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ࣗࡹࡱ

ࡱ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡹ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡱ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡹ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡹ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡱ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡱࡹ



�ȳɄʚǫƨɼ İŗ˦ ʚɄ țɄɄȕ ŗʚ ¥b�ʌ

yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡱ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡹ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡱ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡹ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡹ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡱ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡱࡹ



ÿǫƨ Ƕƕƨŗ ɄǑ ʚǫƨ ƉɄȳ˙ƨɼʌǶɄȳ ɄǑ ¥b� ʚɄ
6b�



EɸʯǶ˙ŗțƨȳƉƨ ɄǑ ¥b�ʌ ŗȳƕ 6b�ʌ

ÿǫƨɄɼƨȭ
^ȹɮ ƣˉƣɮ˖ �^� � ʋǣƣɮƣ Ǯɾ ŗ 3^� � ɾʠƅǣ ʋǣŗʋ �(�) = �(�)ࣖ

ࡹࡹ



6b�ʌ ŗɼƨ ȭƨȭɄɼ˦țƨʌʌࣖࣖࣖ

 6b� ȕȳɄ˝ʌ Ʉȳț˦ Ƕʚʌ Ɖʯɼɼƨȳʚ ʌʚŗʚƨࣖ
 ÿǫƨ ʌʚŗʚƨ Ƕʌ ʚǫƨ ȭƨȭɄɼ ࣖ˦
 ÿɄ ƕƨʌǶǖȳ ŗ 6b�ࣗ ŗȳʌ˝ƨɼ ʚǫƨ ɸʯƨʌʚǶɄȳࣘ
İǫŗʚ ȭǶȳǶȭŗț ǶȳǑɄ ȳƨƨƕƨƕ ʚɄ ʌɄț˙ƨ ɱɼɄſțƨȭࣖ

ࡽࡹ



óǶȭʯțŗʚǶȳǖ ¥b�

¥b�ʌ ȕȳɄ˝ ȭŗȳ˦ ʌʚŗʚƨʌ ŗʚ ɄȳƉƨ Ʉȳ Ƕȳɱʯʚ ࣖࡱࡹࡹࡱࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࢁࡹ

a
44403



ÿǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ¥b�

yʚ Ƕʌ ƨŗʌ˦ ʚɄ ʌʚŗʚƨ ʚǫŗʚ ʚǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ŗʯʚɄȭŗʚŗ Ƕʌ ʚǫƨ ʌʚŗʚƨʌ
ʚǫŗʚ Ƕʚ ȭǶǖǫʚ ſƨ ʌǶʚʯŗʚƨƕ ŗʚࣖ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ƅȹȩ̃ǐʠɮŗʋǮȹȩࣘ � ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫƨ ŗʯʚɄȭŗʚŗ ȭǶǖǫʚ ſƨ Ƕȳࣖ

âɄʌʌǶſțƨ ƉɄȳ̇ǖʯɼŗʚǶɄȳʌࣘ P(ɪ) = ;ࣗ {ɪࡱ}ࣗ {ɪࡱ,ɪࡹ}ࣖࣖࣖ

$Ƕǖ Ƕƕƨŗࣘ $ʯǶțƕ ŗ 6b� Ʉȳ ʚǫƨ ƉɄȳ̇ǖʯɼŗʚǶɄȳʌࣖ

ࢅࡹ



ÿǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ¥b�

yʚ Ƕʌ ƨŗʌ˦ ʚɄ ʌʚŗʚƨ ʚǫŗʚ ʚǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ŗʯʚɄȭŗʚŗ Ƕʌ ʚǫƨ ʌʚŗʚƨʌ
ʚǫŗʚ Ƕʚ ȭǶǖǫʚ ſƨ ʌǶʚʯŗʚƨƕ ŗʚࣖ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ƅȹȩ̃ǐʠɮŗʋǮȹȩࣘ � ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫƨ ŗʯʚɄȭŗʚŗ ȭǶǖǫʚ ſƨ Ƕȳࣖ

