
âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

bǶȳƕ ʚǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǑɄɼ ʚǫƨ țŗȳǖʯŗǖƨ ƉɄȳʚŗǶȳǶȳǖ ŗțț
ſǶȳŗɼ˦ ʌʚɼǶȳǖʌ ˝Ƕʚǫ ŗȳ Ʉƕƕ ȳʯȭſƨɼ ɄǑ ऒʌࡱ

bɄɼȭʯțŗʚƨ ŗ țŗȳǖʯŗǖƨ ʚǫŗʚ ƕƨʌƉɼǶſƨʌ ʚǫƨ ŗſɄ˙ƨ ɱɼɄſțƨȭࣖ

ࡹ

 



,óࣩE,Eࣽࣘࢅࢁ �ƨƉʚʯɼƨ ࢁ ࣽ 6b�ʌ

�ƨƉʚʯɼƨɼࣘ ¥ǶƉȕ˙ŗʌǫ �ŗȳǶ
,ǫŗʚ ȭɄƕƨɼŗʚɄɼࣘ óŗȭǶɼ �ǫŗȳ
bƨſɼʯŗɼ˦ ࣗࡽࡱ ࡹࡽࡱࡽ

ĎȳǶ˙ƨɼʌǶʚ˦ ɄǑ yțțǶȳɄǶʌ ŗʚ Ďɼſŗȳŗࣽ,ǫŗȭɱŗǶǖȳ



âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

bǶȳƕ ʚǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǑɄɼ ʚǫƨ țŗȳǖʯŗǖƨ ƉɄȳʚŗǶȳǶȳǖ ŗțț
ſǶȳŗɼ˦ ʌʚɼǶȳǖʌ ˝Ƕʚǫ ŗȳ Ʉƕƕ ȳʯȭſƨɼ ɄǑ ऒʌࡱ

ࡽ

OC0C1 can we get 010C ol O

0,13

If E 03 1 01 60 1 01 33 9

1 0 1 61 01 54



6ƨʚƨɼȭǶȳǶʌʚǶƉࣽ̇ȳǶʚƨࣽŗʯʚȭŗʚŗ ࣯6b�ࣱ
yȳʚɼɄƕʯƉʚǶɄȳ



6b�ʌ ŗțʌɄ Ɖŗțțƨƕ bǶȳǶʚƨ óʚŗʚƨ ¡ŗƉǫǶȳƨʌ ࣯bó¡ʌࣱ

 ÿǫƨ एʌǶȭɱțƨʌʚऐ ȭɄƕƨț ǑɄɼ ƉɄȭɱʯʚƨɼʌࣞ
 óʚŗʚƨ ȭŗƉǫǶȳƨʌ ʚǫŗʚ ŗɼƨ ƉɄȭȭɄȳ Ƕȳ ɱɼŗƉʚǶƉƨࣖ

 ĬƨȳƕǶȳǖ ȭŗƉǫǶȳƨʌ
 Ețƨ˙ŗʚɄɼʌ
 6ǶǖǶʚŗț ˝ŗʚƉǫƨʌ
 óǶȭɱțƨ ȳƨʚ˝Ʉɼȕ ɱɼɄʚɄƉɄțʌ

 âɼɄǖɼŗȭʌ ˝Ƕʚǫ ̇˥ƨƕ ȭƨȭɄɼ˦

ࢁ



� ʌǶȭɱțƨ ɱɼɄǖɼŗȭ

âɼɄǖɼŗȭ ʚɄ ƉǫƨƉȕ ǶǑ ŗȳ Ƕȳɱʯʚ ʌʚɼǶȳǖ ˍ ǫŗʌ Ʉƕƕ ȳʯȭſƨɼ ɄǑ ऒʌࡱ
°Éê ȩ = ࡱ
r°Â� °ÉÜïê °ã ÉÐê §°É°ã��

ß��� É�Āê ��ß��ê�ß ƅ
,§ Ϭ� ⌘ϝϝϭ

ȩ ȩ+ ࡹ
�É�r°Â�
,§ Ϭȩ °ã Ð��ϭ ÐïêÜïê x�[
�Âã� ÐïêÜïê BH

�°ê ˕ = ࡱ
r°Â� °ÉÜïê °ã ÉÐê §°É°ã��

ß��� É�Āê ��ß��ê�ß ƅ
,§ Ϭ� ⌘ϝϝϭ

˕  §Â°Ü(˕)
�É�r°Â�
,§ Ϭ˕ = ϭࡹ ÐïêÜïê x�[
�Âã� ÐïêÜïê BH

ࢅ



� ʌǶȭɱțƨ ɱɼɄǖɼŗȭ

âɼɄǖɼŗȭ ʚɄ ƉǫƨƉȕ ǶǑ ŗȳ Ƕȳɱʯʚ ʌʚɼǶȳǖ ˍ ǫŗʌ Ʉƕƕ ȳʯȭſƨɼ ɄǑ ऒʌࡱ
°Éê ȩ = ࡱ
r°Â� °ÉÜïê °ã ÉÐê §°É°ã��

ß��� É�Āê ��ß��ê�ß ƅ
,§ Ϭ� ⌘ϝϝϭ

ȩ ȩ+ ࡹ
�É�r°Â�
,§ Ϭȩ °ã Ð��ϭ ÐïêÜïê x�[
�Âã� ÐïêÜïê BH

�°ê ˕ = ࡱ
r°Â� °ÉÜïê °ã ÉÐê §°É°ã��

ß��� É�Āê ��ß��ê�ß ƅ
,§ Ϭ� ⌘ϝϝϭ

˕  §Â°Ü(˕)
�É�r°Â�
,§ Ϭ˕ = ϭࡹ ÐïêÜïê x�[
�Âã� ÐïêÜïê BH

ࢅ



�ȳɄʚǫƨɼ ˙Ƕƨ˝

 ¡ŗƉǫǶȳƨ ǫŗʌ Ƕȳɱʯʚ ˝ɼǶʚʚƨȳ Ʉȳ ŗ ɮƣŗƐࣽȹȩȑ˖ ʚŗɱƨ
 óʚŗɼʚ Ƕȳ ʌɱƨƉǶ̇ƨƕ ʌʚŗɼʚ ʌʚŗʚƨ
 óʚŗɼʚ ŗʚ țƨǑʚࣗ ʌƉŗȳ ʌ˦ȭſɄțࣗ Ɖǫŗȳǖƨ ʌʚŗʚƨ ŗȳƕ ȭɄ˙ƨ ɼǶǖǫʚ
 ,ǶɼƉțƨƕ ʌʚŗʚƨʌ ŗɼƨ ŗƅƅƣɤʋǮȩǐ
 ¡ŗƉǫǶȳƨ ŗƅƅƣɤʋɾ Ƕȳɱʯʚ ʌʚɼǶȳǖ ǶǑ Ƕʚ Ƕʌ Ƕȳ ŗȳ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨ
ŗǑʚƨɼ ʌƉŗȳȳǶȳǖ ʚǫƨ țŗʌʚ ʌ˦ȭſɄțࣖ ࢉ



eɼŗɱǫǶƉŗț ɼƨɱɼƨʌƨȳʚŗʚǶɄȳ ɄǑ 6b�



eɼŗɱǫǶƉŗț éƨɱɼƨʌƨȳʚŗʚǶɄȳࣩóʚŗʚƨ ¡ŗƉǫǶȳƨ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

