
âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

�0 = {ſǶʚʌʚɼǶȳǖʌ ˝Ƕʚǫ ƨɸʯŗț ȳʯȭſƨɼ ɄǑ ʌࡱ ŗȳƕ {ʌࡹ

� = ȩࡹȩࡱ} | ȩ � {ࡱ

óʯɱɱɄʌƨ ˝ƨ ǫŗ˙ƨ ŗțɼƨŗƕ˦ ʌǫɄ˝ȳ ʚǫŗʚ �0 Ƕʌ ȳɄȳࣽɼƨǖʯțŗɼࣖ ,ŗȳ ˝ƨ
ʌǫɄ˝ � Ƕʌ ɼƨǖʯțŗɼ ˙Ƕŗ ƅȑȹɾʠɮƣࣖ
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,óࣩE,Eࣽࣘࢅࢁ �ƨƉʚʯɼƨ  ࣽ ¥ɄȳࣽɼƨǖʯțŗɼǶʚ˦ ŗȳƕ
ǑɄɄțǶȳǖ ʌƨʚʌ

�ƨƉʚʯɼƨɼࣘ ¥ǶƉȕ˙ŗʌǫ �ŗȳǶ
,ǫŗʚ ȭɄƕƨɼŗʚɄɼࣘ óŗȭǶɼ �ǫŗȳ
bƨſɼʯŗɼ˦ ࣗࢍࡹ ࡹࡽࡱࡽ

ĎȳǶ˙ƨɼʌǶʚ˦ ɄǑ yțțǶȳɄǶʌ ŗʚ Ďɼſŗȳŗࣽ,ǫŗȭɱŗǶǖȳ



¥ɄȳࣽɼƨǖʯțŗɼǶʚ˦ ˙Ƕŗ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ

�0 = {ſǶʚʌʚɼǶȳǖʌ ˝Ƕʚǫ ƨɸʯŗț ȳʯȭſƨɼ ɄǑ ʌࡱ ŗȳƕ {ʌࡹ

� = ȩࡹȩࡱ} | ȩ � {ࡱ

óʯɱɱɄʌƨ ˝ƨ ǫŗ˙ƨ ŗțɼƨŗƕ˦ ʌǫɄ˝ȳ ʚǫŗʚ �0 Ƕʌ ȳɄȳࣽɼƨǖʯțŗɼࣖ ,ŗȳ ˝ƨ
ʌǫɄ˝ � Ƕʌ ɼƨǖʯțŗɼ ˙Ƕŗ ƅȑȹɾʠɮƣࣖ

,ŗȳ ˝ƨ ʌǫɄ˝ ʚǫŗʚ � Ƕʌ ȳɄȳࣽɼƨǖʯțŗɼ ǑɼɄȭ ʌƉɼŗʚƉǫࣞ
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¥ɄȳࣽɼƨǖʯțŗɼǶʚ˦ ˙Ƕŗ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ

�0 = {ſǶʚʌʚɼǶȳǖʌ ˝Ƕʚǫ ƨɸʯŗț ȳʯȭſƨɼ ɄǑ ʌࡱ ŗȳƕ {ʌࡹ

� = ȩࡹȩࡱ} | ȩ � {ࡱ

óʯɱɱɄʌƨ ˝ƨ ǫŗ˙ƨ ŗțɼƨŗƕ˦ ʌǫɄ˝ȳ ʚǫŗʚ �0 Ƕʌ ȳɄȳࣽɼƨǖʯțŗɼࣖ ,ŗȳ ˝ƨ
ʌǫɄ˝ � Ƕʌ ɼƨǖʯțŗɼ ˙Ƕŗ ƅȑȹɾʠɮƣࣖ

,ŗȳ ˝ƨ ʌǫɄ˝ ʚǫŗʚ � Ƕʌ ȳɄȳࣽɼƨǖʯțŗɼ ǑɼɄȭ ʌƉɼŗʚƉǫࣞ
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âɼɄ˙Ƕȳǖ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦ࣘ ¡ƨʚǫɄƕʌ

 âʯȭɱǶȳǖ țƨȭȭŗࣖ İƨ ˝Ƕțț ȳɄʚ ƉɄ˙ƨɼ Ƕʚ ſʯʚ Ƕʚ Ƕʌ ɾȹȣƣʋǮȣƣɾ
ŗȳ ƨŗʌǶƨɼ ɱɼɄɄǑ ʚƨƉǫȳǶɸʯƨ ʚɄ ŗɱɱț ࣗ˦ ſʯʚ ȳɄʚ ŗʌ ǖƨȳƨɼŗț ŗʌ
ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚ ʚƨƉǫȳǶɸʯƨࣖ

 ,țɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌࣖ Ďʌƨ ƨ˥ǶʌʚǶȳǖ ȳɄȳࣽɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ
ŗȳƕ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ʚɄ ɱɼɄ˙ƨ ʚǫŗʚ ʌɄȭƨ ȳƨ˝ țŗȳǖʯŗǖƨ Ƕʌ
ȳɄȳࣽɼƨǖʯțŗɼࣖ

 bɄɄțǶȳǖ ʌƨʚʌࣽ ¡ƨʚǫɄƕ ɄǑ ƕǶʌʚǶȳǖʯǶʌǫǶȳǖ ʌʯ˾˥ƨʌࣖ ÿɄ ɱɼɄ˙ƨ
ʚǫŗʚ � Ƕʌ ȳɄȳࣽɼƨǖʯțŗɼ ̇ȳƕ ŗȳ Ƕȳ̇ȳǶʚƨ ǑɄɄțǶȳǖ ʌƨʚࣖ

ࢁ
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âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

İƨ ǫŗ˙ƨ ŗ țŗȳǖʯŗǖƨ � = ȩ|ȩࡹȩࡱ} � {ࡱ
âɼɄ˙ƨ ʚǫŗʚ � Ƕʌ ȳɄȳࣽɼƨǖʯțŗɼࣖ

ࢅ



¥Ʉʚ ŗțț țŗȳǖʯŗǖƨʌ ŗɼƨ ɼƨǖʯțŗɼ



éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌࣗ 6b�ʌࣗ ¥b�ʌ

ÿǫƨɄɼƨȭ
�ŗȩǐʠŗǐƣɾ ŗƅƅƣɤʋƣƐ Ż˖ 3^�ɾࣗ �^�ɾࣗ ŗȩƐ ɮƣǐʠȑŗɮ ƣ˕ɤɮƣɾɾǮȹȩɾ
ŗɮƣ ʋǣƣ ɾŗȣƣࣖ

çʯƨʌʚǶɄȳࣘ yʌ ƨ˙ƨɼ˦ țŗȳǖʯŗǖƨ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣞ ¥Ʉࣖ

 EŗƉǫ 6b� � Ɖŗȳ ſƨ ɼƨɱɼƨʌƨȳʚƨƕ ŗʌ ŗ ʌʚɼǶȳǖ Ʉ˙ƨɼ ŗ ̇ȳǶʚƨ
ŗțɱǫŗſƨʚ ⌃ ſ˦ ŗɱɱɼɄɱɼǶŗʚƨ ƨȳƉɄƕǶȳǖ

 pƨȳƉƨ ȳʯȭſƨɼ ɄǑ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ Ƕʌ ƅȹʠȩʋŗŻȑ˖ Ǯȩ̃ȩǮʋƣ
 ¥ʯȭſƨɼ ɄǑ țŗȳǖʯŗǖƨʌ Ƕʌ ʠȩƅȹʠȩʋŗŻȑ˖ Ǯȩ̃ȩǮʋƣ
 pƨȳƉƨ ʚǫƨɼƨ ȭʯʌʚ ſƨ ŗ ȳɄȳࣽɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣛ

ࢉ



éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌࣗ 6b�ʌࣗ ¥b�ʌ

ÿǫƨɄɼƨȭ
�ŗȩǐʠŗǐƣɾ ŗƅƅƣɤʋƣƐ Ż˖ 3^�ɾࣗ �^�ɾࣗ ŗȩƐ ɮƣǐʠȑŗɮ ƣ˕ɤɮƣɾɾǮȹȩɾ
ŗɮƣ ʋǣƣ ɾŗȣƣࣖ

çʯƨʌʚǶɄȳࣘ yʌ ƨ˙ƨɼ˦ țŗȳǖʯŗǖƨ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣞ ¥Ʉࣖ

 EŗƉǫ 6b� � Ɖŗȳ ſƨ ɼƨɱɼƨʌƨȳʚƨƕ ŗʌ ŗ ʌʚɼǶȳǖ Ʉ˙ƨɼ ŗ ̇ȳǶʚƨ
ŗțɱǫŗſƨʚ ⌃ ſ˦ ŗɱɱɼɄɱɼǶŗʚƨ ƨȳƉɄƕǶȳǖ

 pƨȳƉƨ ȳʯȭſƨɼ ɄǑ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ Ƕʌ ƅȹʠȩʋŗŻȑ˖ Ǯȩ̃ȩǮʋƣ
 ¥ʯȭſƨɼ ɄǑ țŗȳǖʯŗǖƨʌ Ƕʌ ʠȩƅȹʠȩʋŗŻȑ˖ Ǯȩ̃ȩǮʋƣ
 pƨȳƉƨ ʚǫƨɼƨ ȭʯʌʚ ſƨ ŗ ȳɄȳࣽɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣛ
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� óǶȭɱțƨ ŗȳƕ ,ŗȳɄȳǶƉŗț ¥Ʉȳࣽɼƨǖʯțŗɼ �ŗȳǖʯŗǖƨ

� = ȩࡹȩࡱ} | ȩ � {ࡱ = {✏, ,ࡹࡱ ,ࡹࡹࡱࡱ ,ࡹࡹࡹࡱࡱࡱ · · · , }

ÿǫƨɄɼƨȭ
� Ǯɾ ȩȹʋ ɮƣǐʠȑŗɮࣖ

çʯƨʌʚǶɄȳࣘ âɼɄɄǑࣞ

yȳʚʯǶʚǶɄȳࣘ �ȳ˦ ɱɼɄǖɼŗȭ ʚɄ ɼƨƉɄǖȳǶ˲ƨ � ʌƨƨȭʌ ʚɄ ɼƨɸʯǶɼƨ
ƉɄʯȳʚǶȳǖ ȳʯȭſƨɼ ɄǑ ˲ƨɼɄʌ Ƕȳ Ƕȳɱʯʚ ˝ǫǶƉǫ ƉŗȳȳɄʚ ſƨ ƕɄȳƨ ˝Ƕʚǫ
̇˥ƨƕ ȭƨȭɄɼ ࣖ˦

pɄ˝ ƕɄ ˝ƨ ǑɄɼȭŗțǶ˲ƨ ǶȳʚʯǶʚǶɄȳ ŗȳƕ ƉɄȭƨ ʯɱ ˝Ƕʚǫ ŗ ǑɄɼȭŗț
ɱɼɄɄǑࣞ

ࢍ



� óǶȭɱțƨ ŗȳƕ ,ŗȳɄȳǶƉŗț ¥Ʉȳࣽɼƨǖʯțŗɼ �ŗȳǖʯŗǖƨ

� = ȩࡹȩࡱ} | ȩ � {ࡱ = {✏, ,ࡹࡱ ,ࡹࡹࡱࡱ ,ࡹࡹࡹࡱࡱࡱ · · · , }

ÿǫƨɄɼƨȭ
� Ǯɾ ȩȹʋ ɮƣǐʠȑŗɮࣖ

çʯƨʌʚǶɄȳࣘ âɼɄɄǑࣞ

yȳʚʯǶʚǶɄȳࣘ �ȳ˦ ɱɼɄǖɼŗȭ ʚɄ ɼƨƉɄǖȳǶ˲ƨ � ʌƨƨȭʌ ʚɄ ɼƨɸʯǶɼƨ
ƉɄʯȳʚǶȳǖ ȳʯȭſƨɼ ɄǑ ˲ƨɼɄʌ Ƕȳ Ƕȳɱʯʚ ˝ǫǶƉǫ ƉŗȳȳɄʚ ſƨ ƕɄȳƨ ˝Ƕʚǫ
̇˥ƨƕ ȭƨȭɄɼ ࣖ˦

pɄ˝ ƕɄ ˝ƨ ǑɄɼȭŗțǶ˲ƨ ǶȳʚʯǶʚǶɄȳ ŗȳƕ ƉɄȭƨ ʯɱ ˝Ƕʚǫ ŗ ǑɄɼȭŗț
ɱɼɄɄǑࣞ

ࢍ
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� = ȩࡹȩࡱ} | ȩ � {ࡱ = {✏, ,ࡹࡱ ,ࡹࡹࡱࡱ ,ࡹࡹࡹࡱࡱࡱ · · · , }

