
âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

yʌ ʚǫƨ ǑɄțțɄ˝Ƕȳǖ țŗȳǖʯŗǖƨ ɼƨǖʯțŗɼࣞ EǶʚǫƨɼ ˝ŗ ࣗ˦ ɱɼɄ˙ƨ Ƕʚࣖ
� = {bi`BM;b Q7 T`QT2`Hv K�i+?2/ QT2M �M/ +HQbBM; T�`2Mi?2b2b}

ࡹ

 

Ex C C Ccc C 7 C 3



,óࣩE,Eࣽࣘࢅࢁ �ƨƉʚʯɼƨ  ࣽ ,Ʉȳʚƨ˥ʚࣽbɼƨƨ țŗȳǖʯŗǖƨʌ
ŗȳƕ ÿʯɼǶȳǖ ¡ŗƉǫǶȳƨʌ

�ƨƉʚʯɼƨɼࣘ ¥ǶƉȕ˙ŗʌǫ �ŗȳǶ
,ǫŗʚ ȭɄƕƨɼŗʚɄɼࣘ óŗȭǶɼ �ǫŗȳ
bƨſɼʯŗɼ˦ ࣗࢍࡹ ࡹࡽࡱࡽ

ĎȳǶ˙ƨɼʌǶʚ˦ ɄǑ yțțǶȳɄǶʌ ŗʚ Ďɼſŗȳŗࣽ,ǫŗȭɱŗǶǖȳ



âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

yʌ ʚǫƨ ǑɄțțɄ˝Ƕȳǖ țŗȳǖʯŗǖƨ ɼƨǖʯțŗɼࣞ EǶʚǫƨɼ ˝ŗ ࣗ˦ ɱɼɄ˙ƨ Ƕʚࣖ
� = {bi`BM;b Q7 T`QT2`Hv K�i+?2/ QT2M �M/ +HQbBM; T�`2Mi?2b2b}

ࡽ

Not regular L E C CCT Cam

04h
Prove via Fooling Set

F EA In 03

C exist aw _si where Ci EL

Cissell
since F is infinite DFA M representing L is

also if infinite



�ŗɼǖƨɼ ˝Ʉɼțƕ ɄǑ țŗȳǖʯŗǖƨʌࣛ



,ǫɄȭʌȕ˦ pǶƨɼŗɼƉǫ˦

éƨȭƨȭſƨɼ Ʉʯɼ ǫǶƨɼŗɼƉǫ˦ ɄǑ țŗȳǖʯŗǖƨʌ
ࢁ



,ǫɄȭʌȕ˦ pǶƨɼŗɼƉǫ˦

ĸɄʯऒ˙ƨ ȭŗʌʚƨɼƨƕ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌࣖ
ࢅ

we



,ǫɄȭʌȕ˦ pǶƨɼŗɼƉǫ˦

¥Ʉ˝ ˝ǫŗʚ ŗſɄʯʚ ʚǫƨ ȳƨ˥ʚ țƨ˙ƨț ʯɱࣞ
ࢉ



,Ʉȳʚƨ˥ʚࣽbɼƨƨ �ŗȳǖʯŗǖƨʌ



E˥ŗȭɱțƨ

 Ğ = {ç}
 ò = {ŗ,Ż}
 × = {ç! ✏ | ŗ | Ż | ŗçŗ | ŻçŻ}
࣯ŗſſɼƨ ࣖ̇ ǑɄɼ ç! ✏, ç! ŗ, ç! Ż, ç! ŗçŗ, ç! ŻçŻࣱ

ç ŗçŗ ŗŻçŻŗ ŗŻŻçŻŻŗ ŗŻŻŻŻŻŗ

İǫŗʚ ʌʚɼǶȳǖʌ Ɖŗȳ ç ǖƨȳƨɼŗʚƨ țǶȕƨ ʚǫǶʌࣞ

ࢍ

Regular Language
Finite a of

U



E˥ŗȭɱțƨ

 Ğ = {ç}
 ò = {ŗ,Ż}
 × = {ç! ✏ | ŗ | Ż | ŗçŗ | ŻçŻ}
࣯ŗſſɼƨ ࣖ̇ ǑɄɼ ç! ✏, ç! ŗ, ç! Ż, ç! ŗçŗ, ç! ŻçŻࣱ

ç ŗçŗ ŗŻçŻŗ ŗŻŻçŻŻŗ ŗŻŻŻŻŻŗ

İǫŗʚ ʌʚɼǶȳǖʌ Ɖŗȳ ç ǖƨȳƨɼŗʚƨ țǶȕƨ ʚǫǶʌࣞ

ࢍ

G palindromes
We we

A 83

aaa

aabaca
abba

CF Lang includes any string that can be derived

from these production rates



E˥ŗȭɱțƨ

 Ğ = {ç}
 ò = {ŗ,Ż}
 × = {ç! ✏ | ŗ | Ż | ŗçŗ | ŻçŻ}
࣯ŗſſɼƨ ࣖ̇ ǑɄɼ ç! ✏, ç! ŗ, ç! Ż, ç! ŗçŗ, ç! ŻçŻࣱ