âɄʌʌǶſțƨ ƉɄȳ̇ǖʯɼŗʚǶɄȳʌࣘ P(ɪ) = ;ࣗ {ɪࡱ}ࣗ {ɪࡱ,ɪࡹ}ࣖࣖࣖ

$Ƕǖ Ƕƕƨŗࣘ $ʯǶțƕ ŗ 6b� Ʉȳ ʚǫƨ ƉɄȳ̇ǖʯɼŗʚǶɄȳʌࣖ

ࢅࡹ

0



ÿǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ¥b�

yʚ Ƕʌ ƨŗʌ˦ ʚɄ ʌʚŗʚƨ ʚǫŗʚ ʚǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ŗʯʚɄȭŗʚŗ Ƕʌ ʚǫƨ ʌʚŗʚƨʌ
ʚǫŗʚ Ƕʚ ȭǶǖǫʚ ſƨ ʌǶʚʯŗʚƨƕ ŗʚࣖ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ƅȹȩ̃ǐʠɮŗʋǮȹȩࣘ � ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫƨ ŗʯʚɄȭŗʚŗ ȭǶǖǫʚ ſƨ Ƕȳࣖ

âɄʌʌǶſțƨ ƉɄȳ̇ǖʯɼŗʚǶɄȳʌࣘ P(ɪ) = ;ࣗ {ɪࡱ}ࣗ {ɪࡱ,ɪࡹ}ࣖࣖࣖ

$Ƕǖ Ƕƕƨŗࣘ $ʯǶțƕ ŗ 6b� Ʉȳ ʚǫƨ ƉɄȳ̇ǖʯɼŗʚǶɄȳʌࣖ

ࢅࡹ

ffg a ePCq



ÿǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ¥b�

yʚ Ƕʌ ƨŗʌ˦ ʚɄ ʌʚŗʚƨ ʚǫŗʚ ʚǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ŗʯʚɄȭŗʚŗ Ƕʌ ʚǫƨ ʌʚŗʚƨʌ
ʚǫŗʚ Ƕʚ ȭǶǖǫʚ ſƨ ʌǶʚʯŗʚƨƕ ŗʚࣖ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ƅȹȩ̃ǐʠɮŗʋǮȹȩࣘ � ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫƨ ŗʯʚɄȭŗʚŗ ȭǶǖǫʚ ſƨ Ƕȳࣖ

âɄʌʌǶſțƨ ƉɄȳ̇ǖʯɼŗʚǶɄȳʌࣘ P(ɪ) = ;ࣗ {ɪࡱ}ࣗ {ɪࡱ,ɪࡹ}ࣖࣖࣖ

$Ƕǖ Ƕƕƨŗࣘ $ʯǶțƕ ŗ 6b� Ʉȳ ʚǫƨ ƉɄȳ̇ǖʯɼŗʚǶɄȳʌࣖ

ࢅࡹ



E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

yǑ ɼƨƉƨǶ˙ƨʌ ࡱ ࣘ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

yǑ ɼƨƉƨǶ˙ƨʌ ࡹ ࣘ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࢉࡹ

409,0

41,0



E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

yǑ ɼƨƉƨǶ˙ƨʌ ࡱ ࣘ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

yǑ ɼƨƉƨǶ˙ƨʌ ࡹ ࣘ
ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࢍࡹ

t 0,0 I

I l l



óǶȭʯțŗʚǶȳǖ ŗȳ ¥b� ſ˦ ŗ 6b�

 ÿǫǶȳȕ ɄǑ ŗ ɱɼɄǖɼŗȭ ˝Ƕʚǫ ̇˥ƨƕ ȭƨȭɄɼ˦ ʚǫŗʚ ȳƨƨƕʌ ʚɄ
ʌǶȭʯțŗʚƨ ¥b� � Ʉȳ Ƕȳɱʯʚ ˍࣖ

 İǫŗʚ ƕɄƨʌ Ƕʚ ȳƨƨƕ ʚɄ ʌʚɄɼƨ ŗǑʚƨɼ ʌƨƨǶȳǖ ŗ ɱɼƨ̇˥ ˕ ɄǑ ˍࣞ

 yʚ ȳƨƨƕʌ ʚɄ ȕȳɄ˝ ŗʚ țƨŗʌʚ �⇤(ɾ, ˕)ࣗ ʚǫƨ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫŗʚ �
ƉɄʯțƕ ſƨ Ƕȳ ŗǑʚƨɼ ɼƨŗƕǶȳǖ ˕