ÿǫƨɄɼƨȭ
� Ǯɾ ȩȹʋ ɮƣǐʠȑŗɮࣖ

çʯƨʌʚǶɄȳࣘ âɼɄɄǑࣞ

yȳʚʯǶʚǶɄȳࣘ �ȳ˦ ɱɼɄǖɼŗȭ ʚɄ ɼƨƉɄǖȳǶ˲ƨ � ʌƨƨȭʌ ʚɄ ɼƨɸʯǶɼƨ
ƉɄʯȳʚǶȳǖ ȳʯȭſƨɼ ɄǑ ˲ƨɼɄʌ Ƕȳ Ƕȳɱʯʚ ˝ǫǶƉǫ ƉŗȳȳɄʚ ſƨ ƕɄȳƨ ˝Ƕʚǫ
̇˥ƨƕ ȭƨȭɄɼ ࣖ˦

pɄ˝ ƕɄ ˝ƨ ǑɄɼȭŗțǶ˲ƨ ǶȳʚʯǶʚǶɄȳ ŗȳƕ ƉɄȭƨ ʯɱ ˝Ƕʚǫ ŗ ǑɄɼȭŗț
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ࢍ
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� = ȩࡹȩࡱ} | ȩ � {ࡱ = {✏, ,ࡹࡱ ,ࡹࡹࡱࡱ ,ࡹࡹࡹࡱࡱࡱ · · · , }

ÿǫƨɄɼƨȭ
� Ǯɾ ȩȹʋ ɮƣǐʠȑŗɮࣖ

çʯƨʌʚǶɄȳࣘ âɼɄɄǑࣞ

yȳʚʯǶʚǶɄȳࣘ �ȳ˦ ɱɼɄǖɼŗȭ ʚɄ ɼƨƉɄǖȳǶ˲ƨ � ʌƨƨȭʌ ʚɄ ɼƨɸʯǶɼƨ
ƉɄʯȳʚǶȳǖ ȳʯȭſƨɼ ɄǑ ˲ƨɼɄʌ Ƕȳ Ƕȳɱʯʚ ˝ǫǶƉǫ ƉŗȳȳɄʚ ſƨ ƕɄȳƨ ˝Ƕʚǫ
̇˥ƨƕ ȭƨȭɄɼ ࣖ˦

pɄ˝ ƕɄ ˝ƨ ǑɄɼȭŗțǶ˲ƨ ǶȳʚʯǶʚǶɄȳ ŗȳƕ ƉɄȭƨ ʯɱ ˝Ƕʚǫ ŗ ǑɄɼȭŗț
ɱɼɄɄǑࣞ

ࢍ



� óǶȭɱțƨ ŗȳƕ ,ŗȳɄȳǶƉŗț ¥Ʉȳࣽɼƨǖʯțŗɼ �ŗȳǖʯŗǖƨ

� = ȩࡹȩࡱ} | ȩ � {ࡱ = {✏, ,ࡹࡱ ,ࡹࡹࡱࡱ ,ࡹࡹࡹࡱࡱࡱ · · · , }

ÿǫƨɄɼƨȭ
� Ǯɾ ȩȹʋ ɮƣǐʠȑŗɮࣖ

çʯƨʌʚǶɄȳࣘ âɼɄɄǑࣞ

yȳʚʯǶʚǶɄȳࣘ �ȳ˦ ɱɼɄǖɼŗȭ ʚɄ ɼƨƉɄǖȳǶ˲ƨ � ʌƨƨȭʌ ʚɄ ɼƨɸʯǶɼƨ
ƉɄʯȳʚǶȳǖ ȳʯȭſƨɼ ɄǑ ˲ƨɼɄʌ Ƕȳ Ƕȳɱʯʚ ˝ǫǶƉǫ ƉŗȳȳɄʚ ſƨ ƕɄȳƨ ˝Ƕʚǫ
̇˥ƨƕ ȭƨȭɄɼ ࣖ˦

pɄ˝ ƕɄ ˝ƨ ǑɄɼȭŗțǶ˲ƨ ǶȳʚʯǶʚǶɄȳ ŗȳƕ ƉɄȭƨ ʯɱ ˝Ƕʚǫ ŗ ǑɄɼȭŗț
ɱɼɄɄǑࣞ

ࢍ



âɼɄɄǑ ſ˦ ƉɄȳʚɼŗƕǶƉʚǶɄȳ

 óʯɱɱɄʌƨ � Ƕʌ ɼƨǖʯțŗɼࣖ ÿǫƨȳ ʚǫƨɼƨ Ƕʌ ŗ 6b� � ʌʯƉǫ ʚǫŗʚ
�(�) = �ࣖ

 �ƨʚ � = (Ü, ,ࡱ} ,{ࡹ �, ɾ,�) ˝ǫƨɼƨ |Ü| = ȩࣖ

ɪࡱࡱʌʚŗɼʚ ɪࡱࡹ ɪࡱࡽ · · · ɪȩ ɪȩ+ࡹ

· · ·
ɪࡹࡹࡹ ɪࡽࡹࡹ

ɪࡽࡹࡽ

ɪɮƣȃƣƅʋ

ࡹ

ࡹ
ࣗࡹࡱ ࡱ

ࣗࡹࡱ

ࡱ ࡱ

ࡹ

ࡱ

ࡹ

ࡹ
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âɼɄɄǑ ſ˦ ƉɄȳʚɼŗƕǶƉʚǶɄȳ

 óʯɱɱɄʌƨ � Ƕʌ ɼƨǖʯțŗɼࣖ ÿǫƨȳ ʚǫƨɼƨ Ƕʌ ŗ 6b� � ʌʯƉǫ ʚǫŗʚ
�(�) = �ࣖ

 �ƨʚ � = (Ü, ,ࡱ} ,{ࡹ �, ɾ,�) ˝ǫƨɼƨ |Ü| = ȩࣖ

ɪࡱࡱʌʚŗɼʚ ɪࡱࡹ ɪࡱࡽ · · · ɪȩ ɪȩ+ࡹ

· · ·
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ɪɮƣȃƣƅʋ

ࡹ
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each sabustring Oimust have a separate state
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âɼɄɄǑ ſ˦ ,ɄȳʚɼŗƕǶƉʚǶɄȳ

 óʯɱɱɄʌƨ � Ƕʌ ɼƨǖʯțŗɼࣖ ÿǫƨȳ ʚǫƨɼƨ Ƕʌ ŗ 6b� � ʌʯƉǫ ʚǫŗʚ
�(�) = �ࣖ

 �ƨʚ � = (Ü, ,ࡱ} ,{ࡹ �, ɾ,�) ˝ǫƨɼƨ |Ü| = ȩࣖ

,ɄȳʌǶƕƨɼ ʌʚɼǶȳǖʌ ✏, ,ࡱ ,ࡱࡱ ,ࡱࡱࡱ · · · , ȩࡱ ʚɄʚŗț ɄǑ ȩ+ ࡹ ʌʚɼǶȳǖʌࣖ

İǫŗʚ ʌʚŗʚƨʌ ƕɄƨʌ � ɼƨŗƉǫ Ʉȳ ʚǫƨ ŗſɄ˙ƨ ʌʚɼǶȳǖʌࣞ �ƨʚ
ɪǮ = �⇤(ɾ, ࣖ(Ǯࡱ

$˦ ɱǶǖƨɄȳ ǫɄțƨ ɱɼǶȳƉǶɱțƨ ɪǮ = ɪȃ ǑɄɼ ʌɄȭƨ ࡱ  Ǯ < ȃ  ȩࣖ
ÿǫŗʚ Ƕʌࣗ � Ƕʌ Ƕȳ ʚǫƨ ʌŗȭƨ ʌʚŗʚƨ ŗǑʚƨɼ ɼƨŗƕǶȳǖ Ǯࡱ ŗȳƕ ȃࡱ ˝ǫƨɼƨ
Ǯ 6= ȃࣖ

� ʌǫɄʯțƕ ŗƉƉƨɱʚ ǮࡹǮࡱ ſʯʚ ʚǫƨȳ Ƕʚ ˝Ƕțț ŗțʌɄ ŗƉƉƨɱʚ Ǯࡹȃࡱ ˝ǫƨɼƨ Ǯ 6= ȃࣖ

ÿǫǶʌ ƉɄȳʚɼŗƕǶƉʚʌ ʚǫƨ ǑŗƉʚ ʚǫŗʚ � ŗƉƉƨɱʚʌ �ࣖ ÿǫʯʌࣗ ʚǫƨɼƨ Ƕʌ ȳɄ 6b�
ǑɄɼ �ࣖ





âɼɄɄǑ ſ˦ ,ɄȳʚɼŗƕǶƉʚǶɄȳ

 óʯɱɱɄʌƨ � Ƕʌ ɼƨǖʯțŗɼࣖ ÿǫƨȳ ʚǫƨɼƨ Ƕʌ ŗ 6b� � ʌʯƉǫ ʚǫŗʚ
�(�) = �ࣖ

 �ƨʚ � = (Ü, ,ࡱ} ,{ࡹ �, ɾ,�) ˝ǫƨɼƨ |Ü| = ȩࣖ

,ɄȳʌǶƕƨɼ ʌʚɼǶȳǖʌ ✏, ,ࡱ ,ࡱࡱ ,ࡱࡱࡱ · · · , ȩࡱ ʚɄʚŗț ɄǑ ȩ+ ࡹ ʌʚɼǶȳǖʌࣖ

İǫŗʚ ʌʚŗʚƨʌ ƕɄƨʌ � ɼƨŗƉǫ Ʉȳ ʚǫƨ ŗſɄ˙ƨ ʌʚɼǶȳǖʌࣞ �ƨʚ
ɪǮ = �⇤(ɾ, ࣖ(Ǯࡱ

$˦ ɱǶǖƨɄȳ ǫɄțƨ ɱɼǶȳƉǶɱțƨ ɪǮ = ɪȃ ǑɄɼ ʌɄȭƨ ࡱ  Ǯ < ȃ  ȩࣖ
ÿǫŗʚ Ƕʌࣗ � Ƕʌ Ƕȳ ʚǫƨ ʌŗȭƨ ʌʚŗʚƨ ŗǑʚƨɼ ɼƨŗƕǶȳǖ Ǯࡱ ŗȳƕ ȃࡱ ˝ǫƨɼƨ
Ǯ 6= ȃࣖ