ç ŗçŗ ŗŻçŻŗ ŗŻŻçŻŻŗ ŗŻŻŻŻŻŗ

İǫŗʚ ʌʚɼǶȳǖʌ Ɖŗȳ ç ǖƨȳƨɼŗʚƨ țǶȕƨ ʚǫǶʌࣞ

ࢍ



,Ʉȳʚƨ˥ʚ bɼƨƨ eɼŗȭȭŗɼ ࣯,beࣱ 6ƨ̇ȳǶʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ,be Ƕʌ ŗ ɸʯŗƕɼʯɱțƨ a = (Ğ, ò,×, ç)

 Ğ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ȳɄȳࣽʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ

 ò Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ ࣯ŗțɱǫŗſƨʚࣱ
 × Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ɱɼɄƕʯƉʚǶɄȳʌࣗ ƨŗƉǫ ɄǑ ʚǫƨ ǑɄɼȭ
�! ↵

˝ǫƨɼƨ � 2 Ğ ŗȳƕ ↵ Ƕʌ ŗ ʌʚɼǶȳǖ Ƕȳ (Ğ [ ò)⇤ࣖ
bɄɼȭŗțț ࣗ˦ × ⇢ Ğ ⇥ (Ğ [ ò)⇤ࣖ

 ç 2 Ğ Ƕʌ ŗ ʌʚŗɼʚ ʌ˦ȭſɄț

a =
⇣

ĬŗɼǶŗſțƨʌ, ÿƨɼȭǶȳŗțʌ, âɼɄƕʯƉʚǶɄȳʌ, óʚŗɼʚ ˙ŗɼ
⌘



variables



,Ʉȳʚƨ˥ʚ bɼƨƨ eɼŗȭȭŗɼ ࣯,beࣱ 6ƨ̇ȳǶʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ,be Ƕʌ ŗ ɸʯŗƕɼʯɱțƨ a = (Ğ, ò,×, ç)

 Ğ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ȳɄȳࣽʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ
 ò Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ ࣯ŗțɱǫŗſƨʚࣱ

 × Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ɱɼɄƕʯƉʚǶɄȳʌࣗ ƨŗƉǫ ɄǑ ʚǫƨ ǑɄɼȭ
�! ↵

˝ǫƨɼƨ � 2 Ğ ŗȳƕ ↵ Ƕʌ ŗ ʌʚɼǶȳǖ Ƕȳ (Ğ [ ò)⇤ࣖ
bɄɼȭŗțț ࣗ˦ × ⇢ Ğ ⇥ (Ğ [ ò)⇤ࣖ

 ç 2 Ğ Ƕʌ ŗ ʌʚŗɼʚ ʌ˦ȭſɄț

a =
⇣

ĬŗɼǶŗſțƨʌ, ÿƨɼȭǶȳŗțʌ, âɼɄƕʯƉʚǶɄȳʌ, óʚŗɼʚ ˙ŗɼ
⌘



E



,Ʉȳʚƨ˥ʚ bɼƨƨ eɼŗȭȭŗɼ ࣯,beࣱ 6ƨ̇ȳǶʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ,be Ƕʌ ŗ ɸʯŗƕɼʯɱțƨ a = (Ğ, ò,×, ç)

 Ğ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ȳɄȳࣽʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ
 ò Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ ࣯ŗțɱǫŗſƨʚࣱ
 × Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ɱɼɄƕʯƉʚǶɄȳʌࣗ ƨŗƉǫ ɄǑ ʚǫƨ ǑɄɼȭ
�! ↵

˝ǫƨɼƨ � 2 Ğ ŗȳƕ ↵ Ƕʌ ŗ ʌʚɼǶȳǖ Ƕȳ (Ğ [ ò)⇤ࣖ
bɄɼȭŗțț ࣗ˦ × ⇢ Ğ ⇥ (Ğ [ ò)⇤ࣖ

 ç 2 Ğ Ƕʌ ŗ ʌʚŗɼʚ ʌ˦ȭſɄț

a =
⇣

ĬŗɼǶŗſțƨʌ, ÿƨɼȭǶȳŗțʌ, âɼɄƕʯƉʚǶɄȳʌ, óʚŗɼʚ ˙ŗɼ
⌘



A B C 53

a b c d

7 string that is a result of variables terminal

a aa A 668C

eft side is always a single variable



,Ʉȳʚƨ˥ʚ bɼƨƨ eɼŗȭȭŗɼ ࣯,beࣱ 6ƨ̇ȳǶʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ,be Ƕʌ ŗ ɸʯŗƕɼʯɱțƨ a = (Ğ, ò,×, ç)

 Ğ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ȳɄȳࣽʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ
 ò Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ ࣯ŗțɱǫŗſƨʚࣱ
 × Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ɱɼɄƕʯƉʚǶɄȳʌࣗ ƨŗƉǫ ɄǑ ʚǫƨ ǑɄɼȭ
�! ↵

˝ǫƨɼƨ � 2 Ğ ŗȳƕ ↵ Ƕʌ ŗ ʌʚɼǶȳǖ Ƕȳ (Ğ [ ò)⇤ࣖ
bɄɼȭŗțț ࣗ˦ × ⇢ Ğ ⇥ (Ğ [ ò)⇤ࣖ

 ç 2 Ğ Ƕʌ ŗ ʌʚŗɼʚ ʌ˦ȭſɄț

a =
⇣

ĬŗɼǶŗſțƨʌ, ÿƨɼȭǶȳŗțʌ, âɼɄƕʯƉʚǶɄȳʌ, óʚŗɼʚ ˙ŗɼ
⌘





E˥ŗȭɱțƨ ǑɄɼȭŗțț ࣖ˦ࣖࣖ

 Ğ = {ç}
 ò = {ŗ,Ż}
 × = {ç! ✏ | ŗ | Ż | ŗçŗ | ŻçŻ}
࣯ŗſſɼƨ ࣖ̇ ǑɄɼ ç! ✏, ç! ŗ, ç! Ż, ç! ŗçŗ, ç! ŻçŻࣱ

a =

0

BBBBBB@
{ç}, {ŗ,Ż},

8
>>>>>><

>>>>>>:

ç! ✏,

ç! ŗ,
ç! Ż
ç! ŗçŗ
ç! ŻçŻ

9
>>>>>>=

>>>>>>;

ç

1

CCCCCCA



L palindromes



E˥ŗȭɱțƨʌ

� = ȩࡹȩࡱ} | ȩ � {ࡱ

ç! ✏ | ࡹçࡱ

࢙

U S3 T 0,13 5 5

A s sostle



E˥ŗȭɱțƨʌ

� = ȩࡹȩࡱ} | ȩ � {ࡱ

ç! ✏ | ࡹçࡱ

࢙



,Ʉȳʚƨ˥ʚ bɼƨƨ �ŗȳǖʯŗǖƨʌ

6ƨ̇ȳǶʚǶɄȳ
ÿǫƨ țŗȳǖʯŗǖƨ ǖƨȳƨɼŗʚƨƕ ſ˦ ,be a = (Ğ, ò,×, ç) Ƕʌ ƕƨȳɄʚƨƕ ſ˦
�(a) ˝ǫƨɼƨ �(a) = {ˍ 2 ò⇤ | ç ⇤ ˍ}ࣖ

6ƨ̇ȳǶʚǶɄȳ
� țŗȳǖʯŗǖƨ � Ƕʌ ƉɄȳʚƨ˥ʚ Ǒɼƨƨ ࣯,b�ࣱ ǶǑ Ƕʚ Ƕʌ ǖƨȳƨɼŗʚƨƕ ſ˦ ŗ ƉɄȳʚƨ˥ʚ
Ǒɼƨƨ ǖɼŗȭȭŗɼࣖ ÿǫŗʚ Ƕʌࣗ ʚǫƨɼƨ Ƕʌ ŗ ,be a ʌʯƉǫ ʚǫŗʚ � = �(a)ࣖ

ࡱࡹ

E Ol 0011



,Ʉȳʚƨ˥ʚ bɼƨƨ �ŗȳǖʯŗǖƨʌ

6ƨ̇ȳǶʚǶɄȳ
ÿǫƨ țŗȳǖʯŗǖƨ ǖƨȳƨɼŗʚƨƕ ſ˦ ,be a = (Ğ, ò,×, ç) Ƕʌ ƕƨȳɄʚƨƕ ſ˦
�(a) ˝ǫƨɼƨ �(a) = {ˍ 2 ò⇤ | ç ⇤ ˍ}ࣖ

6ƨ̇ȳǶʚǶɄȳ
� țŗȳǖʯŗǖƨ � Ƕʌ ƉɄȳʚƨ˥ʚ Ǒɼƨƨ ࣯,b�ࣱ ǶǑ Ƕʚ Ƕʌ ǖƨȳƨɼŗʚƨƕ ſ˦ ŗ ƉɄȳʚƨ˥ʚ
Ǒɼƨƨ ǖɼŗȭȭŗɼࣖ ÿǫŗʚ Ƕʌࣗ ʚǫƨɼƨ Ƕʌ ŗ ,be a ʌʯƉǫ ʚǫŗʚ � = �(a)ࣖ

ࡱࡹ



E˥ŗȭɱțƨ

� = ȩࡹȩࡱ} | ȩ � {ࡱ

ç! ✏ | ࡹçࡱ

� = ȣࡹȩࡱ} | ȣ > ȩ}

� =
n
ˍ 2

�
(, )

 ⇤ ��� ˍ Ƕʌ ɱɼɄɱƨɼț˦ ȳƨʌʚƨƕ ʌʚɼǶȳǖ ɄǑ ɱŗɼƨȳʚǫƨʌǶʌ
o
ࣖ

ࡹࡹ

vn ES.AT s Ap 00 All I

f Eo is OALIE I Al Ay
5 5

Seel SSS

recursiae regexp



,Ʉȳʚƨ˥ʚࣽóƨȳʌǶʚǶ˙ƨ �ŗȳǖŗʯǖƨʌ



,ǫɄȭʌȕ˦ pǶƨɼŗɼƉǫ˦

¥Ʉ˝ ʚǫŗʚ ˝ƨ ȭŗʌʚƨɼƨƕ ŗƉȕȳɄ˝țƨƕǖƨƕ ,Ʉȳʚƨ˥ʚࣽbɼƨƨ
�ŗȳǖʯŗǖƨʌࣖࣖࣖࣖࣖ ࡽࡹ



,ǫɄȭʌȕ˦ pǶƨɼŗɼƉǫ˦

¶ȳ ʚɄ ʚǫƨ ȳƨ˥ʚ Ʉȳƨࣖࣖࣖࣖࣖ
ࢁࡹ



E˥ŗȭɱțƨ

ÿǫƨ țŗȳǖʯŗǖƨ � = {ŗȩŻȩƅȩ|ȩ � {ࡹ Ƕʌ ȳɄʚ ŗ ƉɄȳʚƨ˥ʚ Ǒɼƨƨ
țŗȳǖʯŗǖƨࣖ

Żʠʋ Ǯʋ Ǯɾ ŗ ƅȹȩʋƣ˕ʋࣽɾƣȩɾǮʋǮˉƣ ȑŗȩǐʠŗǐƣࣛ

 Ğ = {ç,�,#}
 ò = {ŗ,Ż, ƅ}

 × =

8
>>>>>><

>>>>>>:

ç! ŗŻƅ|ŗ�Żƅ,
�Ż! Ż�,
�ƅ ! #Żƅƅ
Ż#! #Ż

ŗ#! ŗŗ|ŗŗ�

9
>>>>>>=

>>>>>>;

ç ŗ�Żƅ ŗŻ�ƅ ŗŻ#Żƅƅ ŗ#ŻŻƅƅ ŗŗ�ŻŻƅƅ ŗŗŻ�Żƅƅ
 ŗŗŻŻ�ƅƅ ŗŗŻŻ#Żƅƅƅ ŗŗŻ#ŻŻƅƅƅ ŗŗ#ŻŻŻƅƅƅ

 ŗŗŗŻŻŻƅƅƅ

ࢅࡹ

Prove via pumping lemma



E˥ŗȭɱțƨ

ÿǫƨ țŗȳǖʯŗǖƨ � = {ŗȩŻȩƅȩ|ȩ � {ࡹ Ƕʌ ȳɄʚ ŗ ƉɄȳʚƨ˥ʚ Ǒɼƨƨ
țŗȳǖʯŗǖƨࣖ Żʠʋ Ǯʋ Ǯɾ ŗ ƅȹȩʋƣ˕ʋࣽɾƣȩɾǮʋǮˉƣ ȑŗȩǐʠŗǐƣࣛ

 Ğ = {ç,�,#}
 ò = {ŗ,Ż, ƅ}

 × =

8
>>>>>><

>>>>>>:

ç! ŗŻƅ|ŗ�Żƅ,
�Ż! Ż�,
�ƅ ! #Żƅƅ
Ż#! #Ż

ŗ#! ŗŗ|ŗŗ�

9
>>>>>>=

>>>>>>;

ç ŗ�Żƅ ŗŻ�ƅ ŗŻ#Żƅƅ ŗ#ŻŻƅƅ ŗŗ�ŻŻƅƅ ŗŗŻ�Żƅƅ
 ŗŗŻŻ�ƅƅ ŗŗŻŻ#Żƅƅƅ ŗŗŻ#ŻŻƅƅƅ ŗŗ#ŻŻŻƅƅƅ

 ŗŗŗŻŻŻƅƅƅ

ࢅࡹ



E˥ŗȭɱțƨ

ÿǫƨ țŗȳǖʯŗǖƨ � = {ŗȩŻȩƅȩ|ȩ � {ࡹ Ƕʌ ȳɄʚ ŗ ƉɄȳʚƨ˥ʚ Ǒɼƨƨ
țŗȳǖʯŗǖƨࣖ Żʠʋ Ǯʋ Ǯɾ ŗ ƅȹȩʋƣ˕ʋࣽɾƣȩɾǮʋǮˉƣ ȑŗȩǐʠŗǐƣࣛ

 Ğ = {ç,�,#}
 ò = {ŗ,Ż, ƅ}

 × =

8
>>>>>><

>>>>>>:

ç! ŗŻƅ|ŗ�Żƅ,
�Ż! Ż�,
�ƅ ! #Żƅƅ
Ż#! #Ż

ŗ#! ŗŗ|ŗŗ�

9
>>>>>>=

>>>>>>;

ç ŗ�Żƅ ŗŻ�ƅ ŗŻ#Żƅƅ ŗ#ŻŻƅƅ ŗŗ�ŻŻƅƅ ŗŗŻ�Żƅƅ
 ŗŗŻŻ�ƅƅ ŗŗŻŻ#Żƅƅƅ ŗŗŻ#ŻŻƅƅƅ ŗŗ#ŻŻŻƅƅƅ

 ŗŗŗŻŻŻƅƅƅ
ࢅࡹ



,Ʉȳʚƨ˥ʚ bɼƨƨ eɼŗȭȭŗɼ ࣯,beࣱ 6ƨ̇ȳǶʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ,óe Ƕʌ ŗ ɸʯŗƕɼʯɱțƨ a = (Ğ, ò,×, ç)

 Ğ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ȳɄȳࣽʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ
 ò Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ʚƨɼȭǶȳŗț ʌ˦ȭſɄțʌ ࣯ŗțɱǫŗſƨʚࣱ
 × Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ɄǑ ɱɼɄƕʯƉʚǶɄȳʌࣗ ƨŗƉǫ ɄǑ ʚǫƨ ǑɄɼȭ
�! ↵

˝ǫƨɼƨ � ŗȳƕ ↵ ŗɼƨ ʌʚɼǶȳǖʌ Ƕȳ (Ğ [ ò)⇤ࣖ
 ç 2 Ğ Ƕʌ ŗ ʌʚŗɼʚ ʌ˦ȭſɄț

a =
⇣

ĬŗɼǶŗſțƨʌ, ÿƨɼȭǶȳŗțʌ, âɼɄƕʯƉʚǶɄȳʌ, óʚŗɼʚ ˙ŗɼ
⌘

ࢉࡹ

Insitia EE

x p
B



E˥ŗȭɱțƨ ǑɄɼȭŗțț ࣖ˦ࣖࣖ

� = {ŗȩŻȩƅȩ|ȩ � {ࡹ

 Ğ = {ç,�,#}
 ò = {ŗ,Ż, ƅ}

 × =

8
>>>>>><

>>>>>>:

ç! ŗŻƅ|ŗ�Żƅ,
�Ż! Ż�,
�ƅ ! #Żƅƅ
Ż#! #Ż

ŗ#! ŗŗ|ŗŗ�

9
>>>>>>=

>>>>>>;

a =

0

BBBBBB@
{ç,�,#}, {ŗ,Ż, ƅ},

8
>>>>>><

>>>>>>:

ç! ŗŻƅ|ŗ�Żƅ,
�Ż! Ż�,
�ƅ ! #Żƅƅ
Ż#! #Ż

ŗ#! ŗŗ|ŗŗ�

9
>>>>>>=

>>>>>>;

ç

1

CCCCCCA
ࢍࡹ



ÿʯɼǶȳǖ ¡ŗƉǫǶȳƨʌ



ए¡Ʉʌʚ eƨȳƨɼŗțऐ ƉɄȭɱʯʚƨɼࣞ

 6b�ʌ ŗɼƨ ʌǶȭɱțƨ ȭɄƕƨț ɄǑ ƉɄȭɱʯʚŗʚǶɄȳࣖ
 �ƉƉƨɱʚ Ʉȳț˦ ʚǫƨ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌࣖ
 yʌ ʚǫƨɼƨ ŗ ȕǶȳƕ ɄǑ ƉɄȭɱʯʚƨɼ ʚǫŗʚ Ɖŗȳ ŗƉƉƨɱʚ ŗȳ˦ țŗȳǖʯŗǖƨࣗ
Ʉɼ ƉɄȭɱʯʚƨ ŗȳ˦ ǑʯȳƉʚǶɄȳࣞ

 éƨƉŗțț ƉɄʯȳʚǶȳǖ ŗɼǖʯȭƨȳʚࣖ óƨʚ ɄǑ ŗțț țŗȳǖʯŗǖƨʌࣘ
{� | � ✓ ,ࡱ} {⇤{ࡹ Ƕʌ(((((((((hhhhhhhhhƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ ࣩ ʯȳƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ

 óƨʚ ɄǑ ŗțț ɱɼɄǖɼŗȭʌࣘ
{× | × Ƕʌ ŗ ̇ȳǶʚƨ țƨȳǖʚǫ ƉɄȭɱʯʚƨɼ ɱɼɄǖɼŗȭ}ࣘ
Ƕʌ ƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ ࣩ((((((((((hhhhhhhhhhʯȳƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨࣖ

 ,ɄȳƉțʯʌǶɄȳࣘ ÿǫƨɼƨ ŗɼƨ țŗȳǖʯŗǖƨʌ ǑɄɼ ˝ǫǶƉǫ ʚǫƨɼƨ ŗɼƨ ȳɄ
ɱɼɄǖɼŗȭʌࣖ

ࡹ



ए¡Ʉʌʚ eƨȳƨɼŗțऐ ƉɄȭɱʯʚƨɼࣞ

 6b�ʌ ŗɼƨ ʌǶȭɱțƨ ȭɄƕƨț ɄǑ ƉɄȭɱʯʚŗʚǶɄȳࣖ
 �ƉƉƨɱʚ Ʉȳț˦ ʚǫƨ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌࣖ
 yʌ ʚǫƨɼƨ ŗ ȕǶȳƕ ɄǑ ƉɄȭɱʯʚƨɼ ʚǫŗʚ Ɖŗȳ ŗƉƉƨɱʚ ŗȳ˦ țŗȳǖʯŗǖƨࣗ
Ʉɼ ƉɄȭɱʯʚƨ ŗȳ˦ ǑʯȳƉʚǶɄȳࣞ

 éƨƉŗțț ƉɄʯȳʚǶȳǖ ŗɼǖʯȭƨȳʚࣖ óƨʚ ɄǑ ŗțț țŗȳǖʯŗǖƨʌࣘ
{� | � ✓ ,ࡱ} {⇤{ࡹ Ƕʌ(((((((((hhhhhhhhhƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ ࣩ ʯȳƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ

 óƨʚ ɄǑ ŗțț ɱɼɄǖɼŗȭʌࣘ
{× | × Ƕʌ ŗ ̇ȳǶʚƨ țƨȳǖʚǫ ƉɄȭɱʯʚƨɼ ɱɼɄǖɼŗȭ}ࣘ
Ƕʌ ƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ ࣩ((((((((((hhhhhhhhhhʯȳƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨࣖ

 ,ɄȳƉțʯʌǶɄȳࣘ ÿǫƨɼƨ ŗɼƨ țŗȳǖʯŗǖƨʌ ǑɄɼ ˝ǫǶƉǫ ʚǫƨɼƨ ŗɼƨ ȳɄ
ɱɼɄǖɼŗȭʌࣖ

ࡹ



ए¡Ʉʌʚ eƨȳƨɼŗțऐ ƉɄȭɱʯʚƨɼࣞ

 6b�ʌ ŗɼƨ ʌǶȭɱțƨ ȭɄƕƨț ɄǑ ƉɄȭɱʯʚŗʚǶɄȳࣖ
 �ƉƉƨɱʚ Ʉȳț˦ ʚǫƨ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌࣖ
 yʌ ʚǫƨɼƨ ŗ ȕǶȳƕ ɄǑ ƉɄȭɱʯʚƨɼ ʚǫŗʚ Ɖŗȳ ŗƉƉƨɱʚ ŗȳ˦ țŗȳǖʯŗǖƨࣗ
Ʉɼ ƉɄȭɱʯʚƨ ŗȳ˦ ǑʯȳƉʚǶɄȳࣞ

 éƨƉŗțț ƉɄʯȳʚǶȳǖ ŗɼǖʯȭƨȳʚࣖ óƨʚ ɄǑ ŗțț țŗȳǖʯŗǖƨʌࣘ
{� | � ✓ ,ࡱ} {⇤{ࡹ Ƕʌ(((((((((hhhhhhhhhƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ ࣩ ʯȳƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ

 óƨʚ ɄǑ ŗțț ɱɼɄǖɼŗȭʌࣘ
{× | × Ƕʌ ŗ ̇ȳǶʚƨ țƨȳǖʚǫ ƉɄȭɱʯʚƨɼ ɱɼɄǖɼŗȭ}ࣘ
Ƕʌ ƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨ ࣩ((((((((((hhhhhhhhhhʯȳƉɄʯȳʚŗſț˦ Ƕȳ̇ȳǶʚƨࣖ

 ,ɄȳƉțʯʌǶɄȳࣘ ÿǫƨɼƨ ŗɼƨ țŗȳǖʯŗǖƨʌ ǑɄɼ ˝ǫǶƉǫ ʚǫƨɼƨ ŗɼƨ ȳɄ
ɱɼɄǖɼŗȭʌࣖ

ࡹ



,ǫɄȭʌȕ˦ pǶƨɼŗɼƉǫ˦

¶ȳʚɄ Ʉʯɼ ̇ȳŗț Ɖțŗʌʌ ɄǑ țŗȳǖʯŗǖƨʌ ࣽ ɼƨƉʯɼʌǶ˙ƨț˦ ƨȳʯȭƨɼŗſțƨ ࣯ŗȕŗ
ÿʯɼǶȳǖࣽɼƨƉɄǖȳǶ˲ŗſțƨࣱ țŗȳǖʯŗǖƨʌࣖ

ࡹ

countably
infinite

uncountable

infinite



,ǫɄȭʌȕ˦ pǶƨɼŗɼƉǫ˦

¶ȳʚɄ Ʉʯɼ ̇ȳŗț Ɖțŗʌʌ ɄǑ țŗȳǖʯŗǖƨʌ ࣽ ɼƨƉʯɼʌǶ˙ƨț˦ ƨȳʯȭƨɼŗſțƨ ࣯ŗȕŗ
ÿʯɼǶȳǖࣽɼƨƉɄǖȳǶ˲ŗſțƨࣱ țŗȳǖʯŗǖƨʌࣖ ࡹ



İǫŗʚ Ƕʌ ŗ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ



ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ

 yȳɱʯʚ ˝ɼǶʚʚƨȳ Ʉȳ ࣯Ƕȳ̇ȳǶʚƨࣱ Ʉȳƨ ʌǶƕƨƕ ʚŗɱƨࣖ
 óɱƨƉǶŗț ſțŗȳȕ ƉǫŗɼŗƉʚƨɼʌࣖ
 bǶȳǶʚƨ ʌʚŗʚƨ ƉɄȳʚɼɄț ࣯ʌǶȭǶțŗɼ ʚɄ 6b�ࣱࣖ
 E˙ƨɼ ʌʚƨɱࣘ éƨŗƕ ƉǫŗɼŗƉʚƨɼ ʯȳƕƨɼ ǫƨŗƕࣗ ˝ɼǶʚƨ ƉǫŗɼŗƉʚƨɼ Ʉʯʚࣗ
ȭɄ˙ƨ ʚǫƨ ǫƨŗƕ ɼǶǖǫʚ Ʉɼ țƨǑʚ ࣯Ʉɼ ʌʚŗ˦ࣱࣖ

࢙ࡹ

read the space
write onto a space
moue left right
change its

state



pǶǖǫ țƨ˙ƨț ǖɄŗțʌ

 ,ǫʯɼƉǫࣽÿʯɼǶȳǖ ʚǫƨʌǶʌࣘ ÿ¡ʌ ŗɼƨ ʚǫƨ ȭɄʌʚ ǖƨȳƨɼŗț ƉɄȭɱʯʚǶȳǖ
ƕƨ˙ǶƉƨʌࣖ óɄ Ǒŗɼ ȳɄ ƉɄʯȳʚƨɼ ƨ˥ŗȭɱțƨࣖ