 yʌ Ƕʚ ʌʯ˾ƉǶƨȳʚࣞ ĸƨʌࣗ ǶǑ Ƕʚ Ɖŗȳ ƉɄȭɱʯʚƨ �⇤(ɾ, ˕ŗ) ŗǑʚƨɼ ʌƨƨǶȳǖ
ŗȳɄʚǫƨɼ ʌ˦ȭſɄț ŗ Ƕȳ ʚǫƨ Ƕȳɱʯʚࣖ

 İǫƨȳ ʌǫɄʯțƕ ʚǫƨ ɱɼɄǖɼŗȭ ŗƉƉƨɱʚ ŗ ʌʚɼǶȳǖ ˍࣞ yǑ
�⇤(ɾ,ˍ) \ � 6= ;ࣖ

�ƨ˦ ¶ſʌƨɼ˙ŗʚǶɄȳࣘ 6b� � ʌǶȭʯțŗʚǶȳǖ � ʌǫɄʯțƕ ȕȳɄ˝ Ɖʯɼɼƨȳʚ
ƉɄȳ̇ǖʯɼŗʚǶɄȳ ɄǑ �ࣖ

óʚŗʚƨ ʌɱŗƉƨ ɄǑ ʚǫƨ 6b� Ƕʌ P(Ü)ࣖ

ࡹ

OFA



óǶȭʯțŗʚǶȳǖ ŗȳ ¥b� ſ˦ ŗ 6b�

 ÿǫǶȳȕ ɄǑ ŗ ɱɼɄǖɼŗȭ ˝Ƕʚǫ ̇˥ƨƕ ȭƨȭɄɼ˦ ʚǫŗʚ ȳƨƨƕʌ ʚɄ
ʌǶȭʯțŗʚƨ ¥b� � Ʉȳ Ƕȳɱʯʚ ˍࣖ

 İǫŗʚ ƕɄƨʌ Ƕʚ ȳƨƨƕ ʚɄ ʌʚɄɼƨ ŗǑʚƨɼ ʌƨƨǶȳǖ ŗ ɱɼƨ̇˥ ˕ ɄǑ ˍࣞ
 yʚ ȳƨƨƕʌ ʚɄ ȕȳɄ˝ ŗʚ țƨŗʌʚ �⇤(ɾ, ˕)ࣗ ʚǫƨ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫŗʚ �
ƉɄʯțƕ ſƨ Ƕȳ ŗǑʚƨɼ ɼƨŗƕǶȳǖ ˕