� ʌǫɄʯțƕ ŗƉƉƨɱʚ ǮࡹǮࡱ ſʯʚ ʚǫƨȳ Ƕʚ ˝Ƕțț ŗțʌɄ ŗƉƉƨɱʚ Ǯࡹȃࡱ ˝ǫƨɼƨ Ǯ 6= ȃࣖ

ÿǫǶʌ ƉɄȳʚɼŗƕǶƉʚʌ ʚǫƨ ǑŗƉʚ ʚǫŗʚ � ŗƉƉƨɱʚʌ �ࣖ ÿǫʯʌࣗ ʚǫƨɼƨ Ƕʌ ȳɄ 6b�
ǑɄɼ �ࣖ





âɼɄɄǑ ſ˦ ,ɄȳʚɼŗƕǶƉʚǶɄȳ

 óʯɱɱɄʌƨ � Ƕʌ ɼƨǖʯțŗɼࣖ ÿǫƨȳ ʚǫƨɼƨ Ƕʌ ŗ 6b� � ʌʯƉǫ ʚǫŗʚ
�(�) = �ࣖ

 �ƨʚ � = (Ü, ,ࡱ} ,{ࡹ �, ɾ,�) ˝ǫƨɼƨ |Ü| = ȩࣖ

,ɄȳʌǶƕƨɼ ʌʚɼǶȳǖʌ ✏, ,ࡱ ,ࡱࡱ ,ࡱࡱࡱ · · · , ȩࡱ ʚɄʚŗț ɄǑ ȩ+ ࡹ ʌʚɼǶȳǖʌࣖ

İǫŗʚ ʌʚŗʚƨʌ ƕɄƨʌ � ɼƨŗƉǫ Ʉȳ ʚǫƨ ŗſɄ˙ƨ ʌʚɼǶȳǖʌࣞ �ƨʚ
ɪǮ = �⇤(ɾ, ࣖ(Ǯࡱ

$˦ ɱǶǖƨɄȳ ǫɄțƨ ɱɼǶȳƉǶɱțƨ ɪǮ = ɪȃ ǑɄɼ ʌɄȭƨ ࡱ  Ǯ < ȃ  ȩࣖ
ÿǫŗʚ Ƕʌࣗ � Ƕʌ Ƕȳ ʚǫƨ ʌŗȭƨ ʌʚŗʚƨ ŗǑʚƨɼ ɼƨŗƕǶȳǖ Ǯࡱ ŗȳƕ ȃࡱ ˝ǫƨɼƨ
Ǯ 6= ȃࣖ

� ʌǫɄʯțƕ ŗƉƉƨɱʚ ǮࡹǮࡱ ſʯʚ ʚǫƨȳ Ƕʚ ˝Ƕțț ŗțʌɄ ŗƉƉƨɱʚ Ǯࡹȃࡱ ˝ǫƨɼƨ Ǯ 6= ȃࣖ

ÿǫǶʌ ƉɄȳʚɼŗƕǶƉʚʌ ʚǫƨ ǑŗƉʚ ʚǫŗʚ � ŗƉƉƨɱʚʌ �ࣖ ÿǫʯʌࣗ ʚǫƨɼƨ Ƕʌ ȳɄ 6b�
ǑɄɼ �ࣖ



reactor of these strings
we need to reach a differentstate

if u in

you hare
u items and in spaces
then 70 spaces must have

more than
one item



âɼɄɄǑ ſ˦ ,ɄȳʚɼŗƕǶƉʚǶɄȳ

 óʯɱɱɄʌƨ � Ƕʌ ɼƨǖʯțŗɼࣖ ÿǫƨȳ ʚǫƨɼƨ Ƕʌ ŗ 6b� � ʌʯƉǫ ʚǫŗʚ
�(�) = �ࣖ

 �ƨʚ � = (Ü, ,ࡱ} ,{ࡹ �, ɾ,�) ˝ǫƨɼƨ |Ü| = ȩࣖ

,ɄȳʌǶƕƨɼ ʌʚɼǶȳǖʌ ✏, ,ࡱ ,ࡱࡱ ,ࡱࡱࡱ · · · , ȩࡱ ʚɄʚŗț ɄǑ ȩ+ ࡹ ʌʚɼǶȳǖʌࣖ

İǫŗʚ ʌʚŗʚƨʌ ƕɄƨʌ � ɼƨŗƉǫ Ʉȳ ʚǫƨ ŗſɄ˙ƨ ʌʚɼǶȳǖʌࣞ �ƨʚ
ɪǮ = �⇤(ɾ, ࣖ(Ǯࡱ

$˦ ɱǶǖƨɄȳ ǫɄțƨ ɱɼǶȳƉǶɱțƨ ɪǮ = ɪȃ ǑɄɼ ʌɄȭƨ ࡱ  Ǯ < ȃ  ȩࣖ
ÿǫŗʚ Ƕʌࣗ � Ƕʌ Ƕȳ ʚǫƨ ʌŗȭƨ ʌʚŗʚƨ ŗǑʚƨɼ ɼƨŗƕǶȳǖ Ǯࡱ ŗȳƕ ȃࡱ ˝ǫƨɼƨ
Ǯ 6= ȃࣖ

� ʌǫɄʯțƕ ŗƉƉƨɱʚ ǮࡹǮࡱ ſʯʚ ʚǫƨȳ Ƕʚ ˝Ƕțț ŗțʌɄ ŗƉƉƨɱʚ Ǯࡹȃࡱ ˝ǫƨɼƨ Ǯ 6= ȃࣖ

ÿǫǶʌ ƉɄȳʚɼŗƕǶƉʚʌ ʚǫƨ ǑŗƉʚ ʚǫŗʚ � ŗƉƉƨɱʚʌ �ࣖ ÿǫʯʌࣗ ʚǫƨɼƨ Ƕʌ ȳɄ 6b�
ǑɄɼ �ࣖ





âɼɄɄǑ ſ˦ ,ɄȳʚɼŗƕǶƉʚǶɄȳ

 óʯɱɱɄʌƨ � Ƕʌ ɼƨǖʯțŗɼࣖ ÿǫƨȳ ʚǫƨɼƨ Ƕʌ ŗ 6b� � ʌʯƉǫ ʚǫŗʚ
�(�) = �ࣖ

 �ƨʚ � = (Ü, ,ࡱ} ,{ࡹ �, ɾ,�) ˝ǫƨɼƨ |Ü| = ȩࣖ

,ɄȳʌǶƕƨɼ ʌʚɼǶȳǖʌ ✏, ,ࡱ ,ࡱࡱ ,ࡱࡱࡱ · · · , ȩࡱ ʚɄʚŗț ɄǑ ȩ+ ࡹ ʌʚɼǶȳǖʌࣖ

İǫŗʚ ʌʚŗʚƨʌ ƕɄƨʌ � ɼƨŗƉǫ Ʉȳ ʚǫƨ ŗſɄ˙ƨ ʌʚɼǶȳǖʌࣞ �ƨʚ
ɪǮ = �⇤(ɾ, ࣖ(Ǯࡱ

$˦ ɱǶǖƨɄȳ ǫɄțƨ ɱɼǶȳƉǶɱțƨ ɪǮ = ɪȃ ǑɄɼ ʌɄȭƨ ࡱ  Ǯ < ȃ  ȩࣖ
ÿǫŗʚ Ƕʌࣗ � Ƕʌ Ƕȳ ʚǫƨ ʌŗȭƨ ʌʚŗʚƨ ŗǑʚƨɼ ɼƨŗƕǶȳǖ Ǯࡱ ŗȳƕ ȃࡱ ˝ǫƨɼƨ
Ǯ 6= ȃࣖ

� ʌǫɄʯțƕ ŗƉƉƨɱʚ ǮࡹǮࡱ ſʯʚ ʚǫƨȳ Ƕʚ ˝Ƕțț ŗțʌɄ ŗƉƉƨɱʚ Ǯࡹȃࡱ ˝ǫƨɼƨ Ǯ 6= ȃࣖ

ÿǫǶʌ ƉɄȳʚɼŗƕǶƉʚʌ ʚǫƨ ǑŗƉʚ ʚǫŗʚ � ŗƉƉƨɱʚʌ �ࣖ ÿǫʯʌࣗ ʚǫƨɼƨ Ƕʌ ȳɄ 6b�
ǑɄɼ �ࣖ





İǫƨȳ ʚ˝Ʉ ʌʚŗʚƨʌ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚࣞ

Oi g O's must have separate

states



óʚŗʚƨʌ ʚǫŗʚ ƉŗȳȳɄʚ ſƨ ƉɄȭſǶȳƨƕࣞ

ɪࡱࡱʌʚŗɼʚ ɪࡱࡹ ɪࡱࡽ · · · ɪȩ ɪȩ+ࡹ

· · ·
ɪࡹࡹࡹ ɪࡽࡹࡹ

ɪࡽࡹࡽ

ɪɮƣȃƣƅʋ

ࡹ

ࡹ
ࣗࡹࡱ ࡱ

ࣗࡹࡱ

ࡱ ࡱ

ࡹ

ࡱ

ࡹ

ࡹ

ࡱ ࡱ

İƨ ƉɄȳƉțʯƕƨƕ ʚǫŗʚ ſƨƉŗʯʌƨ ƨŗƉǫ Ǯࡱ ɱɼƨ̇˥ ǫŗʌ ŗ ʯȳǶɸʯƨ ʌʚŗʚƨࣖ
�ɼƨ ʚǫƨɼƨ ʌʚŗʚƨʌ ʚǫŗʚ ŗɼƨȳऒʚ ʯȳǶɸʯƨࣞ
,ŗȳ ʌʚŗʚƨʌ ſƨ ƉɄȭſǶȳƨƕࣞ

࢙

Do

IS two states ftp.qd

are the same

then O w qi C A

02W qi C A 03 have a seepstate

08

Lets combine 0 e O



EɸʯǶ˙ŗțƨȳƉƨ ſƨʚ˝ƨƨȳ ʌʚŗʚƨʌ

6ƨ̇ȳǶʚǶɄȳ
� = (Ü,⌃, �, ɾ,�)ࣘ 6b�ࣖ

ÿ˝Ʉ ʌʚŗʚƨʌ ɤ,ɪ 2 Ü ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ ǶǑ
ǑɄɼ ŗțț ʌʚɼǶȳǖʌ ˍ 2 ⌃⇤ࣗ ˝ƨ ǫŗ˙ƨ ʚǫŗʚ

�⇤(ɤ,ˍ) 2 � () �⇤(ɪ,ˍ) 2 �.

¶ȳƨ Ɖŗȳ ȭƨɼǖƨ ŗȳ˦ ʚ˝Ʉ ʌʚŗʚƨʌ ʚǫŗʚ
ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ ǶȳʚɄ ŗ ʌǶȳǖțƨ ʌʚŗʚƨࣖ

ɪࡱʌʚŗɼʚ ɪࡽ

ɪࡹ

ɪࢁ

ɪࢅ

ࡱ

ࡹ

ࡱࡱ

ࡱ ࡹ

ࡹ

ࡹ

ࣗࡹࡱ

ࡱࡹ

8cg 03 92

f q D ga

fCqz 07 92

f Cgs 17
94

Two state are
equivalent

if they result
in the

same accept
behavior

for all input
strings



6ǶʌʚǶȳǖʯǶʌǫǶȳǖ ſƨʚ˝ƨƨȳ ʌʚŗʚƨʌ

6ƨ̇ȳǶʚǶɄȳ
� = (Ü,⌃, �, ɾ,�)ࣘ 6b�ࣖ

ÿ˝Ʉ ʌʚŗʚƨʌ ɤ,ɪ 2 Ü ŗɼƨ
ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǶǑ ʚǫƨɼƨ ƨ˥Ƕʌʚʌ ŗ ʌʚɼǶȳǖ
ˍ 2 ⌃⇤ࣗ ʌʯƉǫ ʚǫŗʚ

�⇤(ɤ,ˍ) 2 � ŗȳƕ �⇤(ɪ,ˍ) /2 �.