 E˙ƨɼ˦ ÿ¡ Ɖŗȳ ſƨ ɼƨɱɼƨʌƨȳʚƨƕ ŗʌ ŗ ʌʚɼǶȳǖࣖ
 E˥ǶʌʚƨȳƉƨ ɄǑ ĎȳǶ˙ƨɼʌŗț ÿʯɼǶȳǖ ¡ŗƉǫǶȳƨ ˝ǫǶƉǫ Ƕʌ ʚǫƨ
ȭɄƕƨțࣩǶȳʌɱǶɼŗʚǶɄȳ ǑɄɼ ʌʚɄɼƨƕ ɱɼɄǖɼŗȭ ƉɄȭɱʯʚǶȳǖࣖ Ďÿ¡ Ɖŗȳ
ʌǶȭʯțŗʚƨ ŗȳ˦ ÿ¡

 yȭɱțǶƉŗʚǶɄȳʌ ǑɄɼ ˝ǫŗʚ Ɖŗȳ ſƨ ƉɄȭɱʯʚƨƕ ŗȳƕ ˝ǫŗʚ ƉŗȳȳɄʚ
ſƨ ƉɄȭɱʯʚƨƕ

ࡱࡽ

nest Lecture



ÿʯɼǶȳǖ ȭŗƉǫǶȳƨࣘ bɄɼȭŗț ƕƨ̇ȳǶʚǶɄȳ

� òʠɮǮȩǐ ȣŗƅǣǮȩƣ Ƕʌ ŗ ,⌃,ʚʯɱțƨ(Üࣽ �, �,ɪࡱ,ɪ�++,ɪ`2D)

 Üࣘ ̇ȳǶʚƨ ʌƨʚ ɄǑ ʌʚŗʚƨʌࣖ
 ⌃ࣘ ̇ȳǶʚƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣖ
 �ࣘ ̇ȳǶʚƨ ʚŗɱƨ ŗțɱǫŗſƨʚࣖ
 � : Ü⇥ � ! Ü⇥ �⇥ {;,W,[}ࣘ ÿɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳࣖ
 ɪࡱ 2 Ü Ƕʌ ʚǫƨ ǶȳǶʚǶŗț ʌʚŗʚƨࣖ
 ɪ�++ 2 Ü Ƕʌ ʚǫƨ ŗƅƅƣɤʋǮȩǐࣩ̃ȩŗȑ ʌʚŗʚƨࣖ
 ɪ`2D 2 Ü Ƕʌ ʚǫƨ ɮƣȃƣƅʋǮȩǐ ʌʚŗʚƨࣖ
 t Ʉɼ ࣘ óɱƨƉǶŗț ſțŗȳȕ ʌ˦ȭſɄț Ʉȳ ʚǫƨ ʚŗɱƨࣖ

ࡹࡽ

includes we blank space



ÿʯɼǶȳǖ ȭŗƉǫǶȳƨࣘ ÿɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ

� : Ü⇥ � ! Ü⇥ �⇥ {;,W,[}
�ʌ ʌʯƉǫࣗ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ

�(ɪ, ƅ) = (ɤ,Ɛ,;)
q pc/d, L

 ɪࣘ Ɖʯɼɼƨȳʚ ʌʚŗʚƨࣖ
 ƅࣘ ƉǫŗɼŗƉʚƨɼ ʯȳƕƨɼ ʚŗɱƨ
ǫƨŗƕࣖ

 ɤࣘ ȳƨ˝ ʌʚŗʚƨࣖ
 Ɛࣘ ƉǫŗɼŗƉʚƨɼ ʚɄ ˝ɼǶʚƨ ʯȳƕƨɼ
ʚŗɱƨ ǫƨŗƕ

 ;ࣘ ¡Ʉ˙ƨ ʚŗɱƨ ǫƨŗƕ țƨǑʚࣖ

¡ǶʌʌǶȳǖ ʚɼŗȳʌǶʚǶɄȳʌ
țƨŗƕ ʚɄ ǫƨțț ʌʚŗʚƨࣖ
ए$țʯƨ ʌƉɼƨƨȳ ɄǑ ƕƨŗʚǫ ऐࣖ
ए¡ŗƉǫǶȳƨ Ɖɼŗʌǫƨʌ ऐࣖ

ࡽࡽ

Geez d L



ÿʯɼǶȳǖ ȭŗƉǫǶȳƨࣘ ÿɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ

� : Ü⇥ � ! Ü⇥ �⇥ {;,W,[}
�ʌ ʌʯƉǫࣗ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ

�(ɪ, ƅ) = (ɤ,Ɛ,;)
q pc/d, L

 ɪࣘ Ɖʯɼɼƨȳʚ ʌʚŗʚƨࣖ
 ƅࣘ ƉǫŗɼŗƉʚƨɼ ʯȳƕƨɼ ʚŗɱƨ
ǫƨŗƕࣖ

 ɤࣘ ȳƨ˝ ʌʚŗʚƨࣖ
 Ɛࣘ ƉǫŗɼŗƉʚƨɼ ʚɄ ˝ɼǶʚƨ ʯȳƕƨɼ
ʚŗɱƨ ǫƨŗƕ

 ;ࣘ ¡Ʉ˙ƨ ʚŗɱƨ ǫƨŗƕ țƨǑʚࣖ

¡ǶʌʌǶȳǖ ʚɼŗȳʌǶʚǶɄȳʌ
țƨŗƕ ʚɄ ǫƨțț ʌʚŗʚƨࣖ
ए$țʯƨ ʌƉɼƨƨȳ ɄǑ ƕƨŗʚǫ ऐࣖ
ए¡ŗƉǫǶȳƨ Ɖɼŗʌǫƨʌ ऐࣖ