 yʌ Ƕʚ ʌʯ˾ƉǶƨȳʚࣞ

ĸƨʌࣗ ǶǑ Ƕʚ Ɖŗȳ ƉɄȭɱʯʚƨ �⇤(ɾ, ˕ŗ) ŗǑʚƨɼ ʌƨƨǶȳǖ
ŗȳɄʚǫƨɼ ʌ˦ȭſɄț ŗ Ƕȳ ʚǫƨ Ƕȳɱʯʚࣖ

 İǫƨȳ ʌǫɄʯțƕ ʚǫƨ ɱɼɄǖɼŗȭ ŗƉƉƨɱʚ ŗ ʌʚɼǶȳǖ ˍࣞ yǑ
�⇤(ɾ,ˍ) \ � 6= ;ࣖ

�ƨ˦ ¶ſʌƨɼ˙ŗʚǶɄȳࣘ 6b� � ʌǶȭʯțŗʚǶȳǖ � ʌǫɄʯțƕ ȕȳɄ˝ Ɖʯɼɼƨȳʚ
ƉɄȳ̇ǖʯɼŗʚǶɄȳ ɄǑ �ࣖ

óʚŗʚƨ ʌɱŗƉƨ ɄǑ ʚǫƨ 6b� Ƕʌ P(Ü)ࣖ

ࡹ



óǶȭʯțŗʚǶȳǖ ŗȳ ¥b� ſ˦ ŗ 6b�

 ÿǫǶȳȕ ɄǑ ŗ ɱɼɄǖɼŗȭ ˝Ƕʚǫ ̇˥ƨƕ ȭƨȭɄɼ˦ ʚǫŗʚ ȳƨƨƕʌ ʚɄ
ʌǶȭʯțŗʚƨ ¥b� � Ʉȳ Ƕȳɱʯʚ ˍࣖ

 İǫŗʚ ƕɄƨʌ Ƕʚ ȳƨƨƕ ʚɄ ʌʚɄɼƨ ŗǑʚƨɼ ʌƨƨǶȳǖ ŗ ɱɼƨ̇˥ ˕ ɄǑ ˍࣞ
 yʚ ȳƨƨƕʌ ʚɄ ȕȳɄ˝ ŗʚ țƨŗʌʚ �⇤(ɾ, ˕)ࣗ ʚǫƨ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫŗʚ �
ƉɄʯțƕ ſƨ Ƕȳ ŗǑʚƨɼ ɼƨŗƕǶȳǖ ˕

 yʌ Ƕʚ ʌʯ˾ƉǶƨȳʚࣞ ĸƨʌࣗ ǶǑ Ƕʚ Ɖŗȳ ƉɄȭɱʯʚƨ �⇤(ɾ, ˕ŗ) ŗǑʚƨɼ ʌƨƨǶȳǖ
ŗȳɄʚǫƨɼ ʌ˦ȭſɄț ŗ Ƕȳ ʚǫƨ Ƕȳɱʯʚࣖ

 İǫƨȳ ʌǫɄʯțƕ ʚǫƨ ɱɼɄǖɼŗȭ ŗƉƉƨɱʚ ŗ ʌʚɼǶȳǖ ˍࣞ

yǑ
�⇤(ɾ,ˍ) \ � 6= ;ࣖ

�ƨ˦ ¶ſʌƨɼ˙ŗʚǶɄȳࣘ 6b� � ʌǶȭʯțŗʚǶȳǖ � ʌǫɄʯțƕ ȕȳɄ˝ Ɖʯɼɼƨȳʚ
ƉɄȳ̇ǖʯɼŗʚǶɄȳ ɄǑ �ࣖ

óʚŗʚƨ ʌɱŗƉƨ ɄǑ ʚǫƨ 6b� Ƕʌ P(Ü)ࣖ

ࡹ



óǶȭʯțŗʚǶȳǖ ŗȳ ¥b� ſ˦ ŗ 6b�

 ÿǫǶȳȕ ɄǑ ŗ ɱɼɄǖɼŗȭ ˝Ƕʚǫ ̇˥ƨƕ ȭƨȭɄɼ˦ ʚǫŗʚ ȳƨƨƕʌ ʚɄ
ʌǶȭʯțŗʚƨ ¥b� � Ʉȳ Ƕȳɱʯʚ ˍࣖ

 İǫŗʚ ƕɄƨʌ Ƕʚ ȳƨƨƕ ʚɄ ʌʚɄɼƨ ŗǑʚƨɼ ʌƨƨǶȳǖ ŗ ɱɼƨ̇˥ ˕ ɄǑ ˍࣞ
 yʚ ȳƨƨƕʌ ʚɄ ȕȳɄ˝ ŗʚ țƨŗʌʚ �⇤(ɾ, ˕)ࣗ ʚǫƨ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫŗʚ �
ƉɄʯțƕ ſƨ Ƕȳ ŗǑʚƨɼ ɼƨŗƕǶȳǖ ˕

 yʌ Ƕʚ ʌʯ˾ƉǶƨȳʚࣞ ĸƨʌࣗ ǶǑ Ƕʚ Ɖŗȳ ƉɄȭɱʯʚƨ �⇤(ɾ, ˕ŗ) ŗǑʚƨɼ ʌƨƨǶȳǖ
ŗȳɄʚǫƨɼ ʌ˦ȭſɄț ŗ Ƕȳ ʚǫƨ Ƕȳɱʯʚࣖ