Ʉɼ

�⇤(ɤ,ˍ) /2 � ŗȳƕ �⇤(ɪ,ˍ) 2 �.

ɪࡱʌʚŗɼʚ ɪࡽ

ɪࡹ

ɪࢁ

ɪࢅ

ࡱ

ࡹ

ࡱࡱ

ࡱ ࡹ

ࡹ

ࡹ

ࣗࡹࡱ

ࡹࡹ

Kgo 0 q

god gas

SCqas a07 92CA

G gz t Et CA



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ɱɼƨ̇˥ƨʌ

� = (Ü,⌃, �, ɾ,�)ࣘ 6b�

yƕƨŗࣘ E˙ƨɼ˦ ʌʚɼǶȳǖ ˍ 2 ⌃⇤ ƕƨ̇ȳƨʌ ŗ ʌʚŗʚƨ rˍ = �⇤(ɾ,ˍ)ࣖ

6ƨ̇ȳǶʚǶɄȳ
ÿ˝Ʉ ʌʚɼǶȳǖʌ ʠ,ˍ 2 ⌃⇤ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ � ࣯Ʉɼ �(�)ࣱ ǶǑ rʠ
ŗȳƕ rˍ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

6ƨ̇ȳǶʚǶɄȳ ࣯6ǶɼƨƉʚ ɼƨʌʚŗʚƨȭƨȳʚࣱ
ÿ˝Ʉ ɱɼƨ̇˥ƨʌ ʠ,ˍ 2 ⌃⇤ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ ŗ țŗȳǖʯŗǖƨ � ǶǑ
ʚǫƨɼƨ ƨ˥Ƕʌʚʌ ŗ ʌʚɼǶȳǖ ˕ࣗ ʌʯƉǫ ʚǫŗʚ ʠ˕ 2 � ŗȳƕ ˍ˕ /2 � ࣯Ʉɼ ʠ˕ /2 �
ŗȳƕ ˍ˕ 2 �ࣱࣖ

ࡽࡹ

qi f snow
grow

TCO P a

T OO gzT E TG J io 92

76001
94



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ɱɼƨ̇˥ƨʌ

� = (Ü,⌃, �, ɾ,�)ࣘ 6b�

yƕƨŗࣘ E˙ƨɼ˦ ʌʚɼǶȳǖ ˍ 2 ⌃⇤ ƕƨ̇ȳƨʌ ŗ ʌʚŗʚƨ rˍ = �⇤(ɾ,ˍ)ࣖ

6ƨ̇ȳǶʚǶɄȳ
ÿ˝Ʉ ʌʚɼǶȳǖʌ ʠ,ˍ 2 ⌃⇤ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ � ࣯Ʉɼ �(�)ࣱ ǶǑ rʠ
ŗȳƕ rˍ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

6ƨ̇ȳǶʚǶɄȳ ࣯6ǶɼƨƉʚ ɼƨʌʚŗʚƨȭƨȳʚࣱ
ÿ˝Ʉ ɱɼƨ̇˥ƨʌ ʠ,ˍ 2 ⌃⇤ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ ŗ țŗȳǖʯŗǖƨ � ǶǑ
ʚǫƨɼƨ ƨ˥Ƕʌʚʌ ŗ ʌʚɼǶȳǖ ˕ࣗ ʌʯƉǫ ʚǫŗʚ ʠ˕ 2 � ŗȳƕ ˍ˕ /2 � ࣯Ʉɼ ʠ˕ /2 �
ŗȳƕ ˍ˕ 2 �ࣱࣖ

ࡽࡹ



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ɱɼƨ̇˥ƨʌ

� = (Ü,⌃, �, ɾ,�)ࣘ 6b�

yƕƨŗࣘ E˙ƨɼ˦ ʌʚɼǶȳǖ ˍ 2 ⌃⇤ ƕƨ̇ȳƨʌ ŗ ʌʚŗʚƨ rˍ = �⇤(ɾ,ˍ)ࣖ

6ƨ̇ȳǶʚǶɄȳ
ÿ˝Ʉ ʌʚɼǶȳǖʌ ʠ,ˍ 2 ⌃⇤ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ � ࣯Ʉɼ �(�)ࣱ ǶǑ rʠ
ŗȳƕ rˍ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

6ƨ̇ȳǶʚǶɄȳ ࣯6ǶɼƨƉʚ ɼƨʌʚŗʚƨȭƨȳʚࣱ
ÿ˝Ʉ ɱɼƨ̇˥ƨʌ ʠ,ˍ 2 ⌃⇤ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ ŗ țŗȳǖʯŗǖƨ � ǶǑ
ʚǫƨɼƨ ƨ˥Ƕʌʚʌ ŗ ʌʚɼǶȳǖ ˕ࣗ ʌʯƉǫ ʚǫŗʚ ʠ˕ 2 � ŗȳƕ ˍ˕ /2 � ࣯Ʉɼ ʠ˕ /2 �
ŗȳƕ ˍ˕ 2 �ࣱࣖ

ࡽࡹ

A A

If Tu Tw qi f Cqi x q Aa

equivalent
If 8 6 undEA 8 6 Ux e 8 6 Wx q

f six A



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ȭƨŗȳʌ ƕǶ˽ƨɼƨȳʚ ʌʚŗʚƨʌ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

éƨȭǶȳƕƨɼࣘ r˕ = �⇤(ɾ, ˕) 2 Ü ŗȳƕ r˖ = �⇤(ɾ, ˖) 2 Ü

ࢁࡹ



âɼɄɄǑ ſ˦ ŗ ̇ǖʯɼƨ

âɄʌʌǶſțƨ ¥Ʉʚ ɱɄʌʌǶſțƨ

ɾʌʚŗɼʚ

�⇤(ɾ, ˕)

�⇤(ɾ, ˖)

�⇤(ɾ, ˕ˍ)

�⇤(ɾ, ˖ˍ)

˥

˦

˝

˝

ɾʌʚŗɼʚ �⇤(ɾ, ˕) =
�⇤(ɾ, ˖)

�⇤(ɾ, ˕ˍ)

�⇤(ɾ, ˖ˍ)

˥

˦

˝

˝

ࢅࡹ



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ʌʚɼǶȳǖʌ ȭƨŗȳʌ ƕǶ˽ƨɼƨȳʚ ʌʚŗʚƨʌࣘ âɼɄɄǑ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

âɼɄɄǑࣖ
�ʌʌʯȭƨ ǑɄɼ ʚǫƨ ʌŗȕƨ ɄǑ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ r˕ = r˖ࣖ

$˦ ŗʌʌʯȭɱʚǶɄȳ 9ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ r˕ˍ 2 � ŗȳƕ r˖ˍ /2 �ࣖ

=) � 3 r˕ˍ = �⇤(ɾ, ˕ˍ) = �⇤(r˕,ˍ)= �⇤(r˖,ˍ)
= �⇤(ɾ, ˖ˍ) = r˖ˍ /2 �ࣖ

=) � 3 r˖ˍ /2 �ࣖ yȭɱɄʌʌǶſțƨࣛ

�ʌʌʯȭɱʚǶɄȳ ʚǫŗʚ r˕ = r˖ Ƕʌ Ǒŗțʌƨࣖ

ࢉࡹ



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ʌʚɼǶȳǖʌ ȭƨŗȳʌ ƕǶ˽ƨɼƨȳʚ ʌʚŗʚƨʌࣘ âɼɄɄǑ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

âɼɄɄǑࣖ
�ʌʌʯȭƨ ǑɄɼ ʚǫƨ ʌŗȕƨ ɄǑ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ r˕ = r˖ࣖ

$˦ ŗʌʌʯȭɱʚǶɄȳ 9ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ r˕ˍ 2 � ŗȳƕ r˖ˍ /2 �ࣖ

=) � 3 r˕ˍ = �⇤(ɾ, ˕ˍ) = �⇤(r˕,ˍ)= �⇤(r˖,ˍ)
= �⇤(ɾ, ˖ˍ) = r˖ˍ /2 �ࣖ

=) � 3 r˖ˍ /2 �ࣖ yȭɱɄʌʌǶſțƨࣛ

�ʌʌʯȭɱʚǶɄȳ ʚǫŗʚ r˕ = r˖ Ƕʌ Ǒŗțʌƨࣖ

ࢉࡹ



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ʌʚɼǶȳǖʌ ȭƨŗȳʌ ƕǶ˽ƨɼƨȳʚ ʌʚŗʚƨʌࣘ âɼɄɄǑ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

âɼɄɄǑࣖ
�ʌʌʯȭƨ ǑɄɼ ʚǫƨ ʌŗȕƨ ɄǑ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ r˕ = r˖ࣖ

$˦ ŗʌʌʯȭɱʚǶɄȳ 9ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ r˕ˍ 2 � ŗȳƕ r˖ˍ /2 �ࣖ

=) � 3 r˕ˍ = �⇤(ɾ, ˕ˍ) = �⇤(r˕,ˍ)

= �⇤(r˖,ˍ)
= �⇤(ɾ, ˖ˍ) = r˖ˍ /2 �ࣖ

=) � 3 r˖ˍ /2 �ࣖ yȭɱɄʌʌǶſțƨࣛ

�ʌʌʯȭɱʚǶɄȳ ʚǫŗʚ r˕ = r˖ Ƕʌ Ǒŗțʌƨࣖ

ࢉࡹ



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ʌʚɼǶȳǖʌ ȭƨŗȳʌ ƕǶ˽ƨɼƨȳʚ ʌʚŗʚƨʌࣘ âɼɄɄǑ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

âɼɄɄǑࣖ
�ʌʌʯȭƨ ǑɄɼ ʚǫƨ ʌŗȕƨ ɄǑ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ r˕ = r˖ࣖ

$˦ ŗʌʌʯȭɱʚǶɄȳ 9ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ r˕ˍ 2 � ŗȳƕ r˖ˍ /2 �ࣖ

=) � 3 r˕ˍ = �⇤(ɾ, ˕ˍ) = �⇤(r˕,ˍ)= �⇤(r˖,ˍ)

= �⇤(ɾ, ˖ˍ) = r˖ˍ /2 �ࣖ

=) � 3 r˖ˍ /2 �ࣖ yȭɱɄʌʌǶſțƨࣛ

�ʌʌʯȭɱʚǶɄȳ ʚǫŗʚ r˕ = r˖ Ƕʌ Ǒŗțʌƨࣖ

ࢉࡹ



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ʌʚɼǶȳǖʌ ȭƨŗȳʌ ƕǶ˽ƨɼƨȳʚ ʌʚŗʚƨʌࣘ âɼɄɄǑ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

âɼɄɄǑࣖ
�ʌʌʯȭƨ ǑɄɼ ʚǫƨ ʌŗȕƨ ɄǑ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ r˕ = r˖ࣖ

$˦ ŗʌʌʯȭɱʚǶɄȳ 9ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ r˕ˍ 2 � ŗȳƕ r˖ˍ /2 �ࣖ

