕʯƉǶȳǖ 6ǶɼƨƉʚƨƕ pŗȭǶțʚɄȳǶŗȳ ,˦Ɖțƨ
ʚɄ ʚǫǶʌ ɱɼɄſțƨȭ

ࢉ



éƨƕʯƉʚǶɄȳ óȕƨʚƉǫ

eɄŗțࣘ eǶ˙ƨȳ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫ aࣗ ȳƨƨƕ ʚɄ ƉɄȳʌʚɼʯƉʚ ʯȳƕǶɼƨƉʚƨƕ
ǖɼŗɱǫ a0 ʌʯƉǫ ʚǫŗʚ a ǫŗʌ pŗȭǶțʚɄȳǶŗȳ âŗʚǫ Ƕ˽ a0 ǫŗʌ
pŗȭǶțʚɄȳǶŗȳ ɱŗʚǫ

éƨƕʯƉʚǶɄȳ



b

a
v

c

d

ࢍ



éƨƕʯƉʚǶɄȳ óȕƨʚƉǫ

eɄŗțࣘ eǶ˙ƨȳ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫ aࣗ ȳƨƨƕ ʚɄ ƉɄȳʌʚɼʯƉʚ ʯȳƕǶɼƨƉʚƨƕ
ǖɼŗɱǫ a0 ʌʯƉǫ ʚǫŗʚ a ǫŗʌ pŗȭǶțʚɄȳǶŗȳ âŗʚǫ Ƕ˽ a0 ǫŗʌ
pŗȭǶțʚɄȳǶŗȳ ɱŗʚǫ

éƨƕʯƉʚǶɄȳ
 éƨɱțŗƉƨ ƨŗƉǫ ˙ƨɼʚƨ˥ ˉ ſ˦ ࢁ ˙ƨɼʚǶƉƨʌࣘ ˉǮȩ, ˉ, ŗȳƕ ˉȹʠʋ


b

a
v

c

d

ࢍ



éƨƕʯƉʚǶɄȳ óȕƨʚƉǫ

eɄŗțࣘ eǶ˙ƨȳ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫ aࣗ ȳƨƨƕ ʚɄ ƉɄȳʌʚɼʯƉʚ ʯȳƕǶɼƨƉʚƨƕ
ǖɼŗɱǫ a0 ʌʯƉǫ ʚǫŗʚ a ǫŗʌ pŗȭǶțʚɄȳǶŗȳ âŗʚǫ Ƕ˽ a0 ǫŗʌ
pŗȭǶțʚɄȳǶŗȳ ɱŗʚǫ

éƨƕʯƉʚǶɄȳ
 éƨɱțŗƉƨ ƨŗƉǫ ˙ƨɼʚƨ˥ ˉ ſ˦ ࢁ ˙ƨɼʚǶƉƨʌࣘ ˉǮȩ, ˉ, ŗȳƕ ˉȹʠʋ
 � ƕǶɼƨƉʚƨƕ ƨƕǖƨ (ŗ,Ż) Ƕʌ ɼƨɱțŗƉƨƕ ſ˦ ƨƕǖƨ (ŗȹʠʋ,ŻǮȩ)

b

a
v

c

d

ࢍ



éƨƕʯƉʚǶɄȳ óȕƨʚƉǫ

eɄŗțࣘ eǶ˙ƨȳ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫ aࣗ ȳƨƨƕ ʚɄ ƉɄȳʌʚɼʯƉʚ ʯȳƕǶɼƨƉʚƨƕ
ǖɼŗɱǫ a0 ʌʯƉǫ ʚǫŗʚ a ǫŗʌ pŗȭǶțʚɄȳǶŗȳ âŗʚǫ Ƕ˽ a0 ǫŗʌ
pŗȭǶțʚɄȳǶŗȳ ɱŗʚǫ

éƨƕʯƉʚǶɄȳ
 éƨɱțŗƉƨ ƨŗƉǫ ˙ƨɼʚƨ˥ ˉ ſ˦ ࢁ ˙ƨɼʚǶƉƨʌࣘ ˉǮȩ, ˉ, ŗȳƕ ˉȹʠʋ
 � ƕǶɼƨƉʚƨƕ ƨƕǖƨ (ŗ,Ż) Ƕʌ ɼƨɱțŗƉƨƕ ſ˦ ƨƕǖƨ (ŗȹʠʋ,ŻǮȩ)

b

a
v

c

d bo

vi
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v vo

di
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ࢍ

if there is a HC in the directed graph
then there is one in the undirected group



éƨƕʯƉʚǶɄȳ óȕƨʚƉǫ E˥ŗȭɱțƨ

eɼŗɱǫ ˍǮʋǣ Ɖ˦Ɖțƨࣘ

v1

v3v2

v1v1
i v1

o

v2v2
i v2

o v2v2
i v2

o

eɼŗɱǫ ˍǮʋǣȹʠʋ Ɖ˦Ɖțƨࣘ



3 3 3



éƨƕʯƉʚǶɄȳ óȕƨʚƉǫ E˥ŗȭɱțƨ

eɼŗɱǫ ˍǮʋǣ Ɖ˦Ɖțƨࣘ

v1

v3v2

v1v1
i v1

o

v2v2
i v2

o v2v2
i v2

o

eɼŗɱǫ ˍǮʋǣȹʠʋ Ɖ˦Ɖțƨࣘ

v1

v3v2

v1v1
i v1

o

v2v2
i v2

o v2v2
i v2

o



3 3 3

bum
3 3 3



¥âࣽ,Ʉȭɱțƨʚƨȳƨʌʌ ɄǑ eɼŗɱǫ ,ɄțɄɼǶȳǖ



eɼŗɱǫ ,ɄțɄɼǶȳǖ

âɼɄſțƨȭࣘ eɼŗɱǫ ,ɄțɄɼǶȳǖ

yȳʌʚŗȳƉƨࣘ a = (Ğ, B)ࣘ ĎȳƕǶɼƨƉʚƨƕ ǖɼŗɱǫࣗ Ƕȳʚƨǖƨɼ ȋࣖ
çʯƨʌʚǶɄȳࣘ ,ŗȳ ʚǫƨ ˙ƨɼʚǶƉƨʌ ɄǑ ʚǫƨ ǖɼŗɱǫ ſƨ ƉɄțࣽ
Ʉɼƨƕ ʯʌǶȳǖ ȋ ƉɄțɄɼʌ ʌɄ ʚǫŗʚ ˙ƨɼʚǶƉƨʌ ƉɄȳȳƨƉʚƨƕ ſ˦
ŗȳ ƨƕǖƨ ƕɄ ȳɄʚ ǖƨʚ ʚǫƨ ʌŗȭƨ ƉɄțɄɼࣞ





eɼŗɱǫ ɄțɄɼǶȳǖ,ࣽࢁ

âɼɄſțƨȭࣘ ࢁ ,ɄțɄɼǶȳǖ

yȳʌʚŗȳƉƨࣘ a = (Ğ, B)ࣘ ĎȳƕǶɼƨƉʚƨƕ ǖɼŗɱǫࣖ
çʯƨʌʚǶɄȳࣘ ,ŗȳ ʚǫƨ ˙ƨɼʚǶƉƨʌ ɄǑ ʚǫƨ ǖɼŗɱǫ ſƨ ƉɄțࣽ
Ʉɼƨƕ ʯʌǶȳǖ ࢁ ƉɄțɄɼʌ ʌɄ ʚǫŗʚ ˙ƨɼʚǶƉƨʌ ƉɄȳȳƨƉʚƨƕ ſ˦
ŗȳ ƨƕǖƨ ƕɄ ȳɄʚ ǖƨʚ ʚǫƨ ʌŗȭƨ ƉɄțɄɼࣞ

࢙



eɼŗɱǫ ɄțɄɼǶȳǖ,ࣽࢁ

âɼɄſțƨȭࣘ ࢁ ,ɄțɄɼǶȳǖ

yȳʌʚŗȳƉƨࣘ a = (Ğ, B)ࣘ ĎȳƕǶɼƨƉʚƨƕ ǖɼŗɱǫࣖ
çʯƨʌʚǶɄȳࣘ ,ŗȳ ʚǫƨ ˙ƨɼʚǶƉƨʌ ɄǑ ʚǫƨ ǖɼŗɱǫ ſƨ ƉɄțࣽ
Ʉɼƨƕ ʯʌǶȳǖ ࢁ ƉɄțɄɼʌ ʌɄ ʚǫŗʚ ˙ƨɼʚǶƉƨʌ ƉɄȳȳƨƉʚƨƕ ſ˦
ŗȳ ƨƕǖƨ ƕɄ ȳɄʚ ǖƨʚ ʚǫƨ ʌŗȭƨ ƉɄțɄɼࣞ

࢙



eɼŗɱǫ ,ɄțɄɼǶȳǖ

¶ſʌƨɼ˙ŗʚǶɄȳࣘ yǑ a Ƕʌ ƉɄțɄɼƨƕ ˝Ƕʚǫ ȋ ƉɄțɄɼʌ ʚǫƨȳ ƨŗƉǫ ƉɄțɄɼ Ɖțŗʌʌ
࣯ȳɄƕƨʌ ɄǑ ʌŗȭƨ ƉɄțɄɼࣱ ǑɄɼȭ ŗȳ Ƕȳƕƨɱƨȳƕƨȳʚ ʌƨʚ Ƕȳ aࣖ ÿǫʯʌࣗ a
Ɖŗȳ ſƨ ɱŗɼʚǶʚǶɄȳƨƕ ǶȳʚɄ ȋ Ƕȳƕƨɱƨȳƕƨȳʚ ʌƨʚʌ Ƕ˽ a Ƕʌ ȋࣽƉɄțɄɼŗſțƨࣖ

eɼŗɱǫ ɄțɄɼǶȳǖ,ࣽࡽ Ɖŗȳ ſƨ ƕƨƉǶƕƨƕ Ƕȳ ɱɄț˦ȳɄȭǶŗț ʚǶȭƨࣖ

a Ƕʌ ƉɄțɄɼŗſțƨࣽࡽ Ƕ˽ a Ƕʌ ſǶɱŗɼʚǶʚƨࣛ ÿǫƨɼƨ Ƕʌ ŗ țǶȳƨŗɼ ʚǶȭƨ
ŗțǖɄɼǶʚǫȭ ʚɄ ƉǫƨƉȕ ǶǑ a Ƕʌ ſǶɱŗɼʚǶʚƨ ʯʌǶȳǖ $ɼƨŗƕʚǫࣽ̇ɼʌʚࣽóƨŗɼƉǫ