 6ǶɼƨƉʚƨƕ ǖɼŗɱǫ ˝Ƕʚǫ ȳɄƕƨʌ ɼƨɱɼƨʌƨȳʚǶȳǖ ʌʚŗʚƨʌ ŗȳƕ
ƨƕǖƨࣩŗɼƉʌ ɼƨɱɼƨʌƨȳʚǶȳǖ ʚɼŗȳʌǶʚǶɄȳʌ țŗſƨțƨƕ ſ˦ ʌ˦ȭſɄțʌ Ƕȳ
⌃

 bɄɼ ƨŗƉǫ ʌʚŗʚƨ ࣯˙ƨɼʚƨ˥ࣱ ɪ ŗȳƕ ʌ˦ȭſɄț ŗ 2 ⌃ ʚǫƨɼƨ Ƕʌ ƣ˕ŗƅʋȑ˖
Ʉȳƨ ɄʯʚǖɄǶȳǖ ƨƕǖƨ țŗſƨțƨƕ ſ˦ ŗ

 yȳǶʚǶŗțࣩʌʚŗɼʚ ʌʚŗʚƨ ǫŗʌ ŗ ɱɄǶȳʚƨɼ ࣯Ʉɼ țŗſƨțƨƕ ŗʌ ɾࣗ ɪࡱ Ʉɼ
एʌʚŗɼʚऐࣱ

 óɄȭƨ ʌʚŗʚƨʌ ˝Ƕʚǫ ƕɄʯſțƨ ƉǶɼƉțƨʌ țŗſƨțƨƕ ŗʌ ŗƉƉƨɱʚǶȳǖࣩ̇ȳŗț
ʌʚŗʚƨʌ

ࢍ



eɼŗɱǫǶƉŗț éƨɱɼƨʌƨȳʚŗʚǶɄȳ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

 İǫƨɼƨ ƕɄƨʌ ࡹࡱࡱ țƨŗƕࣞ

 İǫƨɼƨ ƕɄƨʌ ࡱࡹࡱࡱࡹ țƨŗƕࣞ
 İǫǶƉǫ ʌʚɼǶȳǖʌ ƨȳƕ ʯɱ Ƕȳ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨࣞ
 E˙ƨɼ˦ ʌʚɼǶȳǖ ˍ ǫŗʌ ŗ ʯȳǶɸʯƨ ˝ŗțȕ ʚǫŗʚ Ƕʚ ǑɄțțɄ˝ʌ ǑɼɄȭ ŗ
ǖǶ˙ƨȳ ʌʚŗʚƨ ɪ ſ˦ ɼƨŗƕǶȳǖ Ʉȳƨ țƨʚʚƨɼ ɄǑ ˍ ǑɼɄȭ țƨǑʚ ʚɄ ɼǶǖǫʚࣖ



go



eɼŗɱǫǶƉŗț éƨɱɼƨʌƨȳʚŗʚǶɄȳ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

 İǫƨɼƨ ƕɄƨʌ ࡹࡱࡱ țƨŗƕࣞ
 İǫƨɼƨ ƕɄƨʌ ࡱࡹࡱࡱࡹ țƨŗƕࣞ

 İǫǶƉǫ ʌʚɼǶȳǖʌ ƨȳƕ ʯɱ Ƕȳ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨࣞ
 E˙ƨɼ˦ ʌʚɼǶȳǖ ˍ ǫŗʌ ŗ ʯȳǶɸʯƨ ˝ŗțȕ ʚǫŗʚ Ƕʚ ǑɄțțɄ˝ʌ ǑɼɄȭ ŗ
ǖǶ˙ƨȳ ʌʚŗʚƨ ɪ ſ˦ ɼƨŗƕǶȳǖ Ʉȳƨ țƨʚʚƨɼ ɄǑ ˍ ǑɼɄȭ țƨǑʚ ʚɄ ɼǶǖǫʚࣖ



q1



eɼŗɱǫǶƉŗț éƨɱɼƨʌƨȳʚŗʚǶɄȳ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

 İǫƨɼƨ ƕɄƨʌ ࡹࡱࡱ țƨŗƕࣞ
 İǫƨɼƨ ƕɄƨʌ ࡱࡹࡱࡱࡹ țƨŗƕࣞ
 İǫǶƉǫ ʌʚɼǶȳǖʌ ƨȳƕ ʯɱ Ƕȳ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨࣞ

 E˙ƨɼ˦ ʌʚɼǶȳǖ ˍ ǫŗʌ ŗ ʯȳǶɸʯƨ ˝ŗțȕ ʚǫŗʚ Ƕʚ ǑɄțțɄ˝ʌ ǑɼɄȭ ŗ
ǖǶ˙ƨȳ ʌʚŗʚƨ ɪ ſ˦ ɼƨŗƕǶȳǖ Ʉȳƨ țƨʚʚƨɼ ɄǑ ˍ ǑɼɄȭ țƨǑʚ ʚɄ ɼǶǖǫʚࣖ



All strings with odd O's



eɼŗɱǫǶƉŗț éƨɱɼƨʌƨȳʚŗʚǶɄȳ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

 İǫƨɼƨ ƕɄƨʌ ࡹࡱࡱ țƨŗƕࣞ
 İǫƨɼƨ ƕɄƨʌ ࡱࡹࡱࡱࡹ țƨŗƕࣞ
 İǫǶƉǫ ʌʚɼǶȳǖʌ ƨȳƕ ʯɱ Ƕȳ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨࣞ
 E˙ƨɼ˦ ʌʚɼǶȳǖ ˍ ǫŗʌ ŗ ʯȳǶɸʯƨ ˝ŗțȕ ʚǫŗʚ Ƕʚ ǑɄțțɄ˝ʌ ǑɼɄȭ ŗ
ǖǶ˙ƨȳ ʌʚŗʚƨ ɪ ſ˦ ɼƨŗƕǶȳǖ Ʉȳƨ țƨʚʚƨɼ ɄǑ ˍ ǑɼɄȭ țƨǑʚ ʚɄ ɼǶǖǫʚࣖ





eɼŗɱǫǶƉŗț éƨɱɼƨʌƨȳʚŗʚǶɄȳ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

6ƨ̇ȳǶʚǶɄȳ
� 6b� � ŗƉƉƨɱʚʌ ŗ ʌʚɼǶȳǖ ˍ Ƕ˽ ʚǫƨ ʯȳǶɸʯƨ ˝ŗțȕ ʌʚŗɼʚǶȳǖ ŗʚ ʚǫƨ
ʌʚŗɼʚ ʌʚŗʚƨ ŗȳƕ ʌɱƨțțǶȳǖ Ʉʯʚ ˍ ƨȳƕʌ Ƕȳ ŗȳ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨࣖ

6ƨ̇ȳǶʚǶɄȳ
ÿǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ࣯Ʉɼ ɼƨƉɄǖȳǶ˲ƨƕࣱ ſ˦ ŗ 6b� � Ƕʌ ƕƨȳɄʚƨ ſ˦
�(�) ŗȳƕ ƕƨ̇ȳƨƕ ŗʌࣘ �(�) = {ˍ | � ŗƉƉƨɱʚʌ ˍ}.





eɼŗɱǫǶƉŗț éƨɱɼƨʌƨȳʚŗʚǶɄȳ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

6ƨ̇ȳǶʚǶɄȳ
� 6b� � ŗƉƉƨɱʚʌ ŗ ʌʚɼǶȳǖ ˍ Ƕ˽ ʚǫƨ ʯȳǶɸʯƨ ˝ŗțȕ ʌʚŗɼʚǶȳǖ ŗʚ ʚǫƨ
ʌʚŗɼʚ ʌʚŗʚƨ ŗȳƕ ʌɱƨțțǶȳǖ Ʉʯʚ ˍ ƨȳƕʌ Ƕȳ ŗȳ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨࣖ

6ƨ̇ȳǶʚǶɄȳ
ÿǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ࣯Ʉɼ ɼƨƉɄǖȳǶ˲ƨƕࣱ ſ˦ ŗ 6b� � Ƕʌ ƕƨȳɄʚƨ ſ˦
�(�) ŗȳƕ ƕƨ̇ȳƨƕ ŗʌࣘ �(�) = {ˍ | � ŗƉƉƨɱʚʌ ˍ}.



in O



bɄɼȭŗț ƕƨ̇ȳǶʚǶɄȳ ɄǑ 6b�



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯6b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ ̇˙ƨ
ʚʯɱțƨ ˝ǫƨɼƨ

 Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
 ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
 � : Ü⇥ ⌃ ! Ü Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳࣗ
 ɾ 2 Ü Ƕʌ ʚǫƨ ʌʚŗɼʚ ʌʚŗʚƨࣗ
 � ✓ Ü Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗƉƉƨɱʚǶȳǖࣩ̇ȳŗț ʌʚŗʚƨʌࣖ

,ɄȭȭɄȳ ŗțʚƨɼȳŗʚƨ ȳɄʚŗʚǶɄȳࣘ ɪࡱ ǑɄɼ ʌʚŗɼʚ ʌʚŗʚƨࣗ ^ ǑɄɼ ̇ȳŗț ʌʚŗʚƨʌࣖ

࢙



6b� ¥ɄʚŗʚǶɄȳ

� =
⇣ z}|{

Ü , ⌃|{z} ,
z}|{
� , ɾ|{z} ,

z}|{
�

⌘

ࡱࡹ

destates trofumitijions Aueftffes

startinput statealphabet



E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

 Ü =

 ⌃ =

 � =

 ɾ =
 � =

ࡹࡹ

O
e

go e3
o is

90 l go

q I 9i

go
a8



E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ
ʌʚɼǶȳǖʌ



E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ ʌʚɼǶȳǖʌ

eǶ˙ƨȳ 6b� � = (Ü,⌃, �, ɾ,�)ࣗ �(ɪ,ŗ) Ƕʌ ʚǫƨ ʌʚŗʚƨ ʚǫŗʚ � ǖɄƨʌ ʚɄ
ǑɼɄȭ ɪ Ʉȳ ɼƨŗƕǶȳǖ țƨʚʚƨɼ ŗ

ĎʌƨǑʯț ʚɄ ǫŗ˙ƨ ȳɄʚŗʚǶɄȳ ʚɄ ʌɱƨƉǶǑ˦ ʚǫƨ ʯȳǶɸʯƨ ʌʚŗʚƨ ʚǫŗʚ � ˝Ƕțț
ɼƨŗƉǫ ǑɼɄȭ ɪ Ʉȳ ɼƨŗƕǶȳǖ ɾʋɮǮȩǐ ˍ

ÿɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ �⇤ : Ü⇥ ⌃⇤ ! Ü ƕƨ̇ȳƨƕ ǶȳƕʯƉʚǶ˙ƨț˦ ŗʌ
ǑɄțțɄ˝ʌࣘ

 �⇤(ɪ,ˍ) = ɪ ǶǑ ˍ = ✏

 �⇤(ɪ,ˍ) = �⇤(�(ɪ,ŗ), ˕) ǶǑ ˍ = ŗ˕ࣖ

ࡽࡹ

ofnew

8cg w



E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ ʌʚɼǶȳǖʌ

eǶ˙ƨȳ 6b� � = (Ü,⌃, �, ɾ,�)ࣗ �(ɪ,ŗ) Ƕʌ ʚǫƨ ʌʚŗʚƨ ʚǫŗʚ � ǖɄƨʌ ʚɄ
ǑɼɄȭ ɪ Ʉȳ ɼƨŗƕǶȳǖ țƨʚʚƨɼ ŗ

ĎʌƨǑʯț ʚɄ ǫŗ˙ƨ ȳɄʚŗʚǶɄȳ ʚɄ ʌɱƨƉǶǑ˦ ʚǫƨ ʯȳǶɸʯƨ ʌʚŗʚƨ ʚǫŗʚ � ˝Ƕțț
ɼƨŗƉǫ ǑɼɄȭ ɪ Ʉȳ ɼƨŗƕǶȳǖ ɾʋɮǮȩǐ ˍ

ÿɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ �⇤ : Ü⇥ ⌃⇤ ! Ü ƕƨ̇ȳƨƕ ǶȳƕʯƉʚǶ˙ƨț˦ ŗʌ
ǑɄțțɄ˝ʌࣘ