=) � 3 r˕ˍ = �⇤(ɾ, ˕ˍ) = �⇤(r˕,ˍ)= �⇤(r˖,ˍ)
= �⇤(ɾ, ˖ˍ) = r˖ˍ /2 �ࣖ

=) � 3 r˖ˍ /2 �ࣖ yȭɱɄʌʌǶſțƨࣛ

�ʌʌʯȭɱʚǶɄȳ ʚǫŗʚ r˕ = r˖ Ƕʌ Ǒŗțʌƨࣖ

ࢉࡹ



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ʌʚɼǶȳǖʌ ȭƨŗȳʌ ƕǶ˽ƨɼƨȳʚ ʌʚŗʚƨʌࣘ âɼɄɄǑ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

âɼɄɄǑࣖ
�ʌʌʯȭƨ ǑɄɼ ʚǫƨ ʌŗȕƨ ɄǑ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ r˕ = r˖ࣖ

$˦ ŗʌʌʯȭɱʚǶɄȳ 9ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ r˕ˍ 2 � ŗȳƕ r˖ˍ /2 �ࣖ

=) � 3 r˕ˍ = �⇤(ɾ, ˕ˍ) = �⇤(r˕,ˍ)= �⇤(r˖,ˍ)
= �⇤(ɾ, ˖ˍ) = r˖ˍ /2 �ࣖ

=) � 3 r˖ˍ /2 �ࣖ yȭɱɄʌʌǶſțƨࣛ

�ʌʌʯȭɱʚǶɄȳ ʚǫŗʚ r˕ = r˖ Ƕʌ Ǒŗțʌƨࣖ

ࢉࡹ



6ǶʌʚǶȳǖʯǶʌǫŗſțƨ ʌʚɼǶȳǖʌ ȭƨŗȳʌ ƕǶ˽ƨɼƨȳʚ ʌʚŗʚƨʌࣘ âɼɄɄǑ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

âɼɄɄǑࣖ
�ʌʌʯȭƨ ǑɄɼ ʚǫƨ ʌŗȕƨ ɄǑ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ r˕ = r˖ࣖ

$˦ ŗʌʌʯȭɱʚǶɄȳ 9ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ r˕ˍ 2 � ŗȳƕ r˖ˍ /2 �ࣖ

=) � 3 r˕ˍ = �⇤(ɾ, ˕ˍ) = �⇤(r˕,ˍ)= �⇤(r˖,ˍ)
= �⇤(ɾ, ˖ˍ) = r˖ˍ /2 �ࣖ

=) � 3 r˖ˍ /2 �ࣖ yȭɱɄʌʌǶſțƨࣛ

�ʌʌʯȭɱʚǶɄȳ ʚǫŗʚ r˕ = r˖ Ƕʌ Ǒŗțʌƨࣖ

ࢉࡹ



éƨ˙Ƕƨ˝ ɸʯƨʌʚǶɄȳʌࣖࣖࣖ

 âɼɄ˙ƨ ǑɄɼ ŗȳ˦ Ǯ 6= ȃ ʚǫƨȳ Ǯࡱ ŗȳƕ ȃࡱ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ
ʚǫƨ țŗȳǖʯŗǖƨ ȩࡹȩࡱ} | ȩ � ࣖ{ࡱ

 �ƨʚ � ſƨ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣗ ŗȳƕ țƨʚ ,ࡹˍ . . . ,ˍȋ ſƨ ʌʚɼǶȳǖʌ
ʚǫŗʚ ŗɼƨ ŗțț ɱŗǶɼ˝Ƕʌƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ �ࣖ âɼɄ˙ƨ ŗȳ˦ 6b�
ǑɄɼ � ȭʯʌʚ ǫŗ˙ƨ ŗʚ țƨŗʌʚ ȋ ʌʚŗʚƨʌࣖ

 âɼɄ˙ƨ ʚǫŗʚ ȩࡹȩࡱ} | ȩ � {ࡱ Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ

ࢍࡹ

O
UW C A u u are distinguishable
in pi
Vw f A u O u O w

Tfw OiliEA thus Oi E are

Ii A
distinguished



éƨ˙Ƕƨ˝ ɸʯƨʌʚǶɄȳʌࣖࣖࣖ

 âɼɄ˙ƨ ǑɄɼ ŗȳ˦ Ǯ 6= ȃ ʚǫƨȳ Ǯࡱ ŗȳƕ ȃࡱ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ
ʚǫƨ țŗȳǖʯŗǖƨ ȩࡹȩࡱ} | ȩ � ࣖ{ࡱ

 �ƨʚ � ſƨ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣗ ŗȳƕ țƨʚ ,ࡹˍ . . . ,ˍȋ ſƨ ʌʚɼǶȳǖʌ
ʚǫŗʚ ŗɼƨ ŗțț ɱŗǶɼ˝Ƕʌƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ �ࣖ âɼɄ˙ƨ ŗȳ˦ 6b�
ǑɄɼ � ȭʯʌʚ ǫŗ˙ƨ ŗʚ țƨŗʌʚ ȋ ʌʚŗʚƨʌࣖ

 âɼɄ˙ƨ ʚǫŗʚ ȩࡹȩࡱ} | ȩ � {ࡱ Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ

ࢍࡹ

Twi qi Q q gg Ql k or more



éƨ˙Ƕƨ˝ ɸʯƨʌʚǶɄȳʌࣖࣖࣖ

 âɼɄ˙ƨ ǑɄɼ ŗȳ˦ Ǯ 6= ȃ ʚǫƨȳ Ǯࡱ ŗȳƕ ȃࡱ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ
ʚǫƨ țŗȳǖʯŗǖƨ ȩࡹȩࡱ} | ȩ � ࣖ{ࡱ

 �ƨʚ � ſƨ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣗ ŗȳƕ țƨʚ ,ࡹˍ . . . ,ˍȋ ſƨ ʌʚɼǶȳǖʌ
ʚǫŗʚ ŗɼƨ ŗțț ɱŗǶɼ˝Ƕʌƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ �ࣖ âɼɄ˙ƨ ŗȳ˦ 6b�
ǑɄɼ � ȭʯʌʚ ǫŗ˙ƨ ŗʚ țƨŗʌʚ ȋ ʌʚŗʚƨʌࣖ

 âɼɄ˙ƨ ʚǫŗʚ ȩࡹȩࡱ} | ȩ � {ࡱ Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ

ࢍࡹ

me gg

For every stringTO qin
therefore

DFA must have atleast
u states

Since u DFA not possible

L not regular



bɄɄțǶȳǖ ʌƨʚʌࣘ âɼɄ˙Ƕȳǖ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦



bɄɄțǶȳǖ óƨʚʌ

6ƨ̇ȳǶʚǶɄȳ
bɄɼ ŗ țŗȳǖʯŗǖƨ � Ʉ˙ƨɼ ⌃ ŗ ʌƨʚ ɄǑ ʌʚɼǶȳǖʌ ^ ࣯ƉɄʯțƕ ſƨ Ƕȳ̇ȳǶʚƨࣱ Ƕʌ ŗ
ǑɄɄțǶȳǖ ʌƨʚ Ʉɼ ƕǶʌʚǶȳǖʯǶʌǫǶȳǖ ʌƨʚ ǑɄɼ � ǶǑ ƨ˙ƨɼ˦ ʚ˝Ʉ ƕǶʌʚǶȳƉʚ
ʌʚɼǶȳǖʌ ˕, ˖ 2 ^ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

E˥ŗȭɱțƨࣘ ^ = Ǯࡱ} | Ǯ � {ࡱ Ƕʌ ŗ ǑɄɄțǶȳǖ ʌƨʚ ǑɄɼ ʚǫƨ țŗȳǖʯŗǖƨ
� = ȩࡹȩࡱ} | ȩ � ࣖ{ࡱ

ÿǫƨɄɼƨȭ
çʠɤɤȹɾƣ ^ Ǯɾ ŗ ǋȹȹȑǮȩǐ ɾƣʋ ǋȹɮ �ࣖ tǋ ^ Ǯɾ ̃ȩǮʋƣ ʋǣƣȩ ʋǣƣɮƣ Ǯɾ ȩȹ
3^� � ʋǣŗʋ ŗƅƅƣɤʋɾ � ˍǮʋǣ ȑƣɾɾ ʋǣŗȩ |^| ɾʋŗʋƣɾࣖ

ࡹ



bɄɄțǶȳǖ óƨʚʌ

6ƨ̇ȳǶʚǶɄȳ
bɄɼ ŗ țŗȳǖʯŗǖƨ � Ʉ˙ƨɼ ⌃ ŗ ʌƨʚ ɄǑ ʌʚɼǶȳǖʌ ^ ࣯ƉɄʯțƕ ſƨ Ƕȳ̇ȳǶʚƨࣱ Ƕʌ ŗ
ǑɄɄțǶȳǖ ʌƨʚ Ʉɼ ƕǶʌʚǶȳǖʯǶʌǫǶȳǖ ʌƨʚ ǑɄɼ � ǶǑ ƨ˙ƨɼ˦ ʚ˝Ʉ ƕǶʌʚǶȳƉʚ
ʌʚɼǶȳǖʌ ˕, ˖ 2 ^ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

E˥ŗȭɱțƨࣘ ^ = Ǯࡱ} | Ǯ � {ࡱ Ƕʌ ŗ ǑɄɄțǶȳǖ ʌƨʚ ǑɄɼ ʚǫƨ țŗȳǖʯŗǖƨ
� = ȩࡹȩࡱ} | ȩ � ࣖ{ࡱ

ÿǫƨɄɼƨȭ
çʠɤɤȹɾƣ ^ Ǯɾ ŗ ǋȹȹȑǮȩǐ ɾƣʋ ǋȹɮ �ࣖ tǋ ^ Ǯɾ ̃ȩǮʋƣ ʋǣƣȩ ʋǣƣɮƣ Ǯɾ ȩȹ
3^� � ʋǣŗʋ ŗƅƅƣɤʋɾ � ˍǮʋǣ ȑƣɾɾ ʋǣŗȩ |^| ɾʋŗʋƣɾࣖ

ࡹ



bɄɄțǶȳǖ óƨʚʌ

6ƨ̇ȳǶʚǶɄȳ
bɄɼ ŗ țŗȳǖʯŗǖƨ � Ʉ˙ƨɼ ⌃ ŗ ʌƨʚ ɄǑ ʌʚɼǶȳǖʌ ^ ࣯ƉɄʯțƕ ſƨ Ƕȳ̇ȳǶʚƨࣱ Ƕʌ ŗ
ǑɄɄțǶȳǖ ʌƨʚ Ʉɼ ƕǶʌʚǶȳǖʯǶʌǫǶȳǖ ʌƨʚ ǑɄɼ � ǶǑ ƨ˙ƨɼ˦ ʚ˝Ʉ ƕǶʌʚǶȳƉʚ
ʌʚɼǶȳǖʌ ˕, ˖ 2 ^ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

E˥ŗȭɱțƨࣘ ^ = Ǯࡱ} | Ǯ � {ࡱ Ƕʌ ŗ ǑɄɄțǶȳǖ ʌƨʚ ǑɄɼ ʚǫƨ țŗȳǖʯŗǖƨ
� = ȩࡹȩࡱ} | ȩ � ࣖ{ࡱ

ÿǫƨɄɼƨȭ
çʠɤɤȹɾƣ ^ Ǯɾ ŗ ǋȹȹȑǮȩǐ ɾƣʋ ǋȹɮ �ࣖ tǋ ^ Ǯɾ ̃ȩǮʋƣ ʋǣƣȩ ʋǣƣɮƣ Ǯɾ ȩȹ
3^� � ʋǣŗʋ ŗƅƅƣɤʋɾ � ˍǮʋǣ ȑƣɾɾ ʋǣŗȩ |^| ɾʋŗʋƣɾࣖ