 İǫƨȳ ʌǫɄʯțƕ ʚǫƨ ɱɼɄǖɼŗȭ ŗƉƉƨɱʚ ŗ ʌʚɼǶȳǖ ˍࣞ yǑ
�⇤(ɾ,ˍ) \ � 6= ;ࣖ

�ƨ˦ ¶ſʌƨɼ˙ŗʚǶɄȳࣘ 6b� � ʌǶȭʯțŗʚǶȳǖ � ʌǫɄʯțƕ ȕȳɄ˝ Ɖʯɼɼƨȳʚ
ƉɄȳ̇ǖʯɼŗʚǶɄȳ ɄǑ �ࣖ

óʚŗʚƨ ʌɱŗƉƨ ɄǑ ʚǫƨ 6b� Ƕʌ P(Ü)ࣖ
ࡹ



6b� ǑɼɄȭ ¥b�

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

ࡱ

ࡹ

ࡱ
ࡱࡹ

ࡹ

ࡱ

ࡹ
ࡱ
ࡹ

ࡱ

ࡹ

ࡹ

you

root



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ ǑɄɼ ¥b�

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

 Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
 ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
 � : Ü⇥ ⌃ [ {✏} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

 ɾ 2 Ü Ƕʌ ʚǫƨ ʌʚŗɼʚ ʌʚŗʚƨࣗ
 � ✓ Ü Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗƉƉƨɱʚǶȳǖࣩ̇ȳŗț ʌʚŗʚƨʌࣖ

�(ɪ,ŗ) ǑɄɼ ŗ 2 ⌃ [ {✏} Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Ü ः ŗ ʌƨʚ ɄǑ ʌʚŗʚƨʌࣖ

࢙ࡹ



�țǖɄɼǶʚǫȭ ǑɄɼ ƉɄȳ˙ƨɼʚǶȳǖ ¥b� ʚɄ 6b�



éƨƉŗțț y

E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ ʌʚɼǶȳǖʌ
6ƨ̇ȳǶʚǶɄȳ
bɄɼ ¥b� � = (Ü,⌃, �, ɾ,�) ŗȳƕ ɪ 2 Ü ʚǫƨ ✏ɼƨŗƉǫ(ɪ) Ƕʌ ʚǫƨ ʌƨʚ ɄǑ
ŗțț ʌʚŗʚƨʌ ʚǫŗʚ ɪ Ɖŗȳ ɼƨŗƉǫ ʯʌǶȳǖ Ʉȳț˦ ✏ࣽʚɼŗȳʌǶʚǶɄȳʌࣖ

6ƨ̇ȳǶʚǶɄȳ
yȳƕʯƉʚǶ˙ƨ ƕƨ̇ȳǶʚǶɄȳ ɄǑ �⇤ : Ü⇥ ⌃⇤ ! P(Ü)ࣘ

 ǶǑ ˍ = "ࣗ �⇤(ɪ,ˍ) = ✏ɼƨŗƉǫ(ɪ)
 ǶǑ ˍ = ŗ ˝ǫƨɼƨ ŗ 2 ⌃ࣘ
�⇤(ɪ,ŗ) = ✏ɼƨŗƉǫ

⇣ [

ɤ2✏ɼƨŗƉǫ(ɪ)
�(ɤ,ŗ)

⌘

 ǶǑ ˍ = ŗ˕ࣘ
�⇤(ɪ,ˍ) = ✏ɼƨŗƉǫ

⇣ [

ɤ2✏ɼƨŗƉǫ(ɪ)