ࡱࡹ



âɼɄſțƨȭʌ ɼƨțŗʚƨƕ ʚɄ ǖɼŗɱǫ ƉɄțɄɼǶȳǖ



eɼŗɱǫ ,ɄțɄɼǶȳǖ ŗȳƕ éƨǖǶʌʚƨɼ �țțɄƉŗʚǶɄȳ

éƨǖǶʌʚƨɼ �țțɄƉŗʚǶɄȳ
�ʌʌǶǖȳ ˙ŗɼǶŗſțƨʌ ʚɄ ࣯ŗʚ ȭɄʌʚࣱ ȋ ɼƨǖǶʌʚƨɼʌ ʌʯƉǫ ʚǫŗʚ ˙ŗɼǶŗſțƨʌ
ȳƨƨƕƨƕ ŗʚ ʚǫƨ ʌŗȭƨ ʚǶȭƨ ŗɼƨ ȳɄʚ ŗʌʌǶǖȳƨƕ ʚɄ ʚǫƨ ʌŗȭƨ ɼƨǖǶʌʚƨɼ

yȳʚƨɼǑƨɼƨȳƉƨ eɼŗɱǫ
ĬƨɼʚǶƉƨʌ ŗɼƨ ˙ŗɼǶŗſțƨʌࣗ ŗȳƕ ʚǫƨɼƨ Ƕʌ ŗȳ ƨƕǖƨ ſƨʚ˝ƨƨȳ ʚ˝Ʉ
˙ƨɼʚǶƉƨʌࣗ ǶǑ ʚǫƨ ʚ˝Ʉ ˙ŗɼǶŗſțƨʌ ŗɼƨ एțǶ˙ƨऐ ŗʚ ʚǫƨ ʌŗȭƨ ʚǶȭƨࣖ

¶ſʌƨɼ˙ŗʚǶɄȳʌ
 ࣷ,ǫŗǶʚǶȳࣹ éƨǖǶʌʚƨɼ ŗțțɄƉŗʚǶɄȳ ɱɼɄſțƨȭ Ƕʌ ƨɸʯǶ˙ŗțƨȳʚ ʚɄ
ƉɄțɄɼǶȳǖ ʚǫƨ ǶȳʚƨɼǑƨɼƨȳƉƨ ǖɼŗɱǫ ˝Ƕʚǫ ȋ ƉɄțɄɼʌ

 ¡ɄɼƨɄ˙ƨɼࣗ é¶�¶,ࣽࢁ × ȋ� éƨǖǶʌʚƨɼ �țțɄƉŗʚǶɄȳࣗ ǑɄɼ ŗȳ˦
ȋ � ࢁ

ࡹࡹ

K color



,țŗʌʌ éɄɄȭ óƉǫƨƕʯțǶȳǖ

eǶ˙ƨȳ ȩ Ɖțŗʌʌƨʌ ŗȳƕ ʚǫƨǶɼ ȭƨƨʚǶȳǖ ʚǶȭƨʌࣗ ŗɼƨ ȋ ɼɄɄȭʌ ʌʯ˾ƉǶƨȳʚࣞ

éƨƕʯƉƨ ʚɄ eɼŗɱǫ ȋࣽ,ɄțɄɼǶȳǖ ɱɼɄſțƨȭ

,ɼƨŗʚƨ ǖɼŗɱǫ a

 ŗ ȳɄƕƨ ˉǮ ǑɄɼ ƨŗƉǫ Ɖțŗʌʌ Ǯ
 ŗȳ ƨƕǖƨ ſƨʚ˝ƨƨȳ ˉǮ ŗȳƕ ˉȃ ǶǑ Ɖțŗʌʌƨʌ Ǯ ŗȳƕ ȃ ƅȹȩ̄Ǯƅʋ

E˥ƨɼƉǶʌƨࣘ a Ƕʌ ȋࣽƉɄțɄɼŗſțƨ Ƕ˽ ȋ ɼɄɄȭʌ ŗɼƨ ʌʯ˾ƉǶƨȳʚ

ࡽࡹ



bɼƨɸʯƨȳƉ˦ �ʌʌǶǖȳȭƨȳʚʌ Ƕȳ ,ƨțțʯțŗɼ ¥ƨʚ˝Ʉɼȕʌ

,ƨțțʯțŗɼ ʚƨțƨɱǫɄȳƨ ʌ˦ʌʚƨȭʌ ʚǫŗʚ ʯʌƨ bɼƨɸʯƨȳƉ˦ 6Ƕ˙ǶʌǶɄȳ
¡ʯțʚǶɱțƨ �ƉƉƨʌʌ ࣯b6¡�ࣱ ࣯ƨ˥ŗȭɱțƨࣘ eó¡ Ƕȳ EʯɼɄɱƨ ŗȳƕ �ʌǶŗ ŗȳƕ
�ÿÿ Ƕȳ Ďó�ࣱ

 $ɼƨŗȕʯɱ ŗ ǑɼƨɸʯƨȳƉ˦ ɼŗȳǖƨ [ŗ,Ż] ǶȳʚɄ ƕǶʌȍɄǶȳʚ ŻŗȩƐɾ ɄǑ
ǑɼƨɸʯƨȳƉǶƨʌ [ŗࡱ,Żࡱ], [ŗࡹ,Żࡹ], . . . , [ŗȋ,Żȋ]

 EŗƉǫ Ɖƨțț ɱǫɄȳƨ ʚɄ˝ƨɼ ࣯ʌǶȭɱțǶǑ˦Ƕȳǖࣱ ǖƨʚʌ Ʉȳƨ ſŗȳƕ
 ,ɄȳʌʚɼŗǶȳʚࣘ ȳƨŗɼſ˦ ʚɄ˝ƨɼʌ ƉŗȳȳɄʚ ſƨ ŗʌʌǶǖȳƨƕ ʌŗȭƨ ſŗȳƕࣗ
Ʉʚǫƨɼ˝Ƕʌƨ ʌǶǖȳŗțʌ ˝Ƕțț ǶȳʚƨɼǑƨɼƨȳƉƨ

âɼɄſțƨȭࣘ ǖǶ˙ƨȳ ȋ ſŗȳƕʌ ŗȳƕ ʌɄȭƨ ɼƨǖǶɄȳ ˝Ƕʚǫ ȩ ʚɄ˝ƨɼʌࣗ Ƕʌ
ʚǫƨɼƨ ŗ ˝ŗ˦ ʚɄ ŗʌʌǶǖȳ ʚǫƨ ſŗȳƕʌ ʚɄ ŗ˙ɄǶƕ ǶȳʚƨɼǑƨɼƨȳƉƨࣞ

,ŗȳ ɼƨƕʯƉƨ ʚɄ ȋࣽƉɄțɄɼǶȳǖ ſ˦ ƉɼƨŗʚǶȳǖ ǶȳʚƨɼƨǑƨɼƨȳƉƨࣩƉɄȳ̈ǶƉʚ
ǖɼŗɱǫ Ʉȳ ʚɄ˝ƨɼʌࣖ

ࢁࡹ



bɼƨɸʯƨȳƉ˦ �ʌʌǶǖȳȭƨȳʚʌ Ƕȳ ,ƨțțʯțŗɼ ¥ƨʚ˝Ʉɼȕʌ

,ƨțțʯțŗɼ ʚƨțƨɱǫɄȳƨ ʌ˦ʌʚƨȭʌ ʚǫŗʚ ʯʌƨ bɼƨɸʯƨȳƉ˦ 6Ƕ˙ǶʌǶɄȳ
¡ʯțʚǶɱțƨ �ƉƉƨʌʌ ࣯b6¡�ࣱ ࣯ƨ˥ŗȭɱțƨࣘ eó¡ Ƕȳ EʯɼɄɱƨ ŗȳƕ �ʌǶŗ ŗȳƕ
�ÿÿ Ƕȳ Ďó�ࣱ

 $ɼƨŗȕʯɱ ŗ ǑɼƨɸʯƨȳƉ˦ ɼŗȳǖƨ [ŗ,Ż] ǶȳʚɄ ƕǶʌȍɄǶȳʚ ŻŗȩƐɾ ɄǑ
ǑɼƨɸʯƨȳƉǶƨʌ [ŗࡱ,Żࡱ], [ŗࡹ,Żࡹ], . . . , [ŗȋ,Żȋ]

 EŗƉǫ Ɖƨțț ɱǫɄȳƨ ʚɄ˝ƨɼ ࣯ʌǶȭɱțǶǑ˦Ƕȳǖࣱ ǖƨʚʌ Ʉȳƨ ſŗȳƕ
 ,ɄȳʌʚɼŗǶȳʚࣘ ȳƨŗɼſ˦ ʚɄ˝ƨɼʌ ƉŗȳȳɄʚ ſƨ ŗʌʌǶǖȳƨƕ ʌŗȭƨ ſŗȳƕࣗ
Ʉʚǫƨɼ˝Ƕʌƨ ʌǶǖȳŗțʌ ˝Ƕțț ǶȳʚƨɼǑƨɼƨȳƉƨ

âɼɄſțƨȭࣘ ǖǶ˙ƨȳ ȋ ſŗȳƕʌ ŗȳƕ ʌɄȭƨ ɼƨǖǶɄȳ ˝Ƕʚǫ ȩ ʚɄ˝ƨɼʌࣗ Ƕʌ
ʚǫƨɼƨ ŗ ˝ŗ˦ ʚɄ ŗʌʌǶǖȳ ʚǫƨ ſŗȳƕʌ ʚɄ ŗ˙ɄǶƕ ǶȳʚƨɼǑƨɼƨȳƉƨࣞ

,ŗȳ ɼƨƕʯƉƨ ʚɄ ȋࣽƉɄțɄɼǶȳǖ ſ˦ ƉɼƨŗʚǶȳǖ ǶȳʚƨɼƨǑƨɼƨȳƉƨࣩƉɄȳ̈ǶƉʚ
ǖɼŗɱǫ Ʉȳ ʚɄ˝ƨɼʌࣖ

ࢁࡹ



óǫɄ˝Ƕȳǖ ǫŗɼƕȳƨʌʌ ɄǑ ࢁ ,¶�¶éy¥e

r



ɄțɄɼǶȳǖ,ࣽࢁ Ƕʌ ¥âࣽ,Ʉȭɱțƨʚƨ

 ɄțɄɼǶȳǖ,ࣽࢁ Ƕʌ Ƕȳ ¥âࣖ
 ¥ɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉŗțț˦ ǖʯƨʌʌ ŗ ƉɄțɄɼǶȳǖࣽࢁ ǑɄɼ ƨŗƉǫ ȳɄƕƨ
 ,ǫƨƉȕ ǶǑ ǑɄɼ ƨŗƉǫ ƨƕǖƨ (ʠ, ˉ)ࣗ ʚǫƨ ƉɄțɄɼ ɄǑ ʠ Ƕʌ ƕǶ˽ƨɼƨȳʚ ǑɼɄȭ
ʚǫŗʚ ɄǑ ˉࣖ

 pŗɼƕȳƨʌʌࣘ İƨ ˝Ƕțț ʌǫɄ˝ ó�ÿࣽࢁ × ɄțɄɼǶȳǖࣖ,ࣽࢁ

ࢅࡹ

c

Building a poly certifier OCE

certifies



éƨƕʯƉʚǶɄȳ yƕƨŗ

óʚŗɼʚ ˝Ƕʚǫ ó�ÿࢁ ǑɄɼȭʯțŗ ࣯Ƕࣖƨࣖࣗ b¥,ࢁ ǑɄɼȭʯțŗࣱ ' ˝Ƕʚǫ ȩ ˙ŗɼǶŗſțƨʌ
,ࡹ˕ . . . , ˕ȩ ŗȳƕ ȣ Ɖțŗʯʌƨʌ ,ࡹ* . . . , *ȣࣖ ,ɼƨŗʚƨ ǖɼŗɱǫ a' ʌʯƉǫ ʚǫŗʚ
a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ Ƕ˽ ' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ

 ȳƨƨƕ ʚɄ ƨʌʚŗſțǶʌǫ ʚɼʯʚǫ ŗʌʌǶǖȳȭƨȳʚ ǑɄɼ ,ࡹ˕ . . . , ˕ȩ ˙Ƕŗ ƉɄțɄɼʌ
ǑɄɼ ʌɄȭƨ ȳɄƕƨʌ Ƕȳ a'ࣖ

 Ɖɼƨŗʚƨ ʚɼǶŗȳǖțƨ ˝Ƕʚǫ ȳɄƕƨ ÿɼʯƨࣗ bŗțʌƨࣗ $ŗʌƨ
 ǑɄɼ ƨŗƉǫ ˙ŗɼǶŗſțƨ ˕Ǯ ʚ˝Ʉ ȳɄƕƨʌ ˉǮ ŗȳƕ ¯̄Ǯ ƉɄȳȳƨƉʚƨƕ Ƕȳ ŗ
ʚɼǶŗȳǖțƨ ˝Ƕʚǫ ƉɄȭȭɄȳ $ŗʌƨ

 yǑ ǖɼŗɱǫ Ƕʌ ƉɄțɄɼƨƕࣗࣽࢁ ƨǶʚǫƨɼ ˉǮ Ʉɼ ¯̄Ǯ ǖƨʚʌ ʚǫƨ ʌŗȭƨ ƉɄțɄɼ ŗʌ
ÿɼʯƨࣖ yȳʚƨɼɱɼƨʚ ʚǫǶʌ ŗʌ ŗ ʚɼʯʚǫ ŗʌʌǶǖȳȭƨȳʚ ʚɄ ˉǮ

 ¥ƨƨƕ ʚɄ ŗƕƕ ƉɄȳʌʚɼŗǶȳʚʌ ʚɄ ƨȳʌʯɼƨ Ɖțŗʯʌƨʌ ŗɼƨ ʌŗʚǶʌ̇ƨƕ
࣯ȳƨ˥ʚ ɱǫŗʌƨࣱ

ࢉࡹ

fE



éƨƕʯƉʚǶɄȳ yƕƨŗ y ࣽ óǶȭɱțƨ ƉɄțɄɼࣽࢁ ǖŗƕǖƨʚ

İƨ ˝ŗȳʚ ʚɄ Ɖɼƨŗʚƨ ŗ ǖŗƕǖƨʚ ʚǫŗʚࣘ

 yʌ ࢁ ƉɄțɄɼŗſțƨ ǶǑ ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ Ƕʌ ʚɼʯƨ
 ¥Ʉʚ ƉɄțɄɼŗſțƨࣽࢁ ǶǑ ȳɄȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ ŗɼƨ ʚɼʯƨ

�ƨʚऒʌ ʌʚŗɼʚ Ʉ˽ ˝Ƕʚǫ ʚǫƨ ʌǶȭɱțƨʌʚ ó�ÿ ˝ƨ Ɖȳŗ ʚǫǶȳȕ ɄǑࣘ

ǋ ,ࡹ˕) (ࡽ˕ = ࡹ˕) _ (ࡽ˕ ࣱࡹ࣯

�ʌʌʯȭƨ ǖɼƨƨȳঋʚɼʯƨ ŗȳƕ ɼƨƕঋǑŗțʌƨࣗ

ࢍࡹ



éƨƕʯƉʚǶɄȳ yƕƨŗ y ࣽ óǶȭɱțƨ ƉɄțɄɼࣽࢁ ǖŗƕǖƨʚ

İƨ ˝ŗȳʚ ʚɄ Ɖɼƨŗʚƨ ŗ ǖŗƕǖƨʚ ʚǫŗʚࣘ

 yʌ ࢁ ƉɄțɄɼŗſțƨ ǶǑ ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ Ƕʌ ʚɼʯƨ
 ¥Ʉʚ ƉɄțɄɼŗſțƨࣽࢁ ǶǑ ȳɄȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ ŗɼƨ ʚɼʯƨ

�ƨʚऒʌ ʌʚŗɼʚ Ʉ˽ ˝Ƕʚǫ ʚǫƨ ʌǶȭɱțƨʌʚ ó�ÿ ˝ƨ Ɖȳŗ ʚǫǶȳȕ ɄǑࣘ

ǋ ,ࡹ˕) (ࡽ˕ = ࡹ˕) _ (ࡽ˕ ࣱࡹ࣯

�ʌʌʯȭƨ ǖɼƨƨȳঋʚɼʯƨ ŗȳƕ ɼƨƕঋǑŗțʌƨࣗ

ࢍࡹ
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éƨƕʯƉʚǶɄȳ yƕƨŗ y ࣽ óǶȭɱțƨ ƉɄțɄɼࣽࢁ ǖŗƕǖƨʚ

İƨ ˝ŗȳʚ ʚɄ Ɖɼƨŗʚƨ ŗ ǖŗƕǖƨʚ ʚǫŗʚࣘ

 yʌ ࢁ ƉɄțɄɼŗſțƨ ǶǑ ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ Ƕʌ ʚɼʯƨ
 ¥Ʉʚ ƉɄțɄɼŗſțƨࣽࢁ ǶǑ ȳɄȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ ŗɼƨ ʚɼʯƨ

�ƨʚऒʌ ʌʚŗɼʚ Ʉ˽ ˝Ƕʚǫ ʚǫƨ ʌǶȭɱțƨʌʚ ó�ÿ ˝ƨ Ɖȳŗ ʚǫǶȳȕ ɄǑࣘ

ǋ ,ࡹ˕) (ࡽ˕ = ࡹ˕) _ (ࡽ˕ ࣱࡹ࣯

�ʌʌʯȭƨ ǖɼƨƨȳঋʚɼʯƨ ŗȳƕ ɼƨƕঋǑŗțʌƨࣗ

ࢍࡹ
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éƨƕʯƉʚǶɄȳ yƕƨŗ y ࣽ óǶȭɱțƨ ƉɄțɄɼࣽࢁ ǖŗƕǖƨʚ

İƨ ˝ŗȳʚ ʚɄ Ɖɼƨŗʚƨ ŗ ǖŗƕǖƨʚ ʚǫŗʚࣘ

 yʌ ࢁ ƉɄțɄɼŗſțƨ ǶǑ ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ Ƕʌ ʚɼʯƨ
 ¥Ʉʚ ƉɄțɄɼŗſțƨࣽࢁ ǶǑ ȳɄȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ ŗɼƨ ʚɼʯƨ

�ƨʚऒʌ ʚɼ˦ ʌɄȭƨ ʌʚʯ˽ࣘ

ࡹ



éƨƕʯƉʚǶɄȳ yƕƨŗ y ࣽ óǶȭɱțƨ ƉɄțɄɼࣽࢁ ǖŗƕǖƨʚ

İƨ ˝ŗȳʚ ʚɄ Ɖɼƨŗʚƨ ŗ ǖŗƕǖƨʚ ʚǫŗʚࣘ

 yʌ ࢁ ƉɄțɄɼŗſțƨ ǶǑ ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ Ƕʌ ʚɼʯƨ
 ¥Ʉʚ ƉɄțɄɼŗſțƨࣽࢁ ǶǑ ȳɄȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ ŗɼƨ ʚɼʯƨ

óƨƨȭʌ ʚɄ ˝Ʉɼȕࣘ

ࡹ

Rreregs
Clause node

green
literals
red green



éƨƕʯƉʚǶɄȳ yƕƨŗ y ࣽ óǶȭɱțƨ ƉɄțɄɼࣽࢁ ǖŗƕǖƨʚ

İƨ ˝ŗȳʚ ʚɄ Ɖɼƨŗʚƨ ŗ ǖŗƕǖƨʚ ʚǫŗʚࣘ

 yʌ ࢁ ƉɄțɄɼŗſțƨ ǶǑ ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ Ƕʌ ʚɼʯƨ
 ¥Ʉʚ ƉɄțɄɼŗſțƨࣽࢁ ǶǑ ȳɄȳƨ ɄǑ ʚǫƨ țǶʚƨɼŗțʌ ŗɼƨ ʚɼʯƨ

pɄ˝ ƕɄ ˝ƨ ƕɄ ʚǫƨ ʌŗȭƨ ʚǫǶȳǖ ǑɄɼ ࢁ ˙ŗɼǶŗſțƨʌࣞࣘ

ǋ ,ࡹ˕) ,ࡽ˕ (ࢁ˕ = ࡹ˕) _ ࡽ˕ _ (ࢁ˕ ࣱࡽ࣯

�ʌʌʯȭƨ ǖɼƨƨȳঋʚɼʯƨ ŗȳƕ ɼƨƕঋǑŗțʌƨࣗ

࢙ࡹ



ࢁ ƉɄțɄɼ ʚǫǶʌ ǖŗƕǖƨʚ yy

ĸɄʯ ŗɼƨ ǖǶ˙ƨȳ ʚǫɼƨƨ ƉɄțɄɼʌࣘ ɼƨƕࣗ ǖɼƨƨȳ ŗȳƕ ſțʯƨࣖ ,ŗȳ ʚǫƨ
ǑɄțțɄ˝Ƕȳǖ ǖɼŗɱǫ ſƨ ʚǫɼƨƨ ƉɄțɄɼƨƕ Ƕȳ ŗ ˙ŗțǶƕ ˝ŗ˦ ࣯ŗʌʌʯȭǶȳǖ ʚǫŗʚ
ʌɄȭƨ ɄǑ ʚǫƨ ȳɄƕƨʌ ŗɼƨ ŗțɼƨŗƕ˦ ƉɄțɄɼƨƕ ŗʌ ǶȳƕǶƉŗʚƨƕࣱࣖ