ࡹ



éƨƉŗțț

�țɼƨŗƕ˦ ɱɼɄ˙ƨƕ ʚǫƨ ǑɄțțɄ˝Ƕȳǖ țƨȭȭŗࣘ

�ƨȭȭŗ
�ࣘ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣࣖ

� = (Ü,⌃, �, ɾ,�)ࣘ 3^� ǋȹɮ �ࣖ

tǋ ˕, ˖ 2 ⌃⇤ ŗɮƣ ƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣࣗ ʋǣƣȩ r˕ 6= r˖ࣖ

éƨȭǶȳƕƨɼࣘ r˕ = �⇤(ɾ, ˕)ࣖ

ࡹ



âɼɄɄǑ ɄǑ ʚǫƨɄɼƨȭ

ÿǫƨɄɼƨȭ ࣯éƨ˝Ʉɼƕƨƕࣱࣖ
�ࣘ � ȑŗȩǐʠŗǐƣ

^ࣘ ŗ ǋȹȹȑǮȩǐ ɾƣʋ ǋȹɮ �ࣖ

tǋ ^ Ǯɾ ̃ȩǮʋƣ ʋǣƣȩ ŗȩ˖ 3^� � ʋǣŗʋ ŗƅƅƣɤʋɾ � ǣŗɾ ŗʋ ȑƣŗɾʋ |^| ɾʋŗʋƣɾࣖ

âɼɄɄǑࣖ
�ƨʚ ^ = ,ࡽˍ,ࡹˍ} . . . ,ˍȣ) ſƨ ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗȳ˦ 6b� ʚǫŗʚ ŗƉƉƨɱʚʌ �ࣖ

�ƨʚ ɪǮ = rˍǮ = �⇤(ɾ, ˕Ǯ)ࣖ

$˦ țƨȭȭŗ ɪǮ 6= ɪȃ ǑɄɼ ŗțț Ǯ 6= ȃࣖ

�ʌ ʌʯƉǫࣗ |Ü| � |{ɪࡹ, . . . ,ɪȣ}| = ,ࡹˍ}| . . . ,ˍȣ}| = |�|ࣖ

࢙ࡹ



âɼɄɄǑ ɄǑ ʚǫƨɄɼƨȭ

ÿǫƨɄɼƨȭ ࣯éƨ˝Ʉɼƕƨƕࣱࣖ
�ࣘ � ȑŗȩǐʠŗǐƣ

^ࣘ ŗ ǋȹȹȑǮȩǐ ɾƣʋ ǋȹɮ �ࣖ

tǋ ^ Ǯɾ ̃ȩǮʋƣ ʋǣƣȩ ŗȩ˖ 3^� � ʋǣŗʋ ŗƅƅƣɤʋɾ � ǣŗɾ ŗʋ ȑƣŗɾʋ |^| ɾʋŗʋƣɾࣖ

âɼɄɄǑࣖ
�ƨʚ ^ = ,ࡽˍ,ࡹˍ} . . . ,ˍȣ) ſƨ ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗȳ˦ 6b� ʚǫŗʚ ŗƉƉƨɱʚʌ �ࣖ

�ƨʚ ɪǮ = rˍǮ = �⇤(ɾ, ˕Ǯ)ࣖ

$˦ țƨȭȭŗ ɪǮ 6= ɪȃ ǑɄɼ ŗțț Ǯ 6= ȃࣖ

�ʌ ʌʯƉǫࣗ |Ü| � |{ɪࡹ, . . . ,ɪȣ}| = ,ࡹˍ}| . . . ,ˍȣ}| = |�|ࣖ

࢙ࡹ

W



âɼɄɄǑ ɄǑ ʚǫƨɄɼƨȭ

ÿǫƨɄɼƨȭ ࣯éƨ˝Ʉɼƕƨƕࣱࣖ
�ࣘ � ȑŗȩǐʠŗǐƣ

^ࣘ ŗ ǋȹȹȑǮȩǐ ɾƣʋ ǋȹɮ �ࣖ

tǋ ^ Ǯɾ ̃ȩǮʋƣ ʋǣƣȩ ŗȩ˖ 3^� � ʋǣŗʋ ŗƅƅƣɤʋɾ � ǣŗɾ ŗʋ ȑƣŗɾʋ |^| ɾʋŗʋƣɾࣖ

âɼɄɄǑࣖ
�ƨʚ ^ = ,ࡽˍ,ࡹˍ} . . . ,ˍȣ) ſƨ ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗȳ˦ 6b� ʚǫŗʚ ŗƉƉƨɱʚʌ �ࣖ

�ƨʚ ɪǮ = rˍǮ = �⇤(ɾ, ˕Ǯ)ࣖ

$˦ țƨȭȭŗ ɪǮ 6= ɪȃ ǑɄɼ ŗțț Ǯ 6= ȃࣖ

�ʌ ʌʯƉǫࣗ |Ü| � |{ɪࡹ, . . . ,ɪȣ}| = ,ࡹˍ}| . . . ,ˍȣ}| = |�|ࣖ

࢙ࡹ

e Sd



yȳ̇ȳǶʚƨ bɄɄțǶȳǖ óƨʚʌ

,ɄɼɄțțŗɼ˦
tǋ � ǣŗɾ ŗȩ Ǯȩ̃ȩǮʋƣ ǋȹȹȑǮȩǐ ɾƣʋ ^ ʋǣƣȩ � Ǯɾ ȩȹʋ ɮƣǐʠȑŗɮࣖ

âɼɄɄǑࣖ
�ƨʚ ,ࡽˍ,ࡹˍ . . . ✓ ^ ſƨ ŗȳ Ƕȳ̇ȳǶʚƨ ʌƨɸʯƨȳƉƨ ɄǑ ʌʚɼǶȳǖʌ ʌʯƉǫ ʚǫŗʚ
ƨ˙ƨɼ˦ ɱŗǶɼ ɄǑ ʚǫƨȭ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

�ʌʌʯȭƨ ǑɄɼ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ 9 � ŗ 6b� ǑɄɼ �ࣖ

�ƨʚ ^Ǯ = ,ࡹˍ} . . . ,ˍǮ}ࣖ

$˦ ʚǫƨɄɼƨȭࣗ # ʌʚŗʚƨʌ ɄǑ � � |^Ǯ| = Ǯࣗ ǑɄɼ ŗțț Ǯࣖ

�ʌ ʌʯƉǫࣗ ȳʯȭſƨɼ ɄǑ ʌʚŗʚƨʌ Ƕȳ � Ƕʌ Ƕȳ̇ȳǶʚƨࣖ

,ɄȳʚɼŗƕǶƉʚǶɄȳࣘ 6b� ঋ ƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗࣖ $ʯʚ � ȳɄʚ
̇ȳǶʚƨࣖ

ࡱࡽ



yȳ̇ȳǶʚƨ bɄɄțǶȳǖ óƨʚʌ

,ɄɼɄțțŗɼ˦
tǋ � ǣŗɾ ŗȩ Ǯȩ̃ȩǮʋƣ ǋȹȹȑǮȩǐ ɾƣʋ ^ ʋǣƣȩ � Ǯɾ ȩȹʋ ɮƣǐʠȑŗɮࣖ

âɼɄɄǑࣖ
�ƨʚ ,ࡽˍ,ࡹˍ . . . ✓ ^ ſƨ ŗȳ Ƕȳ̇ȳǶʚƨ ʌƨɸʯƨȳƉƨ ɄǑ ʌʚɼǶȳǖʌ ʌʯƉǫ ʚǫŗʚ
ƨ˙ƨɼ˦ ɱŗǶɼ ɄǑ ʚǫƨȭ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

�ʌʌʯȭƨ ǑɄɼ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ 9 � ŗ 6b� ǑɄɼ �ࣖ

�ƨʚ ^Ǯ = ,ࡹˍ} . . . ,ˍǮ}ࣖ

$˦ ʚǫƨɄɼƨȭࣗ # ʌʚŗʚƨʌ ɄǑ � � |^Ǯ| = Ǯࣗ ǑɄɼ ŗțț Ǯࣖ

�ʌ ʌʯƉǫࣗ ȳʯȭſƨɼ ɄǑ ʌʚŗʚƨʌ Ƕȳ � Ƕʌ Ƕȳ̇ȳǶʚƨࣖ

,ɄȳʚɼŗƕǶƉʚǶɄȳࣘ 6b� ঋ ƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗࣖ $ʯʚ � ȳɄʚ
̇ȳǶʚƨࣖ

ࡱࡽ



yȳ̇ȳǶʚƨ bɄɄțǶȳǖ óƨʚʌ

,ɄɼɄțțŗɼ˦
tǋ � ǣŗɾ ŗȩ Ǯȩ̃ȩǮʋƣ ǋȹȹȑǮȩǐ ɾƣʋ ^ ʋǣƣȩ � Ǯɾ ȩȹʋ ɮƣǐʠȑŗɮࣖ

âɼɄɄǑࣖ
�ƨʚ ,ࡽˍ,ࡹˍ . . . ✓ ^ ſƨ ŗȳ Ƕȳ̇ȳǶʚƨ ʌƨɸʯƨȳƉƨ ɄǑ ʌʚɼǶȳǖʌ ʌʯƉǫ ʚǫŗʚ
ƨ˙ƨɼ˦ ɱŗǶɼ ɄǑ ʚǫƨȭ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

�ʌʌʯȭƨ ǑɄɼ ƉɄȳʚɼŗƕǶƉʚǶɄȳ ʚǫŗʚ 9 � ŗ 6b� ǑɄɼ �ࣖ

�ƨʚ ^Ǯ = ,ࡹˍ} . . . ,ˍǮ}ࣖ

$˦ ʚǫƨɄɼƨȭࣗ # ʌʚŗʚƨʌ ɄǑ � � |^Ǯ| = Ǯࣗ ǑɄɼ ŗțț Ǯࣖ

�ʌ ʌʯƉǫࣗ ȳʯȭſƨɼ ɄǑ ʌʚŗʚƨʌ Ƕȳ � Ƕʌ Ƕȳ̇ȳǶʚƨࣖ

,ɄȳʚɼŗƕǶƉʚǶɄȳࣘ 6b� ঋ ƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗࣖ $ʯʚ � ȳɄʚ
̇ȳǶʚƨࣖ

ࡱࡽ



E˥ŗȭɱțƨʌ

 ȩࡹȩࡱ} | ȩ � {ࡱ

 {ſǶʚʌʚɼǶȳǖʌ ˝Ƕʚǫ ƨɸʯŗț ȳʯȭſƨɼ ɄǑ ʌࡱ ŗȳƕ {ʌࡹ
,ŗȳ ʯʌƨ ʚǫƨ ʌŗȭƨ ǑɄɄțǶȳǖ ʌƨʚ ŗʌ ſƨǑɄɼƨࣘ óŗȭƨ țɄǖǶƉࣖ
ǮࡹǮࡱ 2 � ŗȳƕ Ǯࡹȃࡱ /2 � ʌɄ rࡱǮ ŗȳƕ rࡱȃ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ
ŗȳƕ ʌɄ � Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ

 `ࡹȋࡱ} | ȋ 6= `}
óǶȭǶțŗɼ țɄǖǶƉࣖ ǮࡹǮࡱ /2 � ŗȳƕ Ǯࡹȃࡱ 2 � ʌɄ rࡱǮ ŗȳƕ rࡱȃ ŗɼƨ
ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ŗȳƕ ʌɄ � Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ

ࡹࡽ

Fe d Ii 03
O's are distinguishable because we Ii

oiniti 03

u O w.li aw L

v O v w E L



E˥ŗȭɱțƨʌ

� = {bi`BM;b Q7 T`QT2`Hv K�i+?2/ QT2M �M/ +HQbBM; T�`2Mi?2b2b}

ࡽࡽ



E˥ŗȭɱțƨʌ

� = {T�HBM/`QK2b Qp2` i?2 #BM�`v �HT?�#2i⌃ = ,ࡱ} {{ࡹ
� ɱŗțǶȳƕɼɄȭƨ Ƕʌ ŗ ʌʚɼǶȳǖ ʚǫŗʚ Ƕʌ ƨɸʯŗț ʚɄ Ƕʚʌ ɼƨ˙ƨɼʌŗțࣗ ƨࣖǖࣖ ࡹࡱࡱࡱࡹ
Ʉɼ ࣖࡱࡹࡹࡱ

ࢁࡽ

f Corgi i 03 hence all prefixes are

Xfy
distinguishable

u CON eew E L IFL a

ol t v w L Then M cannotexis

Cm not regular

w a CO



E˥ɱɄȳƨȳʚǶŗț ǖŗɱ Ƕȳ ȳʯȭſƨɼ ɄǑ ʌʚŗʚƨʌ
ſƨʚ˝ƨƨȳ 6b� ŗȳƕ ¥b� ʌǶ˲ƨʌ



E˥ɱɄȳƨȳʚǶŗț ǖŗɱ ſƨʚ˝ƨƨȳ ¥b� ŗȳƕ 6b� ʌǶ˲ƨ

ࢅ� = {ˍ 2 ,ࡱ} ⇤{ࡹ | ˍ ǫŗʌ ŗ ࡹ țɄƉŗʚƨƕ ࢅ ɱɄʌǶʚǶɄȳʌ ǑɼɄȭ ʚǫƨ ƨȳƕ}

6b�ࣘ

q
q1000

 0 

q0001

 1 

q1001
q0010  0 

q0011

 1 

q1100

 0  1 

q1101

q1010 0 

q1011 1 

q0100  0 

q0101 1 

q0110  0 
q0111

 1 

q1110

 0 

 1 

q1111
 0 

 1 

 0 

 1 

 0 

 1 

 0 

 1 
 0 

 1 

 0 

 1 
 0 

 1 

 0 

 1 

 0 

 1 

¥b�ࣘ
q q4

 0,1 

q1 1 q2 0, 1 q3 0, 1  0, 1 

ࢅࡽ

I k

z

ki l states



E˥ɱɄȳƨȳʚǶŗț ǖŗɱ ſƨʚ˝ƨƨȳ ¥b� ŗȳƕ 6b� ʌǶ˲ƨ

�ȋ = {ˍ 2 ,ࡱ} ⇤{ࡹ | ˍ ǫŗʌ ŗ ࡹ ȋ ɱɄʌǶʚǶɄȳʌ ǑɼɄȭ ʚǫƨ ƨȳƕ}

éƨƉŗțț ʚǫŗʚ �ȋ Ƕʌ ŗƉƉƨɱʚƨƕ ſ˦ ŗ ¥b� � ˝Ƕʚǫ ȋ+ ࡹ ʌʚŗʚƨʌࣖ

ÿǫƨɄɼƨȭ
Bˉƣɮ˖ 3^� ʋǣŗʋ ŗƅƅƣɤʋɾ �ȋ ǣŗɾ ŗʋ ȑƣŗɾʋ ȋࡽ ɾʋŗʋƣɾࣖ

,țŗǶȭ
^ = {ˍ 2 ,ࡱ} ⇤{ࡹ : |ˍ| = ȋ} Ƕʌ ŗ ǑɄɄțǶȳǖ ʌƨʚ ɄǑ ʌǶ˲ƨ ȋࡽ ǑɄɼ �ȋࣖ

İǫ˦ࣞ

ࢉࡽ



E˥ɱɄȳƨȳʚǶŗț ǖŗɱ ſƨʚ˝ƨƨȳ ¥b� ŗȳƕ 6b� ʌǶ˲ƨ

�ȋ = {ˍ 2 ,ࡱ} ⇤{ࡹ | ˍ ǫŗʌ ŗ ࡹ ȋ ɱɄʌǶʚǶɄȳʌ ǑɼɄȭ ʚǫƨ ƨȳƕ}

éƨƉŗțț ʚǫŗʚ �ȋ Ƕʌ ŗƉƉƨɱʚƨƕ ſ˦ ŗ ¥b� � ˝Ƕʚǫ ȋ+ ࡹ ʌʚŗʚƨʌࣖ

ÿǫƨɄɼƨȭ
Bˉƣɮ˖ 3^� ʋǣŗʋ ŗƅƅƣɤʋɾ �ȋ ǣŗɾ ŗʋ ȑƣŗɾʋ ȋࡽ ɾʋŗʋƣɾࣖ

,țŗǶȭ
^ = {ˍ 2 ,ࡱ} ⇤{ࡹ : |ˍ| = ȋ} Ƕʌ ŗ ǑɄɄțǶȳǖ ʌƨʚ ɄǑ ʌǶ˲ƨ ȋࡽ ǑɄɼ �ȋࣖ

İǫ˦ࣞ

ࢉࡽ



E˥ɱɄȳƨȳʚǶŗț ǖŗɱ ſƨʚ˝ƨƨȳ ¥b� ŗȳƕ 6b� ʌǶ˲ƨ

�ȋ = {ˍ 2 ,ࡱ} ⇤{ࡹ | ˍ ǫŗʌ ŗ ࡹ ȋ ɱɄʌǶʚǶɄȳʌ ǑɼɄȭ ʚǫƨ ƨȳƕ}

éƨƉŗțț ʚǫŗʚ �ȋ Ƕʌ ŗƉƉƨɱʚƨƕ ſ˦ ŗ ¥b� � ˝Ƕʚǫ ȋ+ ࡹ ʌʚŗʚƨʌࣖ

ÿǫƨɄɼƨȭ
Bˉƣɮ˖ 3^� ʋǣŗʋ ŗƅƅƣɤʋɾ �ȋ ǣŗɾ ŗʋ ȑƣŗɾʋ ȋࡽ ɾʋŗʋƣɾࣖ

,țŗǶȭ
^ = {ˍ 2 ,ࡱ} ⇤{ࡹ : |ˍ| = ȋ} Ƕʌ ŗ ǑɄɄțǶȳǖ ʌƨʚ ɄǑ ʌǶ˲ƨ ȋࡽ ǑɄɼ �ȋࣖ

İǫ˦ࣞ

ࢉࡽ



E˥ɱɄȳƨȳʚǶŗț ǖŗɱ ſƨʚ˝ƨƨȳ ¥b� ŗȳƕ 6b� ʌǶ˲ƨ

�ȋ = {ˍ 2 ,ࡱ} ⇤{ࡹ | ˍ ǫŗʌ ŗ ࡹ ȋ ɱɄʌǶʚǶɄȳʌ ǑɼɄȭ ʚǫƨ ƨȳƕ}

éƨƉŗțț ʚǫŗʚ �ȋ Ƕʌ ŗƉƉƨɱʚƨƕ ſ˦ ŗ ¥b� � ˝Ƕʚǫ ȋ+ ࡹ ʌʚŗʚƨʌࣖ

ÿǫƨɄɼƨȭ
Bˉƣɮ˖ 3^� ʋǣŗʋ ŗƅƅƣɤʋɾ �ȋ ǣŗɾ ŗʋ ȑƣŗɾʋ ȋࡽ ɾʋŗʋƣɾࣖ

,țŗǶȭ
^ = {ˍ 2 ,ࡱ} ⇤{ࡹ : |ˍ| = ȋ} Ƕʌ ŗ ǑɄɄțǶȳǖ ʌƨʚ ɄǑ ʌǶ˲ƨ ȋࡽ ǑɄɼ �ȋࣖ

İǫ˦ࣞ

ࢉࡽ

kth position from µ i
theend I000000

MY
x x x

I i
Y Yo Yi Yz

ith position is for first digits Oigits

that differ
differ



pɄ˝ ƕɄ ɱǶƉȕ ŗ ǑɄɄțǶȳǖ ʌƨʚ

pɄ˝ ƕɄ ˝ƨ ɱǶƉȕ ŗ ǑɄɄțǶȳǖ ʌƨʚ ^ࣞ

 yǑ ˕, ˖ ŗɼƨ Ƕȳ ^ ŗȳƕ ˕ 6= ˖ ʚǫƨ˦ ʌǫɄʯțƕ ſƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣛ ¶Ǒ
ƉɄʯɼʌƨࣖ

 �țț ʌʚɼǶȳǖʌ Ƕȳ ^ ƨ˥Ɖƨɱʚ ȭŗ˦ſƨ Ʉȳƨ ʌǫɄʯțƕ ſƨ ɱɼƨ̇˥ƨʌ ɄǑ
ʌʚɼǶȳǖʌ Ƕȳ ʚǫƨ țŗȳǖʯŗǖƨ �ࣖ
bɄɼ ƨ˥ŗȭɱțƨ ǶǑ � = ȋࡹȋࡱ} | ȋ � {ࡱ ƕɄ ȳɄʚ ɱǶƉȕ ࡹ ŗȳƕ ࡱࡹ ࣯ʌŗ˦ࣱࣖ
İǫ˦ࣞ

ࢍࡽ



¡˦ǫǶțțࣽ¥ƨɼɄƕƨ ÿǫƨɄɼƨȭ



¶ȳƨ ŗʯʚɄȭŗʚŗ ʚɄ ɼʯțƨ ʚǫƨȭ ŗțț

ए¡˦ǫǶțțࣽ¥ƨɼɄƕƨ ÿǫƨɄɼƨȭऐࣘ � ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨ � ǫŗʌ ŗ ʯȳǶɸʯƨ
࣯ʯɱ ʚɄ ȳŗȭǶȳǖࣱ ȭǶȳǶȭŗț ŗʯʚɄȭŗʚŗࣗ ŗȳƕ Ƕʚ Ɖŗȳ ſƨ ƉɄȭɱʯʚƨƕ
ƨ˾ƉǶƨȳʚț˦ ɄȳƉƨ ŗȳ˦ 6b� Ƕʌ ǖǶ˙ƨȳ ǑɄɼ �ࣖ

ࡽ



yȳƕǶʌʚǶȳǖʯǶʌǫŗſț˦

éƨƉŗțțࣘ

6ƨ̇ȳǶʚǶɄȳ
bɄɼ ŗ țŗȳǖʯŗǖƨ � Ʉ˙ƨɼ ⌃ ŗȳƕ ʚ˝Ʉ ʌʚɼǶȳǖʌ ˕, ˖ 2 ⌃⇤ ˝ƨ ʌŗ˦ ʚǫŗʚ ˕
ŗȳƕ ˖ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ˝Ƕʚǫ ɼƨʌɱƨƉʚ ʚɄ � ǶǑ ʚǫƨɼƨ Ƕʌ ŗ ʌʚɼǶȳǖ
ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ ƨ˥ŗƉʚț˦ Ʉȳƨ ɄǑ ˕ˍ, ˖ˍ Ƕʌ Ƕȳ �ࣖ ˕, ˖ ŗɼƨ
ǶȳƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ˝Ƕʚǫ ɼƨʌɱƨƉʚ ʚɄ � ǶǑ ʚǫƨɼƨ Ƕʌ ȳɄ ʌʯƉǫ ˍࣖ

eǶ˙ƨȳ țŗȳǖʯŗǖƨ � Ʉ˙ƨɼ ⌃ ƕƨ̇ȳƨ ŗ ɼƨțŗʚǶɄȳ ⌘� Ʉ˙ƨɼ ʌʚɼǶȳǖʌ Ƕȳ ⌃⇤

ŗʌ ǑɄțțɄ˝ʌࣘ ˕ ⌘� ˖ Ƕ˽ ˕ ŗȳƕ ˖ ŗɼƨ ǶȳƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ˝Ƕʚǫ ɼƨʌɱƨƉʚ
ʚɄ �ࣖ