 �⇤(ɪ,ˍ) = ɪ ǶǑ ˍ = ✏

 �⇤(ɪ,ˍ) = �⇤(�(ɪ,ŗ), ˕) ǶǑ ˍ = ŗ˕ࣖ

ࡽࡹ

w y

g G Cq y d



bɄɼȭŗț ƕƨ̇ȳǶʚǶɄȳ ɄǑ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ ¡

6ƨ̇ȳǶʚǶɄȳ
ÿǫƨ țŗȳǖʯŗǖƨ �(�) ŗƉƉƨɱʚƨƕ ſ˦ ŗ 6b� � = (Ü,⌃, �, ɾ,�) Ƕʌ

{ˍ 2 ⌃⇤ | �⇤(ɾ,ˍ) 2 �}.

ࢁࡹ



E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

İǫŗʚ Ƕʌࣘ

 �⇤(ɪࡹ, ✏) =

 �⇤(ɪࡱ, (ࡹࡹࡱࡹ =
 �⇤(ɪࡹ, (ࡱࡹࡱ =

ࢅࡹ

oh



E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

İǫŗʚ Ƕʌࣘ

 �⇤(ɪࡹ, ✏) =
 �⇤(ɪࡱ, (ࡹࡹࡱࡹ =

 �⇤(ɪࡹ, (ࡱࡹࡱ =

ࢅࡹ

go



E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

İǫŗʚ Ƕʌࣘ

 �⇤(ɪࡹ, ✏) =
 �⇤(ɪࡱ, (ࡹࡹࡱࡹ =
 �⇤(ɪࡹ, (ࡱࡹࡱ =

ࢅࡹ

go



,ɄȳʌʚɼʯƉʚǶȳǖ 6b�ʌࣘ E˥ŗȭɱțƨʌ



6b�ʌࣘ óʚŗʚƨ ঋ ¡ƨȭɄɼ˦

pɄ˝ ƕɄ ˝ƨ ƕƨʌǶǖȳ ŗ 6b� � ǑɄɼ ŗ ǖǶ˙ƨȳ țŗȳǖʯŗǖƨ �ࣞ ÿǫŗʚ Ƕʌ
�(�) = �ࣖ

 6b� Ƕʌ ŗ țǶȕƨ ŗ ɱɼɄǖɼŗȭ ʚǫŗʚ ǫŗʌ ̇˥ƨƕ ŗȭɄʯȳʚ ɄǑ ȭƨȭɄɼ˦
Ƕȳƕƨɱƨȳƕƨȳʚ ɄǑ Ƕȳɱʯʚ ʌǶ˲ƨࣖ

 ÿǫƨ ȭƨȭɄɼ˦ ɄǑ ŗ 6b� Ƕʌ ƨȳƉɄƕƨƕ Ƕȳ Ƕʚʌ ʌʚŗʚƨʌ
 ÿǫƨ ʌʚŗʚƨࣩȭƨȭɄɼ˦ ȭʯʌʚ Ɖŗɱʚʯɼƨ ƨȳɄʯǖǫ ǶȳǑɄɼȭŗʚǶɄȳ ǑɼɄȭ
ʚǫƨ Ƕȳɱʯʚ ʌƨƨȳ ʌɄ Ǒŗɼ ʚǫŗʚ Ƕʚ Ƕʌ ʌʯ˾ƉǶƨȳʚ ǑɄɼ ʚǫƨ ʌʯ˾˥ ʚǫŗʚ
Ƕʌ ˦ƨʚ ʚɄ ſƨ ʌƨƨȳ ࣯ȳɄʚƨ ʚǫŗʚ 6b� ƉŗȳȳɄʚ ǖɄ ſŗƉȕࣱ

ࢉࡹ



6b� ,ɄȳʌʚɼʯƉʚǶɄȳࣘ E˥ŗȭɱțƨ yࣘ $ŗʌǶƉ țŗȳǖʯŗǖƨʌ

�ʌʌʯȭƨ ⌃ = ,ࡱ} ࣖ{ࡹ

 � = ;