ŗ ĸƨʌࣖ
ſ ¥Ʉࣖ

ࡱࡽ



ࢁ ƉɄțɄɼ ʚǫǶʌ ǖŗƕǖƨʚࣖ

ĸɄʯ ŗɼƨ ǖǶ˙ƨȳ ʚǫɼƨƨ ƉɄțɄɼʌࣘ ɼƨƕࣗ ǖɼƨƨȳ ŗȳƕ ſțʯƨࣖ ,ŗȳ ʚǫƨ
ǑɄțțɄ˝Ƕȳǖ ǖɼŗɱǫ ſƨ ʚǫɼƨƨ ƉɄțɄɼƨƕ Ƕȳ ŗ ˙ŗțǶƕ ˝ŗ˦ ࣯ŗʌʌʯȭǶȳǖ ʚǫŗʚ
ʌɄȭƨ ɄǑ ʚǫƨ ȳɄƕƨʌ ŗɼƨ ŗțɼƨŗƕ˦ ƉɄțɄɼƨƕ ŗʌ ǶȳƕǶƉŗʚƨƕࣱࣖ

ŗ ĸƨʌࣖ
ſ ¥Ʉࣖ

ࡹࡽ



ƉɄțɄɼǶȳǖࣽࢁ ɄǑ ʚǫƨ Ɖțŗʯʌƨ ǖŗƕǖƨʚ
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éƨƕʯƉʚǶɄȳ yƕƨŗ yy ࣽ �Ƕʚƨɼŗț �ʌʌǶǖȳȭƨȳʚ y

¥ƨ˥ʚ ˝ƨ ȳƨƨƕ ŗ ǖŗƕǖƨʚ ʚǫŗʚ ŗʌʌǶǖȳʌ țǶʚƨɼŗțʌࣖ ¶ʯɼ ɱɼƨ˙ǶɄʯʌț˦
ƉɄȳʌʚɼʯƉʚƨƕ ǖŗƕǖƨʚ ŗʌʌʯȭƨʌࣘ

 �țț țǶʚƨɼŗțʌ ŗɼƨ ƨǶʚǫƨɼ ɼƨƕ Ʉɼ ǖɼƨƨȳࣖ
 ¥ƨƨƕ ʚɄ țǶȭǶʚ ǖɼŗɱǫ ʌɄ Ʉȳț˦ ࡹ˕ Ʉɼ ࡹ˕ Ƕʌ ǖɼƨƨȳࣖ ¶ʚǫƨɼ ȭʯʌʚ
ſƨ ɼƨƕ

ࢁࡽ



éƨƕʯƉʚǶɄȳ yƕƨŗ yy ࣽ �Ƕʚƨɼŗț �ʌʌǶǖȳȭƨȳʚ yy

v1

v1

v2

v2

vn

vn

T F
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ࢅࡽ



éƨ˙Ƕƨ˝ ,țŗʯʌƨ óŗʚǶʌ̇ŗſǶțǶʚ˦ eŗƕǖƨʚ

bɄɼ ƨŗƉǫ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ)ࣗ Ɖɼƨŗʚƨ ŗ ʌȭŗțț ǖŗƕǖƨʚ ǖɼŗɱǫ

 ǖŗƕǖƨʚ ǖɼŗɱǫ ƉɄȳȳƨƉʚʌ ʚɄ ȳɄƕƨʌ ƉɄɼɼƨʌɱɄȳƕǶȳǖ ʚɄ ŗ,Ż, ƅ
 ȳƨƨƕʌ ʚɄ Ƕȭɱțƨȭƨȳʚ ¶é

¶éࣽǖŗƕǖƨʚࣽǖɼŗɱǫࣘ

a

b

c

a _ b

a _ b _ c

ࢉࡽ



¶éࣽeŗƕǖƨʚ eɼŗɱǫ

âɼɄɱƨɼʚ˦ࣘ ǶǑ ŗ,Ż, ƅ ŗɼƨ ƉɄțɄɼƨƕ bŗțʌƨ Ƕȳ ŗ ƉɄțɄɼǶȳǖࣽࢁ ʚǫƨȳ Ʉʯʚɱʯʚ
ȳɄƕƨ ɄǑ ¶éࣽǖŗƕǖƨʚ ǫŗʌ ʚɄ ſƨ ƉɄțɄɼƨƕ bŗțʌƨࣖ

âɼɄɱƨɼʚ˦ࣘ ǶǑ Ʉȳƨ ɄǑ ŗ,Ż, ƅ Ƕʌ ƉɄțɄɼƨƕ ÿɼʯƨ ʚǫƨȳ ¶éࣽǖŗƕǖƨʚ Ɖŗȳ ſƨ
ƉɄțɄɼƨƕࣽࢁ ʌʯƉǫ ʚǫŗʚ Ʉʯʚɱʯʚ ȳɄƕƨ ɄǑ ¶éࣽǖŗƕǖƨʚ Ƕʌ ƉɄțɄɼƨƕ ÿɼʯƨࣖ

ࢍࡽ



éƨƕʯƉʚǶɄȳ

 Ɖɼƨŗʚƨ ʚɼǶŗȳǖțƨ ˝Ƕʚǫ ȳɄƕƨʌ ÿɼʯƨࣗ bŗțʌƨࣗ $ŗʌƨ
 ǑɄɼ ƨŗƉǫ ˙ŗɼǶŗſțƨ ˕Ǯ ʚ˝Ʉ ȳɄƕƨʌ ˉǮ ŗȳƕ ¯̄Ǯ ƉɄȳȳƨƉʚƨƕ Ƕȳ ŗ
ʚɼǶŗȳǖțƨ ˝Ƕʚǫ ƉɄȭȭɄȳ $ŗʌƨ

 ǑɄɼ ƨŗƉǫ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ)ࣗ ŗƕƕ ¶éࣽǖŗƕǖƨʚ ǖɼŗɱǫ ˝Ƕʚǫ
Ƕȳɱʯʚ ȳɄƕƨʌ ŗ,Ż, ƅ ŗȳƕ ƉɄȳȳƨƉʚ Ʉʯʚɱʯʚ ȳɄƕƨ ɄǑ ǖŗƕǖƨʚ ʚɄ
ſɄʚǫ bŗțʌƨ ŗȳƕ $ŗʌƨ

a

b

c

a _ b

a _ b _ c

T

F

Base

ࡽ



éƨƕʯƉʚǶɄȳ

a

b

c

a _ b

a _ b _ c

T

F

Base

�ƨȭȭŗ
�ȹ ȑƣǐŗȑ ƅȹȑȹɮǮȩǐࣽࢁ ȹǋ ŗŻȹˉƣ ǐɮŗɤǣ ࣯ˍǮʋǣ ƅȹȑȹɮǮȩǐ ȹǋ ȩȹƐƣɾ
ò, ^,# ̃˕ƣƐࣰ Ǯȩ ˍǣǮƅǣ ŗ,Ż, ƅ ŗɮƣ ƅȹȑȹɮƣƐ ^ŗȑɾƣࣖ tǋ ŗȩ˖ ȹǋ ŗ,Ż, ƅ
ŗɮƣ ƅȹȑȹɮƣƐ òɮʠƣ ʋǣƣȩ ʋǣƣɮƣ Ǯɾ ŗ ȑƣǐŗȑ ƅȹȑȹɮǮȩǐࣽࢁ ȹǋ ŗŻȹˉƣ
ǐɮŗɤǣࣖ

ࡽ



éƨƕʯƉʚǶɄȳ ¶ʯʚțǶȳƨ

E˥ŗȭɱțƨ
' = (ʠ _ ¬ˉ _ ˍ) ^ (ˉ _ ˕ _ ¬˖)

v

u

~w

y

x

w

~y

~x

~v

~u

FT

N

Literals get colour T or F
colours

have complementary
Variable and negation

OR−gates

Palette

࢙ࡽ



,ɄɼɼƨƉʚȳƨʌʌ ɄǑ éƨƕʯƉʚǶɄȳ

' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ ǶȭɱțǶƨʌ a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ

 ǶǑ ˕Ǯ Ƕʌ ŗʌʌǶǖȳƨƕ ÿɼʯƨࣗ ƉɄțɄɼ ˉǮ ÿɼʯƨ ŗȳƕ ¯̄Ǯ bŗțʌƨ

 ǑɄɼ ƨŗƉǫ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ) ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ŗ,Ż, ƅ Ƕʌ
ƉɄțɄɼƨƕ ÿɼʯƨࣖ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ Ɖŗȳ ſƨ ƉɄțɄɼƨƕࣽࢁ ʌʯƉǫ ʚǫŗʚ
Ʉʯʚɱʯʚ Ƕʌ ÿɼʯƨࣖ

a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ ǶȭɱțǶƨʌ ' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ

 ǶǑ ˉǮ Ƕʌ ƉɄțɄɼƨƕ ÿɼʯƨ ʚǫƨȳ ʌƨʚ ˕Ǯ ʚɄ ſƨ ÿɼʯƨࣗ ʚǫǶʌ Ƕʌ ŗ țƨǖŗț
ʚɼʯʚǫ ŗʌʌǶǖȳȭƨȳʚ

 ƉɄȳʌǶƕƨɼ ŗȳ˦ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ)ࣖ Ƕʚ ƉŗȳȳɄʚ ſƨ ʚǫŗʚ ŗțț
ŗ,Ż, ƅ ŗɼƨ bŗțʌƨࣖ yǑ ʌɄࣗ Ʉʯʚɱʯʚ ɄǑ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ ǫŗʌ ʚɄ ſƨ
ƉɄțɄɼƨƕ bŗțʌƨ ſʯʚ Ʉʯʚɱʯʚ Ƕʌ ƉɄȳȳƨƉʚƨƕ ʚɄ $ŗʌƨ ŗȳƕ bŗțʌƨࣛ

ࡱࢁ



,ɄɼɼƨƉʚȳƨʌʌ ɄǑ éƨƕʯƉʚǶɄȳ

' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ ǶȭɱțǶƨʌ a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ

 ǶǑ ˕Ǯ Ƕʌ ŗʌʌǶǖȳƨƕ ÿɼʯƨࣗ ƉɄțɄɼ ˉǮ ÿɼʯƨ ŗȳƕ ¯̄Ǯ bŗțʌƨ
 ǑɄɼ ƨŗƉǫ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ) ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ŗ,Ż, ƅ Ƕʌ
ƉɄțɄɼƨƕ ÿɼʯƨࣖ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ Ɖŗȳ ſƨ ƉɄțɄɼƨƕࣽࢁ ʌʯƉǫ ʚǫŗʚ
Ʉʯʚɱʯʚ Ƕʌ ÿɼʯƨࣖ

a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ ǶȭɱțǶƨʌ ' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ

 ǶǑ ˉǮ Ƕʌ ƉɄțɄɼƨƕ ÿɼʯƨ ʚǫƨȳ ʌƨʚ ˕Ǯ ʚɄ ſƨ ÿɼʯƨࣗ ʚǫǶʌ Ƕʌ ŗ țƨǖŗț
ʚɼʯʚǫ ŗʌʌǶǖȳȭƨȳʚ

 ƉɄȳʌǶƕƨɼ ŗȳ˦ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ)ࣖ Ƕʚ ƉŗȳȳɄʚ ſƨ ʚǫŗʚ ŗțț
ŗ,Ż, ƅ ŗɼƨ bŗțʌƨࣖ yǑ ʌɄࣗ Ʉʯʚɱʯʚ ɄǑ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ ǫŗʌ ʚɄ ſƨ
ƉɄțɄɼƨƕ bŗțʌƨ ſʯʚ Ʉʯʚɱʯʚ Ƕʌ ƉɄȳȳƨƉʚƨƕ ʚɄ $ŗʌƨ ŗȳƕ bŗțʌƨࣛ

ࡱࢁ



,ɄɼɼƨƉʚȳƨʌʌ ɄǑ éƨƕʯƉʚǶɄȳ

' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ ǶȭɱțǶƨʌ a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ

 ǶǑ ˕Ǯ Ƕʌ ŗʌʌǶǖȳƨƕ ÿɼʯƨࣗ ƉɄțɄɼ ˉǮ ÿɼʯƨ ŗȳƕ ¯̄Ǯ bŗțʌƨ
 ǑɄɼ ƨŗƉǫ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ) ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ŗ,Ż, ƅ Ƕʌ
ƉɄțɄɼƨƕ ÿɼʯƨࣖ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ Ɖŗȳ ſƨ ƉɄțɄɼƨƕࣽࢁ ʌʯƉǫ ʚǫŗʚ
Ʉʯʚɱʯʚ Ƕʌ ÿɼʯƨࣖ

a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ ǶȭɱțǶƨʌ ' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ

 ǶǑ ˉǮ Ƕʌ ƉɄțɄɼƨƕ ÿɼʯƨ ʚǫƨȳ ʌƨʚ ˕Ǯ ʚɄ ſƨ ÿɼʯƨࣗ ʚǫǶʌ Ƕʌ ŗ țƨǖŗț
ʚɼʯʚǫ ŗʌʌǶǖȳȭƨȳʚ

 ƉɄȳʌǶƕƨɼ ŗȳ˦ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ)ࣖ Ƕʚ ƉŗȳȳɄʚ ſƨ ʚǫŗʚ ŗțț
ŗ,Ż, ƅ ŗɼƨ bŗțʌƨࣖ yǑ ʌɄࣗ Ʉʯʚɱʯʚ ɄǑ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ ǫŗʌ ʚɄ ſƨ
ƉɄțɄɼƨƕ bŗțʌƨ ſʯʚ Ʉʯʚɱʯʚ Ƕʌ ƉɄȳȳƨƉʚƨƕ ʚɄ $ŗʌƨ ŗȳƕ bŗțʌƨࣛ

ࡱࢁ



,ɄɼɼƨƉʚȳƨʌʌ ɄǑ éƨƕʯƉʚǶɄȳ

' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ ǶȭɱțǶƨʌ a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ

 ǶǑ ˕Ǯ Ƕʌ ŗʌʌǶǖȳƨƕ ÿɼʯƨࣗ ƉɄțɄɼ ˉǮ ÿɼʯƨ ŗȳƕ ¯̄Ǯ bŗțʌƨ
 ǑɄɼ ƨŗƉǫ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ) ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ŗ,Ż, ƅ Ƕʌ
ƉɄțɄɼƨƕ ÿɼʯƨࣖ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ Ɖŗȳ ſƨ ƉɄțɄɼƨƕࣽࢁ ʌʯƉǫ ʚǫŗʚ
Ʉʯʚɱʯʚ Ƕʌ ÿɼʯƨࣖ

a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ ǶȭɱțǶƨʌ ' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ

 ǶǑ ˉǮ Ƕʌ ƉɄțɄɼƨƕ ÿɼʯƨ ʚǫƨȳ ʌƨʚ ˕Ǯ ʚɄ ſƨ ÿɼʯƨࣗ ʚǫǶʌ Ƕʌ ŗ țƨǖŗț
ʚɼʯʚǫ ŗʌʌǶǖȳȭƨȳʚ

 ƉɄȳʌǶƕƨɼ ŗȳ˦ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ)ࣖ Ƕʚ ƉŗȳȳɄʚ ſƨ ʚǫŗʚ ŗțț
ŗ,Ż, ƅ ŗɼƨ bŗțʌƨࣖ yǑ ʌɄࣗ Ʉʯʚɱʯʚ ɄǑ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ ǫŗʌ ʚɄ ſƨ
ƉɄțɄɼƨƕ bŗțʌƨ ſʯʚ Ʉʯʚɱʯʚ Ƕʌ ƉɄȳȳƨƉʚƨƕ ʚɄ $ŗʌƨ ŗȳƕ bŗțʌƨࣛ

ࡱࢁ



,ɄɼɼƨƉʚȳƨʌʌ ɄǑ éƨƕʯƉʚǶɄȳ

' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ ǶȭɱțǶƨʌ a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ

 ǶǑ ˕Ǯ Ƕʌ ŗʌʌǶǖȳƨƕ ÿɼʯƨࣗ ƉɄțɄɼ ˉǮ ÿɼʯƨ ŗȳƕ ¯̄Ǯ bŗțʌƨ
 ǑɄɼ ƨŗƉǫ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ) ŗʚ țƨŗʌʚ Ʉȳƨ ɄǑ ŗ,Ż, ƅ Ƕʌ
ƉɄțɄɼƨƕ ÿɼʯƨࣖ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ Ɖŗȳ ſƨ ƉɄțɄɼƨƕࣽࢁ ʌʯƉǫ ʚǫŗʚ
Ʉʯʚɱʯʚ Ƕʌ ÿɼʯƨࣖ

a' Ƕʌ ƉɄțɄɼŗſțƨࣽࢁ ǶȭɱțǶƨʌ ' Ƕʌ ʌŗʚǶʌ̇ŗſțƨ

 ǶǑ ˉǮ Ƕʌ ƉɄțɄɼƨƕ ÿɼʯƨ ʚǫƨȳ ʌƨʚ ˕Ǯ ʚɄ ſƨ ÿɼʯƨࣗ ʚǫǶʌ Ƕʌ ŗ țƨǖŗț
ʚɼʯʚǫ ŗʌʌǶǖȳȭƨȳʚ

 ƉɄȳʌǶƕƨɼ ŗȳ˦ Ɖțŗʯʌƨ *ȃ = (ŗ _ Ż _ ƅ)ࣖ Ƕʚ ƉŗȳȳɄʚ ſƨ ʚǫŗʚ ŗțț
ŗ,Ż, ƅ ŗɼƨ bŗțʌƨࣖ yǑ ʌɄࣗ Ʉʯʚɱʯʚ ɄǑ ¶éࣽǖŗƕǖƨʚ ǑɄɼ *ȃ ǫŗʌ ʚɄ ſƨ
ƉɄțɄɼƨƕ bŗțʌƨ ſʯʚ Ʉʯʚɱʯʚ Ƕʌ ƉɄȳȳƨƉʚƨƕ ʚɄ $ŗʌƨ ŗȳƕ bŗțʌƨࣛ

ࡱࢁ



eɼŗɱǫ ǖƨȳƨɼŗʚƨƕ Ƕȳ ɼƨƕʯƉʚǶɄȳ ǑɼɄȭ ó�ÿࢁ ʚɄ é¶�¶,ࢁ

d

X

ca b

T

a b c d

F

ࡹࢁ



,ǶɼƉʯǶʚࣽóŗʚ âɼɄſțƨȭ



,ǶɼƉʯǶʚʌ

� ƉǶɼƉʯǶʚ Ƕʌ ŗ ƕǶɼƨƉʚƨƕ ŗƅ˖ƅȑǮƅ ǖɼŗɱǫ ˝Ƕʚǫ

ࡹ ? ? ࡱ ?

^ _ _

¬ ^

^

yȳɱʯʚʌࣘ

¶ʯʚɱʯʚࣘ

 yȳɱʯʚ ˙ƨɼʚǶƉƨʌ ࣯˝ǶʚǫɄʯʚ
ǶȳƉɄȭǶȳǖ ƨƕǖƨʌࣱ țŗſƨțƨƕ
˝Ƕʚǫ ࣗࡱ ࡹ Ʉɼ ŗ ƕǶʌʚǶȳƉʚ
˙ŗɼǶŗſțƨࣖ

 E˙ƨɼ˦ Ʉʚǫƨɼ ˙ƨɼʚƨ˥ Ƕʌ
țŗſƨțƨƕ _ࣗ ^ Ʉɼ ¬ࣖ

 óǶȳǖțƨ ȳɄƕƨ Ʉʯʚɱʯʚ ˙ƨɼʚƨ˥
˝Ƕʚǫ ȳɄ ɄʯʚǖɄǶȳǖ ƨƕǖƨʌࣖ

ࡽࢁ



,ǶɼƉʯǶʚʌ

� ƉǶɼƉʯǶʚ Ƕʌ ŗ ƕǶɼƨƉʚƨƕ ŗƅ˖ƅȑǮƅ ǖɼŗɱǫ ˝Ƕʚǫ

ࡹ ? ? ࡱ ?

^ _ _

¬ ^

^

yȳɱʯʚʌࣘ

¶ʯʚɱʯʚࣘ

 yȳɱʯʚ ˙ƨɼʚǶƉƨʌ ࣯˝ǶʚǫɄʯʚ
ǶȳƉɄȭǶȳǖ ƨƕǖƨʌࣱ țŗſƨțƨƕ
˝Ƕʚǫ ࣗࡱ ࡹ Ʉɼ ŗ ƕǶʌʚǶȳƉʚ
˙ŗɼǶŗſțƨࣖ

 E˙ƨɼ˦ Ʉʚǫƨɼ ˙ƨɼʚƨ˥ Ƕʌ
țŗſƨțƨƕ _ࣗ ^ Ʉɼ ¬ࣖ

 óǶȳǖțƨ ȳɄƕƨ Ʉʯʚɱʯʚ ˙ƨɼʚƨ˥
˝Ƕʚǫ ȳɄ ɄʯʚǖɄǶȳǖ ƨƕǖƨʌࣖ

ࡽࢁ

pe



,ǶɼƉʯǶʚʌ

� ƉǶɼƉʯǶʚ Ƕʌ ŗ ƕǶɼƨƉʚƨƕ ŗƅ˖ƅȑǮƅ ǖɼŗɱǫ ˝Ƕʚǫ

ࡹ ? ? ࡱ ?