ࡽࡽ



óɄȭƨ ƨ˥ŗȭɱțƨʌ ɄǑ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨʌ



E˥ŗȭɱțƨࣘ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ ǑɄɼ ŗȳſȳƉȳ

Mark a

accept

Find &
 mark b

a/A, →

Check for
bs

B/B, →

a/a, →
B/B, → 

Find &
 mark c

b/B, →

b/b, →
C/C, →

Find 
next

0c/C, ←

A/A, →

C/C, ←
b/b, ←
B/B, ←
a/a, ←

B/B, →

Check for
cs

C/C, → �

C/C, →

,ŗȳ ˙Ƕƨ˝ ʚǫǶʌ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ Ƕȳ ŗƉʚǶɄȳ Ʉȳ
êïß°É¨È��°É�ϙ°Ðࣛ

ࢁࡽ

(null)://(null)turingmachine.io


�ŗȳǖʯŗǖƨʌ ƕƨ̇ȳƨƕ ſ˦ ŗ ÿʯɼǶȳǖ
ȭŗƉǫǶȳƨ



éƨƉʯɼʌǶ˙ƨ ˙ʌࣖ éƨƉʯɼʌǶ˙ƨț˦ Eȳʯȭƨɼŗſțƨ

 ÞƣƅʠɮɾǮˉƣȑ˖ ƣȩʠȣƣɮŗŻȑƣ ࣯ŗȕŗ ÞBࣱ țŗȳǖʯŗǖƨʌ

� = {�(�) | � ʌɄȭƨ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ} .

 ÞƣƅʠɮɾǮˉƣ ࣩ ƐƣƅǮƐŗŻȑƣ țŗȳǖʯŗǖƨʌ

� = {�(�) | � ʌɄȭƨ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ ʚǫŗʚ ǫŗțʚʌ Ʉȳ ŗțț Ƕȳɱʯʚʌ} .

 bʯȳƕŗȭƨȳʚŗț ɸʯƨʌʚǶɄȳʌࣘ
 İǫŗʚ țŗȳǖʯŗǖƨʌ ŗɼƨ éEࣞ
 İǫǶƉǫ ŗɼƨ ɼƨƉʯɼʌǶ˙ƨࣞ
 İǫŗʚ Ƕʌ ʚǫƨ ƕǶ˽ƨɼƨȳƉƨࣞ
 İǫŗʚ ȭŗȕƨʌ ŗ țŗȳǖʯŗǖƨ ƕƨƉǶƕŗſțƨࣞ

ࢅࡽ



éƨƉʯɼʌǶ˙ƨ ˙ʌࣖ éƨƉʯɼʌǶ˙ƨț˦ Eȳʯȭƨɼŗſțƨ

 ÞƣƅʠɮɾǮˉƣȑ˖ ƣȩʠȣƣɮŗŻȑƣ ࣯ŗȕŗ ÞBࣱ țŗȳǖʯŗǖƨʌ ࣯ſŗƕࣱ
� = {�(�) | � ʌɄȭƨ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ} .

 ÞƣƅʠɮɾǮˉƣ ࣩ ƐƣƅǮƐŗŻȑƣ țŗȳǖʯŗǖƨʌ ࣯ǖɄɄƕࣱ
� = {�(�) | � ʌɄȭƨ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ ʚǫŗʚ ǫŗțʚʌ Ʉȳ ŗțț Ƕȳɱʯʚʌ} .

 bʯȳƕŗȭƨȳʚŗț ɸʯƨʌʚǶɄȳʌࣘ
 İǫŗʚ țŗȳǖʯŗǖƨʌ ŗɼƨ éEࣞ
 İǫǶƉǫ ŗɼƨ ɼƨƉʯɼʌǶ˙ƨࣞ
 İǫŗʚ Ƕʌ ʚǫƨ ƕǶ˽ƨɼƨȳƉƨࣞ
 İǫŗʚ ȭŗȕƨʌ ŗ țŗȳǖʯŗǖƨ ƕƨƉǶƕŗſțƨࣞ

ࢅࡽ



éƨƉʯɼʌǶ˙ƨ ˙ʌࣖ éƨƉʯɼʌǶ˙ƨț˦ Eȳʯȭƨɼŗſțƨ

 ÞƣƅʠɮɾǮˉƣȑ˖ ƣȩʠȣƣɮŗŻȑƣ ࣯ŗȕŗ ÞBࣱ țŗȳǖʯŗǖƨʌ ࣯ſŗƕࣱ
� = {�(�) | � ʌɄȭƨ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ} .

 ÞƣƅʠɮɾǮˉƣ ࣩ ƐƣƅǮƐŗŻȑƣ țŗȳǖʯŗǖƨʌ ࣯ǖɄɄƕࣱ
� = {�(�) | � ʌɄȭƨ ÿʯɼǶȳǖ ȭŗƉǫǶȳƨ ʚǫŗʚ ǫŗțʚʌ Ʉȳ ŗțț Ƕȳɱʯʚʌ} .

 bʯȳƕŗȭƨȳʚŗț ɸʯƨʌʚǶɄȳʌࣘ
 İǫŗʚ țŗȳǖʯŗǖƨʌ ŗɼƨ éEࣞ
 İǫǶƉǫ ŗɼƨ ɼƨƉʯɼʌǶ˙ƨࣞ
 İǫŗʚ Ƕʌ ʚǫƨ ƕǶ˽ƨɼƨȳƉƨࣞ
 İǫŗʚ ȭŗȕƨʌ ŗ țŗȳǖʯŗǖƨ ƕƨƉǶƕŗſțƨࣞ
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