6ƨ̇ȳǶʚǶɄȳ
˕ ⌘� ˖ ȭƨŗȳʌ ʚǫŗʚ 8ˍ 2 ⌃⇤ࣘ ˕ˍ 2 � () ˖ˍ 2 �ࣖ

yȳ ˝Ʉɼƕʌࣘ ˕ Ƕʌ ƨɸʯǶ˙ŗțƨȳʚ ʚɄ ˖ ʯȳƕƨɼ �ࣖ

ࡽ



yȳƕǶʌʚǶȳǖʯǶʌǫŗſț˦

éƨƉŗțțࣘ

6ƨ̇ȳǶʚǶɄȳ
bɄɼ ŗ țŗȳǖʯŗǖƨ � Ʉ˙ƨɼ ⌃ ŗȳƕ ʚ˝Ʉ ʌʚɼǶȳǖʌ ˕, ˖ 2 ⌃⇤ ˝ƨ ʌŗ˦ ʚǫŗʚ ˕
ŗȳƕ ˖ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ˝Ƕʚǫ ɼƨʌɱƨƉʚ ʚɄ � ǶǑ ʚǫƨɼƨ Ƕʌ ŗ ʌʚɼǶȳǖ
ˍ 2 ⌃⇤ ʌʯƉǫ ʚǫŗʚ ƨ˥ŗƉʚț˦ Ʉȳƨ ɄǑ ˕ˍ, ˖ˍ Ƕʌ Ƕȳ �ࣖ ˕, ˖ ŗɼƨ
ǶȳƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ˝Ƕʚǫ ɼƨʌɱƨƉʚ ʚɄ � ǶǑ ʚǫƨɼƨ Ƕʌ ȳɄ ʌʯƉǫ ˍࣖ

eǶ˙ƨȳ țŗȳǖʯŗǖƨ � Ʉ˙ƨɼ ⌃ ƕƨ̇ȳƨ ŗ ɼƨțŗʚǶɄȳ ⌘� Ʉ˙ƨɼ ʌʚɼǶȳǖʌ Ƕȳ ⌃⇤

ŗʌ ǑɄțțɄ˝ʌࣘ ˕ ⌘� ˖ Ƕ˽ ˕ ŗȳƕ ˖ ŗɼƨ ǶȳƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ˝Ƕʚǫ ɼƨʌɱƨƉʚ
ʚɄ �ࣖ

6ƨ̇ȳǶʚǶɄȳ
˕ ⌘� ˖ ȭƨŗȳʌ ʚǫŗʚ 8ˍ 2 ⌃⇤ࣘ ˕ˍ 2 � () ˖ˍ 2 �ࣖ

yȳ ˝Ʉɼƕʌࣘ ˕ Ƕʌ ƨɸʯǶ˙ŗțƨȳʚ ʚɄ ˖ ʯȳƕƨɼ �ࣖ

ࡽ



E˥ŗȭɱțƨࣘ EɸʯǶ˙ŗțƨȳƉƨ Ɖțŗʌʌƨʌ

q0

q1 0 

q2

 0 

 0 

࢙ࡽ



yȳƕǶʌʚǶȳǖʯǶʌǫŗſǶțǶʚ˦

,țŗǶȭ
⌘� Ƕʌ ŗȳ ƨɸʯǶ˙ŗțƨȳƉƨ ɼƨțŗʚǶɄȳ Ʉ˙ƨɼ ⌃⇤ࣖ
âɼɄɄǑࣖ
 éƨ̈ƨ˥Ƕ˙ƨࣘ 8˕ 2 ⌃⇤ࣘ 8ˍ 2 ⌃⇤ࣘ ˕ˍ 2 � () ˕ˍ 2 �ࣖ
=) ˕ ⌘� ˕ࣖ

 ó˦ȭȭƨʚɼ˦ࣘ ˕ ⌘� ˖ ʚǫƨȳ 8ˍ 2 ⌃⇤ࣘ ˕ˍ 2 � () ˖ˍ 2 �
8ˍ 2 ⌃⇤ࣘ ˖ˍ 2 � () ˕ˍ 2 � =) ˖ ⌘� ˕ ࣖ

 ÿɼŗȳʌǶʚǶ˙Ƕʚ˦ࣘ ˕ ⌘� ˖ ŗȳƕ ˖ ⌘� ˢ
8ˍ 2 ⌃⇤ࣘ ˕ˍ 2 � () ˖ˍ 2 � ŗȳƕ 8ˍ 2 ⌃⇤ࣘ ˖ˍ 2 � ()
ˢˍ 2 �
=) 8ˍ 2 ⌃⇤ࣘ ˕ˍ 2 � () ˢˍ 2 �
=) ˕ ⌘� ˢࣖ

ࡱࢁ



EɸʯǶ˙ŗțƨȳƉƨʌ Ʉ˙ƨɼ ŗʯʚɄȭŗʚŗʌࣖࣖࣖ

,țŗǶȭ
⌘� Ƕʌ ŗȳ ƨɸʯǶ˙ŗțƨȳƉƨ ɼƨțŗʚǶɄȳ Ʉ˙ƨɼ ⌃⇤ࣖ
ÿǫƨɼƨǑɄɼƨࣗ ⌘� ɱŗɼʚǶʚǶɄȳʌ ⌃⇤ ǶȳʚɄ ŗ ƉɄțțƨƉʚǶɄȳ ɄǑ ƨɸʯǶ˙ŗțƨȳƉƨ
Ɖțŗʌʌƨʌࣖ

6ƨ̇ȳǶʚǶɄȳ
�ࣘ � țŗȳǖʯŗǖƨ bɄɼ ŗ ʌʚɼǶȳǖ ˕ 2 ⌃⇤ࣗ țƨʚ

[˕] = [˕]� = {˖ 2 ⌃⇤ | ˕ ⌘� ˖}

ſƨ ʚǫƨ ƨɸʯǶ˙ŗțƨȳƉƨ Ɖțŗʌʌ ɄǑ ˕ ŗƉƉɄɼƕǶȳǖ ʚɄ �ࣖ

6ƨ̇ȳǶʚǶɄȳ
[�] = {[˕]� | ˕ 2 ⌃⇤} Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ƨɸʯǶ˙ŗțƨȳƉƨ Ɖțŗʌʌƨʌ ɄǑ �ࣖ

ࡹࢁ



,țŗǶȭ

,țŗǶȭ
�ƨʚ ˕, ˖ ſƨ ʚ˝Ʉ ƕǶʌʚǶȳƉʚ ʌʚɼǶȳǖʌࣖ yǑ ˕, ˖ ſƨțɄȳǖ ʚɄ ʚǫƨ ʌŗȭƨ
ƨɸʯǶ˙ŗțƨȳƉƨ Ɖțŗʌʌ ɄǑ ⌘� ʚǫƨȳ ˕, ˖ ŗɼƨ ǶȳƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ
¶ʚǫƨɼ˝Ƕʌƨ ʚǫƨ˦ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨࣖ

ࡽࢁ



óʚɼǶȳǖʌ Ƕȳ ʚǫƨ ʌŗȭƨ ƨɸʯǶ˙ŗțƨȳƉƨ Ɖțŗʌʌ ŗɼƨ ǶȳƕǶʌʚǶȳǖʯǶʌǫŗſțƨ

�ƨȭȭŗ
�ƣʋ ˕, ˖ Żƣ ʋˍȹ ƐǮɾʋǮȩƅʋ ɾʋɮǮȩǐɾࣖ

˕ ⌘� ˖ () ˕, ˖ ŗɮƣ ǮȩƐǮɾʋǮȩǐʠǮɾǣŗŻȑƣ ǋȹɮ �ࣖ

âɼɄɄǑࣖ
˕ ⌘� ˖ =) 8ˍ 2 ⌃⇤ࣘ ˕ˍ 2 � () ˖ˍ 2 �

˕ ŗȳƕ ˖ ŗɼƨ ǶȳƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ �ࣖ

˕ 6⌘� ˖ =) 9ˍ 2 ⌃⇤ࣘ ˕ˍ 2 � ŗȳƕ ˖ˍ 62 �

=) ˕ ŗȳƕ ˖ ŗɼƨ ƕǶʌʚǶȳǖʯǶʌǫŗſțƨ ǑɄɼ �ࣖ

ࢁࢁ



�țț ʌʚɼǶȳǖʌ ŗɼɼǶ˙Ƕȳǖ ŗʚ ŗ ʌʚŗʚƨ ŗɼƨ Ƕȳ ʚǫƨ ʌŗȭƨ Ɖțŗʌʌ

�ƨȭȭŗ
� = (Ü,⌃, �, ɾ,�) ŗ 3^� ǋȹɮ ŗ ȑŗȩǐʠŗǐƣ �ࣖ

^ȹɮ ŗȩ˖ ɪ 2 �ࣗ ȑƣʋ �ɪ = {ˍ 2 ⌃⇤ | rˍ = �⇤(ɾ,ˍ) = ɪ}ࣖ

òǣƣȩࣗ ʋǣƣɮƣ ƣ˕Ǯɾʋɾ ŗ ɾʋɮǮȩǐ ˕ࣗ ɾʠƅǣ ʋǣŗʋ �ɪ ✓ [˕]�ࣖ

ࢅࢁ



�ȳ Ƕȳƨ˾ƉǶƨȳʚ ŗʯʚɄȭŗʚŗ

eƨȳƨɼŗț Ƕƕƨŗ ſƨǫǶȳƕ ŗțǖɄɼǶʚǫȭࣘ

$ŗʌƨ Ɖŗʌƨࣘ eǶ˙ƨȳ ʚ˝Ʉ ʌʚŗʚƨʌࣗ ǶǑ ɤ ŗȳƕ ɪࣗ ǶǑ Ʉȳƨ ŗƉƉƨɱʚʌ ŗȳƕ ʚǫƨ
Ʉʚǫƨɼ ɼƨȍƨƉʚʌࣗ ʚǫƨȳ ʚǫƨ˦ ŗɼƨ ȳɄʚ ƨɸʯǶ˙ŗțƨȳʚࣖ

éƨƉʯɼʌǶɄȳࣘ �ʌʌʯȭǶȳǖ ɤ ŗ�! ɤ0 ŗȳƕ ɪ ŗ�! ɪ0ࣗ ǶǑ ɤ0 6⌘ɪ0 ʚǫƨȳ ɤ 6⌘ɪ

ࢉࢁ



�ȳ Ƕȳƨ˾ƉǶƨȳʚ ŗʯʚɄȭŗʚŗ

q0

q1 0 q3 q4 0 q2 0  0 

q5

 0 

 0 

ɪࡱ ɪࡹ ɪࡽ ɪࢁ ɪࢅ ɪࢉ
ɪࡹ
ɪࡽ
ɪࢁ
ɪࢅ
ɪࢉ

ࢍࢁ