^ _ _

¬ ^

^

yȳɱʯʚʌࣘ

¶ʯʚɱʯʚࣘ

 yȳɱʯʚ ˙ƨɼʚǶƉƨʌ ࣯˝ǶʚǫɄʯʚ
ǶȳƉɄȭǶȳǖ ƨƕǖƨʌࣱ țŗſƨțƨƕ
˝Ƕʚǫ ࣗࡱ ࡹ Ʉɼ ŗ ƕǶʌʚǶȳƉʚ
˙ŗɼǶŗſțƨࣖ

 E˙ƨɼ˦ Ʉʚǫƨɼ ˙ƨɼʚƨ˥ Ƕʌ
țŗſƨțƨƕ _ࣗ ^ Ʉɼ ¬ࣖ

 óǶȳǖțƨ ȳɄƕƨ Ʉʯʚɱʯʚ ˙ƨɼʚƨ˥
˝Ƕʚǫ ȳɄ ɄʯʚǖɄǶȳǖ ƨƕǖƨʌࣖ

ࡽࢁ



,ó�ÿࣘ ,ǶɼƉʯǶʚ óŗʚǶʌǑŗƉʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ ࣯,ǶɼƉʯǶʚ óŗʚǶʌǑŗƉʚǶɄȳ ࣯,ó�ÿࣱࣱࣖ
eǶ˙ƨȳ ŗ ƉǶɼƉʯǶʚ ŗʌ Ƕȳɱʯʚࣗ Ƕʌ ʚǫƨɼƨ ŗȳ ŗʌʌǶǖȳȭƨȳʚ ʚɄ ʚǫƨ Ƕȳɱʯʚ
˙ŗɼǶŗſțƨʌ ʚǫŗʚ Ɖŗʯʌƨʌ ʚǫƨ Ʉʯʚɱʯʚ ʚɄ ǖƨʚ ˙ŗțʯƨ ࣞࡹ

�ƨȭȭŗ
*ç�ò Ǯɾ Ǯȩ �×ࣖ

 ,ƨɼʚǶ̇Ɖŗʚƨࣘ �ʌʌǶǖȳȭƨȳʚ ʚɄ Ƕȳɱʯʚ ˙ŗɼǶŗſțƨʌࣖ
 ,ƨɼʚǶ̇ƨɼࣘ E˙ŗțʯŗʚƨ ʚǫƨ ˙ŗțʯƨ ɄǑ ƨŗƉǫ ǖŗʚƨ Ƕȳ ŗ ʚɄɱɄțɄǖǶƉŗț
ʌɄɼʚ ɄǑ 6�e ŗȳƕ ƉǫƨƉȕ ʚǫƨ Ʉʯʚɱʯʚ ǖŗʚƨ ˙ŗțʯƨࣖ

ࢁࢁ



,ó�ÿࣘ ,ǶɼƉʯǶʚ óŗʚǶʌǑŗƉʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ ࣯,ǶɼƉʯǶʚ óŗʚǶʌǑŗƉʚǶɄȳ ࣯,ó�ÿࣱࣱࣖ
eǶ˙ƨȳ ŗ ƉǶɼƉʯǶʚ ŗʌ Ƕȳɱʯʚࣗ Ƕʌ ʚǫƨɼƨ ŗȳ ŗʌʌǶǖȳȭƨȳʚ ʚɄ ʚǫƨ Ƕȳɱʯʚ
˙ŗɼǶŗſțƨʌ ʚǫŗʚ Ɖŗʯʌƨʌ ʚǫƨ Ʉʯʚɱʯʚ ʚɄ ǖƨʚ ˙ŗțʯƨ ࣞࡹ

�ƨȭȭŗ
*ç�ò Ǯɾ Ǯȩ �×ࣖ

 ,ƨɼʚǶ̇Ɖŗʚƨࣘ �ʌʌǶǖȳȭƨȳʚ ʚɄ Ƕȳɱʯʚ ˙ŗɼǶŗſțƨʌࣖ
 ,ƨɼʚǶ̇ƨɼࣘ E˙ŗțʯŗʚƨ ʚǫƨ ˙ŗțʯƨ ɄǑ ƨŗƉǫ ǖŗʚƨ Ƕȳ ŗ ʚɄɱɄțɄǖǶƉŗț
ʌɄɼʚ ɄǑ 6�e ŗȳƕ ƉǫƨƉȕ ʚǫƨ Ʉʯʚɱʯʚ ǖŗʚƨ ˙ŗțʯƨࣖ

ࢁࢁ



,ǶɼƉʯǶʚ ó�ÿ ˙ʌ ó�ÿ

,¥b ǑɄɼȭʯțŗʌ ŗɼƨ ŗ ɼŗʚǫƨɼ ɼƨʌʚɼǶƉʚƨƕ ǑɄɼȭ ɄǑ $ɄɄțƨŗȳ ǑɄɼȭʯțŗʌࣖ

,ǶɼƉʯǶʚʌ ŗɼƨ ŗ ȭʯƉǫ ȭɄɼƨ ɱɄ˝ƨɼǑʯț ࣯ŗȳƕ ǫƨȳƉƨ ƨŗʌǶƨɼࣱ ˝ŗ˦ ʚɄ
ƨ˥ɱɼƨʌʌ $ɄɄțƨŗȳ ǑɄɼȭʯțŗʌ

pɄ˝ƨ˙ƨɼ ʚǫƨ˦ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ Ƕȳ ʚƨɼȭʌ ɄǑ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ
ʌɄț˙ŗſǶțǶʚ ࣖ˦

ÿǫƨɄɼƨȭ
ç�ò × ç�òࡴ × *ç�òࣖ

ÿǫƨɄɼƨȭ
*ç�ò × ç�ò × ç�òࣖࡴ

ࢅࢁ



,ǶɼƉʯǶʚ ó�ÿ ˙ʌ ó�ÿ

,¥b ǑɄɼȭʯțŗʌ ŗɼƨ ŗ ɼŗʚǫƨɼ ɼƨʌʚɼǶƉʚƨƕ ǑɄɼȭ ɄǑ $ɄɄțƨŗȳ ǑɄɼȭʯțŗʌࣖ

,ǶɼƉʯǶʚʌ ŗɼƨ ŗ ȭʯƉǫ ȭɄɼƨ ɱɄ˝ƨɼǑʯț ࣯ŗȳƕ ǫƨȳƉƨ ƨŗʌǶƨɼࣱ ˝ŗ˦ ʚɄ
ƨ˥ɱɼƨʌʌ $ɄɄțƨŗȳ ǑɄɼȭʯțŗʌ

pɄ˝ƨ˙ƨɼ ʚǫƨ˦ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ Ƕȳ ʚƨɼȭʌ ɄǑ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ
ʌɄț˙ŗſǶțǶʚ ࣖ˦

ÿǫƨɄɼƨȭ
ç�ò × ç�òࡴ × *ç�òࣖ

ÿǫƨɄɼƨȭ
*ç�ò × ç�ò × ç�òࣖࡴ

ࢅࢁ

CNP
3SAT Ep Circuit SATx E

t

a cyclic Binary tree



,Ʉȳ˙ƨɼʚǶȳǖ ŗ ,¥b ǑɄɼȭʯțŗ ǶȳʚɄ ŗ ,ǶɼƉʯǶʚ

eǶ˙ƨȳ b¥,ࢁ ǑɄɼȭʯțŗ ' ˝Ƕʚǫ ȩ ˙ŗɼǶŗſțƨʌ ŗȳƕ ȣ Ɖțŗʯʌƨʌࣗ Ɖɼƨŗʚƨ ŗ
,ǶɼƉʯǶʚ *ࣖ

 yȳɱʯʚʌ ʚɄ * ŗɼƨ ʚǫƨ ȩ ſɄɄțƨŗȳ ˙ŗɼǶŗſțƨʌ ,ࡹ˕ ,ࡽ˕ . . . , ˕ȩ
 Ďʌƨ ¥¶ÿ ǖŗʚƨ ʚɄ ǖƨȳƨɼŗʚƨ țǶʚƨɼŗț ¬˕Ǯ ǑɄɼ ƨŗƉǫ ˙ŗɼǶŗſțƨ ˕Ǯ
 bɄɼ ƨŗƉǫ Ɖțŗʯʌƨ ࡹ`) _ ࡽ` _ (ࢁ` ʯʌƨ ʚ˝Ʉ ¶é ǖŗʚƨʌ ʚɄ ȭǶȭǶƉ
ǑɄɼȭʯțŗ