[

ɮ2�⇤(ɤ,ŗ)
�⇤(ɮ, ˕)

⌘

ࡱࡽ



éƨƉŗțț yy

bɄɼȭŗț ƕƨ̇ȳǶʚǶɄȳ ɄǑ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ ¥

6ƨ̇ȳǶʚǶɄȳ
� ʌʚɼǶȳǖ ˍ Ƕʌ ŗƉƉƨɱʚƨƕ ſ˦ ¥b� � ǶǑ �⇤�(ɾ,ˍ) \ � 6= ;ࣖ

6ƨ̇ȳǶʚǶɄȳ
ÿǫƨ țŗȳǖʯŗǖƨ �(�) ŗƉƉƨɱʚƨƕ ſ˦ ŗ ¥b� � = (Ü,⌃, �, ɾ,�) Ƕʌ

{ˍ 2 ⌃⇤ | �⇤(ɾ,ˍ) \ � 6= ;}.

ࡹࡽ



óʯſʌƨʚ ,ɄȳʌʚɼʯƉʚǶɄȳ

¥b� � = (Ü,⌃, ɾ, �,�)ࣖ İƨ Ɖɼƨŗʚƨ ŗ 6b� 3 = (Ü0,⌃, �0, ɾ0,�0) ŗʌ
ǑɄțțɄ˝ʌࣘ

 Ü0 =

 ɾ0 =
 �0 =
 �0(ĩ,ŗ) =

ࡽࡽ

peas
E reach s 8 6 E

X E Q1 X AA E 03

Uge 8 Cq a



�țǖɄɼǶʚǫȭ ǑɄɼ ƉɄȳ˙ƨɼʚǶȳǖ ¥b� ǶȳʚɄ
ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ

regular exp NFA OFA

OFA regular exp OFA NFA



óʚŗǖƨ ࣘࡱ yȳɱʯʚ

A B

C

a

b

a

a, b

b

ࢁࡽ



óʚŗǖƨ ࣘࡹ ¥ɄɼȭŗțǶ˲Ƕȳǖ

A B

C

a

b

a

a, b

b

=)
init A B

C AC

ε a
b

a

a + b

b

ε

ࢅࡽ

N
want
regular expression



óʚŗǖƨ ࣘࡽ éƨȭɄ˙ƨ ʌʚŗʚƨ �

=)

init A B

C AC

ε a
b

a

a + b

b

ε

a

b

ࢉࡽ



óʚŗǖƨ ࣘࢅ éƨƕɼŗ˝ȳ ˝ǶʚǫɄʯʚ Ʉțƕ ƨƕǖƨʌ

=)

init B

C AC

b

a

a + b

ε

a

b

ࢍࡽ



óʚŗǖƨ ࣘࢅ éƨȭɄ˙Ƕȳǖ $

=)

init B

C AC

b

a

a + b

ε

a

b

ab
∗
a

ࡽ



óʚŗǖƨ ࣘࢉ éƨƕɼŗ˝

=)

init

C AC

a + b

ε

ab
∗
a + b

ࡽ



óʚŗǖƨ ࣘࢍ éƨȭɄ˙Ƕȳǖ ,

=)

init

C AC

a + b

ε

ab
∗
a + b

(ab∗a + b)(a + b)∗ ε

࢙ࡽ



óʚŗǖƨ ࣘ éƨƕɼŗ˝

=)
init AC

(ab∗a + b)(a + b)∗

ࡱࢁ

etc
0 Eto I

E 70



óʚŗǖƨ ࣘ E˥ʚɼŗƉʚ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ

init AC
(ab∗a + b)(a + b)∗

ÿǫʯʌࣗ ʚǫǶʌ ŗʯʚɄȭŗʚŗ Ƕʌ ƨɸʯǶ˙ŗțƨȳʚ ʚɄ ʚǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ

(ŗŻ⇤ŗ+ Ż)(ŗ+ Ż)⇤.

ࡹࢁ

red
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gw
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