 ,ɄȭſǶȳƨ ʚǫƨ Ʉʯʚɱʯʚʌ ǑɄɼ ʚǫƨ Ɖțŗʯʌƨʌ ʯʌǶȳǖ �¥6 ǖŗʚƨʌ ʚɄ
ɄſʚŗǶȳ ʚǫƨ ̇ȳŗț Ʉʯʚɱʯʚ

ࢉࢁ

SAT x Va eV xD Nami



E˥ŗȭɱțƨࣘ ó�ÿࢁ â ,ó�ÿ

' =
⇣
ࡹ˕ _ ࢁ˕_ _ ࢅ˕

⌘
^
⇣
ࡹ˕ _ ࡽ˕¬ _ ࢁ˕¬

⌘
^
⇣
ࡽ˕¬ _ ࢁ˕¬ _ ࢅ˕

⌘

ࢍࢁ



E˥ŗȭɱțƨࣘ ó�ÿࢁ â ,ó�ÿ

' =
⇣
ࡹ˕ _ ࢁ˕_ _ ࢅ˕

⌘
^
⇣
ࡹ˕ _ ࡽ˕¬ _ ࢁ˕¬

⌘
^
⇣
ࡽ˕¬ _ ࢁ˕¬ _ ࢅ˕

⌘

x1 x2 x3 x4

ࢍࢁ



E˥ŗȭɱțƨࣘ ó�ÿࢁ â ,ó�ÿ

' =
⇣
ࡹ˕ _ ࢁ˕_ _ ࢅ˕

⌘
^
⇣
ࡹ˕ _ ࡽ˕¬ _ ࢁ˕¬

⌘
^
⇣
ࡽ˕¬ _ ࢁ˕¬ _ ࢅ˕

⌘

x1 x2 x3 x4

¬ ¬ ¬ ¬

ࢍࢁ



E˥ŗȭɱțƨࣘ ó�ÿࢁ â ,ó�ÿ

' =
⇣
ࡹ˕ _ ࢁ˕_ _ ࢅ˕

⌘
^
⇣
ࡹ˕ _ ࡽ˕¬ _ ࢁ˕¬

⌘
^
⇣
ࡽ˕¬ _ ࢁ˕¬ _ ࢅ˕

⌘

x1 x2 x3 x4

¬ ¬ ¬ ¬

ࢍࢁ



E˥ŗȭɱțƨࣘ ó�ÿࢁ â ,ó�ÿ

' =
⇣
ࡹ˕ _ ࢁ˕_ _ ࢅ˕

⌘
^
⇣
ࡹ˕ _ ࡽ˕¬ _ ࢁ˕¬

⌘
^
⇣
ࡽ˕¬ _ ࢁ˕¬ _ ࢅ˕

⌘

x1 x2 x3 x4

¬ ¬ ¬ ¬

_

ࢍࢁ



E˥ŗȭɱțƨࣘ ó�ÿࢁ â ,ó�ÿ

' =
⇣
ࡹ˕ _ ࢁ˕_ _ ࢅ˕

⌘
^
⇣
ࡹ˕ _ ࡽ˕¬ _ ࢁ˕¬

⌘
^
⇣
ࡽ˕¬ _ ࢁ˕¬ _ ࢅ˕

⌘

x1 x2 x3 x4

¬ ¬ ¬ ¬

_ _

ࢍࢁ



E˥ŗȭɱțƨࣘ ó�ÿࢁ â ,ó�ÿ

' =
⇣
ࡹ˕ _ ࢁ˕_ _ ࢅ˕

⌘
^
⇣
ࡹ˕ _ ࡽ˕¬ _ ࢁ˕¬

⌘
^
⇣
ࡽ˕¬ _ ࢁ˕¬ _ ࢅ˕

⌘

x1 x2 x3 x4

¬ ¬ ¬ ¬

_ _ _

ࢍࢁ



E˥ŗȭɱțƨࣘ ó�ÿࢁ â ,ó�ÿ

' =
⇣
ࡹ˕ _ ࢁ˕_ _ ࢅ˕

⌘
^
⇣
ࡹ˕ _ ࡽ˕¬ _ ࢁ˕¬

⌘
^
⇣
ࡽ˕¬ _ ࢁ˕¬ _ ࢅ˕

⌘

x1 x2 x3 x4

¬ ¬ ¬ ¬

_ _ _

_

ࢍࢁ

Np complete

4

9



,Ʉȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ʚɄ ŗ ó�ÿ ǑɄɼȭʯțŗ

İǫŗʚ ˝Ƕțț ƉɄȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ʚɄ ŗ ó�ÿ ǑɄɼȭʯțŗ ɱɼɄ˙ƨࣞ

$ʯʚ ̇ɼʌʚ ˝ƨ ȳƨƨƕ ʚɄ țɄɄȕ ſŗƉȕ ŗʚ ŗ ǖŗƕǖƨʚࣛ

ࢁ

Circuit SAT Ep SAT

C NP
I 3 SAT Ep Circuit Sat shows CSAT in NPhard



,Ʉȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ʚɄ ŗ ó�ÿ ǑɄɼȭʯțŗ

İǫŗʚ ˝Ƕțț ƉɄȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ʚɄ ŗ ó�ÿ ǑɄɼȭʯțŗ ɱɼɄ˙ƨࣞ

$ʯʚ ̇ɼʌʚ ˝ƨ ȳƨƨƕ ʚɄ țɄɄȕ ſŗƉȕ ŗʚ ŗ ǖŗƕǖƨʚࣛ

ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖
ࡱ ࡱ ࡱ
ࡱ ࡱ ࡹ
ࡱ ࡹ ࡱ
ࡱ ࡹ ࡹ
ࡹ ࡱ ࡱ
ࡹ ࡱ ࡹ
ࡹ ࡹ ࡱ
ࡹ ࡹ ࡹ

ࢁ

z xVy
x y z 1,0 I

O O O



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖ ˢ = ˕ ^ ˖
ࡱ ࡱ ࡱ ࡹ
ࡱ ࡱ ࡹ ࡹ
ࡱ ࡹ ࡱ ࡹ
ࡱ ࡹ ࡹ ࡱ
ࡹ ࡱ ࡱ ࡱ
ࡹ ࡱ ࡹ ࡱ
ࡹ ࡹ ࡱ ࡱ
ࡹ ࡹ ࡹ ࡹ

ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖ ˢ = ˕ ^ ˖
ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ
ࡹ ࡱ ࡱ ࡱ ࡹ ࡱ ࡹ ࡹ
ࡹ ࡱ ࡹ ࡱ ࡹ ࡹ ࡱ ࡹ
ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ ࡱ
ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ

ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖ ˢ = ˕ ^ ˖ ˢ _ ˕ ˉƣƣ˖

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ
ࡹ ࡱ ࡱ ࡱ ࡹ ࡱ ࡹ ࡹ
ࡹ ࡱ ࡹ ࡱ ࡹ ࡹ ࡱ ࡹ
ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ ࡱ
ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ

ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖ ˢ = ˕ ^ ˖ ˢ _ ˕ ˉƣƣ˖ ˢ _ ˕ _ ˖

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ
ࡹ ࡱ ࡱ ࡱ ࡹ ࡱ ࡹ ࡹ
ࡹ ࡱ ࡹ ࡱ ࡹ ࡹ ࡱ ࡹ
ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ ࡱ
ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ

ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖ ˢ = ˕ ^ ˖ ˢ _ ˕ ˉƣƣ˖ ˢ _ ˕ _ ˖ ˢ _ ˕ _ ˖

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ
ࡹ ࡱ ࡱ ࡱ ࡹ ࡱ ࡹ ࡹ
ࡹ ࡱ ࡹ ࡱ ࡹ ࡹ ࡱ ࡹ
ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ ࡱ
ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ

ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖ ˢ = ˕ ^ ˖ ˢ _ ˕ ˉƣƣ˖ ˢ _ ˕ _ ˖ ˢ _ ˕ _ ˖ ˢ _ ˕ _ ˖

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ
ࡹ ࡱ ࡱ ࡱ ࡹ ࡱ ࡹ ࡹ
ࡹ ࡱ ࡹ ࡱ ࡹ ࡹ ࡱ ࡹ
ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ ࡱ
ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ

ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖ ˢ = ˕ ^ ˖ ˢ _ ˕ ˉƣƣ˖ ˢ _ ˕ _ ˖ ˢ _ ˕ _ ˖ ˢ _ ˕ _ ˖

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ
ࡹ ࡱ ࡱ ࡱ ࡹ ࡱ ࡹ ࡹ
ࡹ ࡱ ࡹ ࡱ ࡹ ࡹ ࡱ ࡹ
ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ ࡱ
ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ

ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ˲ = ˥ ^ ˦ ʚɄ ó�ÿࢁ

ˢ ˕ ˖ ˢ = ˕ ^ ˖ ˢ _ ˕ ˉƣƣ˖ ˢ _ ˕ _ ˖ ˢ _ ˕ _ ˖ ˢ _ ˕ _ ˖

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡱ ࡹ ࡹ ࡹ ࡹ ࡹ
ࡱ ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ
ࡹ ࡱ ࡱ ࡱ ࡹ ࡱ ࡹ ࡹ
ࡹ ࡱ ࡹ ࡱ ࡹ ࡹ ࡱ ࡹ
ࡹ ࡹ ࡱ ࡱ ࡹ ࡹ ࡹ ࡱ
ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ ࡹ

⇣
ˢ = ˕ ^ ˖

⌘

⌘
(ˢ _ ˕ _ ˖) ^(ˢ _ ˕ _ ˖) ^(ˢ _ ˕ _ ˖) ^(ˢ _ ˕ _ ˖)

ࢁ



óʯȭȭŗɼ˦ ɄǑ ǑɄɼȭʯțŗʌ ˝ƨ ƕƨɼǶ˙ƨƕ

�ƨȭȭŗ
òǣƣ ǋȹȑȑȹˍǮȩǐ ǮƐƣȩʋǮʋǮƣɾ ǣȹȑƐࣘ

 ˢ = ˕ ⌘ (ˢ _ ˕) ^(ˢ _ ˕) .

⇣
ˢ = ˕ _ ˖

⌘
⌘ (ˢ _ ˖) ^(ˢ _ ˕) ^(ˢ _ ˕ _ ˖)


⇣
ˢ = ˕ ^ ˖

⌘
⌘

⇣
ˢ _ ˕ _ ˖

⌘
^
⇣
ˢ _ ˕

⌘
^
⇣
ˢ _ ˖

⌘

࢙ࢁ



,Ʉȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ǶȳʚɄ ŗ ,¥b ǑɄɼȭʯțŗ

1 ? ? 0 ?

Inputs

Output:

^

^

^

_ _

¬

1,a ?,b ?,c 0,d ?,e

Inputs

Output: ^, k

¬, i ^, j

^, f _, g _, h

࣯�ࣱ yȳɱʯʚ ƉǶɼƉʯǶʚ ࣯$ࣱ �ŗſƨț ʚǫƨ ȳɄƕƨʌࣖ

ࡱࢅ



,Ʉȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ǶȳʚɄ ŗ ,¥b ǑɄɼȭʯțŗ

1,a ?,b ?,c 0,d ?,e

Inputs

Output: ^, k

¬, i ^, j

^, f _, g _, h

1,a ?,b ?,c 0,d ?,e

Inputs

Output: ^, k

¬, i ^, j

^, f _, g _, h

xk

xjxi

xf xg xh

xa xb xc xd xe

࣯$ࣱ �ŗſƨț ʚǫƨ ȳɄƕƨʌࣖ ࣯,ࣱ yȳʚɼɄƕʯƉƨ ˙ŗɼ ǑɄɼ ƨŗƉǫ ȳɄƕƨࣖ

ࡹࢅ



,Ʉȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ǶȳʚɄ ŗ ,¥b ǑɄɼȭʯțŗ

1,a ?,b ?,c 0,d ?,e

Inputs

Output: ^, k

¬, i ^, j

^, f _, g _, h

xk

xjxi

xf xg xh

xa xb xc xd xe

˕ȋ ࣯6ƨȭŗȳƕ ŗ ʌŗʚऒ ŗʌʌǶǖȳࣽ
ȭƨȳʚࣱࣛ
˕ȋ = ˕Ǯ ^ ˕ȃ
˕ȃ = ˕ǐ ^ ˕ǣ
˕Ǯ = ¬˕ǋ
˕ǣ = ˕Ɛ _ ˕ƣ
˕ǐ = ˕Ż _ ˕ƅ
˕ǋ = ˕ŗ ^ ˕Ż
˕Ɛ = ࡱ
˕ŗ = ࡹ

࣯,ࣱ yȳʚɼɄƕʯƉƨ ˙ŗɼ ǑɄɼ ƨŗƉǫ ȳɄƕƨࣖ

࣯6ࣱ İɼǶʚƨ ŗ ʌʯſࣽǑɄɼȭʯțŗ ǑɄɼ
ƨŗƉǫ ˙ŗɼǶŗſțƨ ʚǫŗʚ Ƕʌ ʚɼʯƨ
ǶǑ ʚǫƨ ˙ŗɼ Ƕʌ ƉɄȭɱʯʚƨƕ ƉɄɼࣽ
ɼƨƉʚț ࣖ˦ ࡽࢅ



,Ʉȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ǶȳʚɄ ŗ ,¥b ǑɄɼȭʯțŗ

˕ȋ ˕ȋ
˕ȋ = ˕Ǯ ^ ˕ȃ (¬˕ȋ _ ˕Ǯ) ^ (¬˕ȋ _ ˕ȃ) ^ (˕ȋ _ ¬˕Ǯ _ ¬˕ȃ)
˕ȃ = ˕ǐ ^ ˕ǣ (¬˕ȃ _ ˕ǐ) ^ (¬˕ȃ _ ˕ǣ) ^ (˕ȃ _ ¬˕ǐ _ ¬˕ǣ)
˕Ǯ = ¬˕ǋ (˕Ǯ _ ˕ǋ ) ^ (¬˕Ǯ _ ¬˕ǋ )

˕ǣ = ˕Ɛ _ ˕ƣ (˕ǣ _ ¬˕Ɛ) ^ (˕ǣ _ ¬˕ƣ) ^ (¬˕ǣ _ ˕Ɛ _ ˕ƣ)
˕ǐ = ˕Ż _ ˕ƅ (˕ǐ _ ¬˕Ż) ^ (˕ǐ _ ¬˕ƅ) ^ (¬˕ǐ _ ˕Ż _ ˕ƅ)
˕ǋ = ˕ŗ ^ ˕Ż (¬˕ǋ _ ˕ŗ) ^ (¬˕ǋ _ ˕Ż) ^ (˕ǋ _ ¬˕ŗ _ ¬˕Ż)
˕Ɛ = ࡱ ¬˕Ɛ
˕ŗ = ࡹ ˕ŗ

ࢁࢅ



,Ʉȳ˙ƨɼʚǶȳǖ ŗ ƉǶɼƉʯǶʚ ǶȳʚɄ ŗ ,¥b ǑɄɼȭʯțŗ

1,a ?,b ?,c 0,d ?,e

Inputs

Output: ^, k

¬, i ^, j

^, f _, g _, h

xk

xjxi

xf xg xh

xa xb xc xd xe

˕ȋ ^ (¬˕ȋ _ ˕Ǯ) ^ (¬˕ȋ _ ˕ȃ)
^ (˕ȋ _ ¬˕Ǯ _ ¬˕ȃ) ^ (¬˕ȃ _ ˕ǐ)
^ (¬˕ȃ _ ˕ǣ) ^ (˕ȃ _ ¬˕ǐ _ ¬˕ǣ)
^ (˕Ǯ _ ˕ǋ ) ^ (¬˕Ǯ _ ¬˕ǋ )
^ (˕ǣ _ ¬˕Ɛ) ^ (˕ǣ _ ¬˕ƣ)
^ (¬˕ǣ _ ˕Ɛ _ ˕ƣ) ^ (˕ǐ _ ¬˕Ż)
^ (˕ǐ _ ¬˕ƅ) ^ (¬˕ǐ _ ˕Ż _ ˕ƅ)
^ (¬˕ǋ _ ˕ŗ) ^ (¬˕ǋ _ ˕Ż)
^ (˕ǋ _ ¬˕ŗ _ ¬˕Ż) ^ (¬˕Ɛ) ^ ˕ŗ

İƨ ǖɄʚ ŗ ,¥b ǑɄɼȭʯțŗ ʚǫŗʚ Ƕʌ ʌŗʚǶʌ̇ŗſțƨ ǶǑ ŗȳƕ Ʉȳț˦ ǶǑ ʚǫƨ
ɄɼǶǖǶȳŗț ƉǶɼƉʯǶʚ Ƕʌ ʌŗʚǶʌ̇ŗſțƨࣖ

ࢅࢅ

QI



éƨƕʯƉʚǶɄȳࣘ *ç�ò × ç�ò

 bɄɼ ƨŗƉǫ ǖŗʚƨ ࣯˙ƨɼʚƨ˥ࣱ ˉ Ƕȳ ʚǫƨ ƉǶɼƉʯǶʚࣗ Ɖɼƨŗʚƨ ŗ ˙ŗɼǶŗſțƨ ˕ˉ
 ,ŗʌƨ ¬ࣘ ˉ Ƕʌ țŗſƨțƨƕ ¬ ŗȳƕ ǫŗʌ Ʉȳƨ ǶȳƉɄȭǶȳǖ ƨƕǖƨ ǑɼɄȭ ʠ
࣯ʌɄ ˕ˉ = ¬˕ʠࣱࣖ yȳ ó�ÿ ǑɄɼȭʯțŗ ǖƨȳƨɼŗʚƨࣗ ŗƕƕ Ɖțŗʯʌƨʌ
(˕ʠ _ ˕ˉ)ࣗ (¬˕ʠ _ ¬˕ˉ)ࣖ ¶ſʌƨɼ˙ƨ ʚǫŗʚ

˕ˉ = ¬˕ʠ Ƕʌ ʚɼʯƨ () (˕ʠ _ ˕ˉ)
(¬˕ʠ _ ¬˕ˉ)

ſɄʚǫ ʚɼʯƨࣖ

ࢉࢅ



éƨƕʯƉʚǶɄȳࣘ *ç�ò × ç�ò

 ,ŗʌƨ _ࣘ óɄ ˕ˉ = ˕ʠ _ ˕ˍ ࣖ yȳ ó�ÿ ǑɄɼȭʯțŗ ǖƨȳƨɼŗʚƨƕࣗ ŗƕƕ
Ɖțŗʯʌƨʌ (˕ˉ _ ¬˕ʠ)ࣗ (˕ˉ _ ¬˕ˍ)ࣗ ŗȳƕ (¬˕ˉ _ ˕ʠ _ ˕ˍ)ࣖ �ǖŗǶȳࣗ
Ʉſʌƨɼ˙ƨ ʚǫŗʚ

⇣
˕ˉ = ˕ʠ _ ˕ˍ

⌘
Ƕʌ ʚɼʯƨ ()

(˕ˉ _ ¬˕ʠ),
(˕ˉ _ ¬˕ˍ),
(¬˕ˉ _ ˕ʠ _ ˕ˍ)

ŗțț ʚɼʯƨࣖ

ࢍࢅ



éƨƕʯƉʚǶɄȳࣘ *ç�ò × ç�ò

 ,ŗʌƨ ^ࣘ óɄ ˕ˉ = ˕ʠ ^ ˕ˍ ࣖ yȳ ó�ÿ ǑɄɼȭʯțŗ ǖƨȳƨɼŗʚƨƕࣗ ŗƕƕ
Ɖțŗʯʌƨʌ (¬˕ˉ _ ˕ʠ)ࣗ (¬˕ˉ _ ˕ˍ)ࣗ ŗȳƕ (˕ˉ _ ¬˕ʠ _ ¬˕ˍ)ࣖ �ǖŗǶȳ
Ʉſʌƨɼ˙ƨ ʚǫŗʚ

˕ˉ = ˕ʠ ^ ˕ˍ Ƕʌ ʚɼʯƨ ()
(¬˕ˉ _ ˕ʠ),
(¬˕ˉ _ ˕ˍ),
(˕ˉ _ ¬˕ʠ _ ¬˕ˍ)

ŗțț ʚɼʯƨࣖ

ࢅ



éƨƕʯƉʚǶɄȳࣘ *ç�ò × ç�ò

 yǑ ˉ Ƕʌ ŗȳ Ƕȳɱʯʚ ǖŗʚƨ ˝Ƕʚǫ ŗ ̇˥ƨƕ ˙ŗțʯƨ ʚǫƨȳ ˝ƨ ƕɄ ʚǫƨ
ǑɄțțɄ˝Ƕȳǖࣖ yǑ ˕ˉ = ࡹ ŗƕƕ Ɖțŗʯʌƨ ˕ˉ ࣖ yǑ ˕ˉ = ࡱ ŗƕƕ Ɖțŗʯʌƨ ¬˕ˉ

 �ƕƕ ʚǫƨ Ɖțŗʯʌƨ ˕ˉ ˝ǫƨɼƨ ˉ Ƕʌ ʚǫƨ ˙ŗɼǶŗſțƨ ǑɄɼ ʚǫƨ Ʉʯʚɱʯʚ
ǖŗʚƨ

ࢅ



,ɄɼɼƨƉʚȳƨʌʌ ɄǑ éƨƕʯƉʚǶɄȳ

¥ƨƨƕ ʚɄ ʌǫɄ˝ ƉǶɼƉʯǶʚ * Ƕʌ ʌŗʚǶʌ̇ŗſțƨ Ƕ˽ '* Ƕʌ ʌŗʚǶʌ̇ŗſțƨ

) ,ɄȳʌǶƕƨɼ ŗ ʌŗʚǶʌǑ˦Ƕȳǖ ŗʌʌǶǖȳȭƨȳʚ ŗ ǑɄɼ *
 bǶȳƕ ˙ŗțʯƨʌ ɄǑ ŗțț ǖŗʚƨʌ Ƕȳ * ʯȳƕƨɼ ŗ
 eǶ˙ƨ ˙ŗțʯƨ ɄǑ ǖŗʚƨ ˉ ʚɄ ˙ŗɼǶŗſțƨ ˕ˉ ࣙ Ɖŗțț ʚǫǶʌ ŗʌʌǶǖȳȭƨȳʚ ŗ0
 ŗ0 ʌŗʚǶʌ̇ƨʌ '* ࣯ƨ˥ƨɼƉǶʌƨࣱ

( ,ɄȳʌǶƕƨɼ ŗ ʌŗʚǶʌǑ˦Ƕȳǖ ŗʌʌǶǖȳȭƨȳʚ ŗ ǑɄɼ '*
 �ƨʚ ŗ0 ſƨ ʚǫƨ ɼƨʌʚɼǶƉʚǶɄȳ ɄǑ ŗ ʚɄ Ʉȳț˦ ʚǫƨ Ƕȳɱʯʚ ˙ŗɼǶŗſțƨʌ
 Ĭŗțʯƨ ɄǑ ǖŗʚƨ ˉ ʯȳƕƨɼ ŗ0 Ƕʌ ʚǫƨ ʌŗȭƨ ŗʌ ˙ŗțʯƨ ɄǑ ˕ˉ Ƕȳ ŗ
 ÿǫʯʌࣗ ŗ0 ʌŗʚǶʌ̇ƨʌ *

࢙ࢅ