 � = ⌃⇤

 � = {✏}

 � = {ࡱ}

ࢍࡹ

E3 set Oct
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6b� ,ɄȳʌʚɼʯƉʚǶɄȳࣘ E˥ŗȭɱțƨ yyࣘ �ƨȳǖʚǫ ƕǶ˙ǶʌǶſțƨ ſ˦ ࢉ

�ʌʌʯȭƨ ⌃ = ,ࡱ} ࣖ{ࡹ

� = {ˍ 2 ,ࡱ} ⇤{ࡹ | |ˍ| Ƕʌ ƕǶ˙ǶʌǶſțƨ ſ˦ {ࢉ

ࡹ

q q Es Es Es at



6b� ,ɄȳʌʚɼʯƉʚǶɄȳࣘ E˥ŗȭɱțƨ yyyࣘ Eȳƕʌ ˝Ƕʚǫ ࡹࡱ

�ʌʌʯȭƨ ⌃ = ,ࡱ} ࣖ{ࡹ

� = {ˍ 2 ,ࡱ} ⇤{ࡹ | ˍ ƨȳƕʌ ˝Ƕʚǫ {ࡹࡱ

ࡹ

n n
go q ID 92

if



,ɄȳʌʚɼʯƉʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ



6b�ʌ ʚɄ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

âƨɼʌɄȳŗț �ƨȭȭŗࣘ
¡ŗʌʚƨɼǶȳǖ ŗ ƉɄȳƉƨɱʚ ȭƨŗȳʌ ſƨǶȳǖ ŗſțƨ ʚɄ ƕɄ ŗ ɱɼɄſțƨȭ Ƕȳ ſɄʚǫ
ƕǶɼƨƉʚǶɄȳࣖ

ÿǶȭƨ ʚɄ ɼƨ˙ƨɼʌƨ ɱɼɄſțƨȭ ƕǶɼƨƉʚǶɄȳ ŗȳƕ ̇ȳƕ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ
ʯʌǶȳǖ 6b�ʌࣖ

¡ʯțʚǶɱțƨ ȭƨʚǫɄƕʌ ſʯʚ ʚǫƨ Ʉȳƨʌ yऒȭ ǑɄƉʯʌǶȳǖ Ʉȳࣘ

 óʚŗʚƨ ɼƨȭɄ˙ŗț ȭƨʚǫɄƕ
 �țǖƨſɼŗǶƉ ȭƨʚǫɄƕ

࢙ࡹ



óʚŗʚƨ éƨȭɄ˙ŗț ȭƨʚǫɄƕ

yǑ ɪࡹ = �(ɪࡱ, ˕) ŗȳƕ ɪࡽ = �(ɪࡹ, ˖)

ʚǫƨȳ ɪࡽ = �(ɪࡹ, ˖) = �(�(ɪࡱ, ˕), ˖) = �(ɪࡱ, ˕˖)

ࡱࡽ

4

40



óʚŗʚƨ éƨȭɄ˙ŗț ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ

ɪࡹ

ɪࡽ

ࡱ

ࡹ

ࡱ

ࡹ

ࡹ

ࡱ

ɪࡱʌʚŗɼʚ ɪࡽ

ࡹࡱ ࡱࡱॻࡹ ࡱࡹ

ࡹࡹॻࡱ

ࡹࡽ



óʚŗʚƨ éƨȭɄ˙ŗț ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ

ɪࡹ

ɪࡽ

ࡱ

ࡹ

ࡱ

ࡹ

ࡹ

ࡱ

ɪࡱʌʚŗɼʚ ɪࡽ

ࡹࡱ ࡱࡱॻࡹ ࡱࡹ

ࡹࡹॻࡱ
ࡹࡽ



óʚŗʚƨ éƨȭɄ˙ŗț ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡽ

ࡹࡱ ࡱࡱॻࡹ ࡱࡹ

ࡹࡹॻࡱ

ɪࡱʌʚŗɼʚ

+ࡹࡱ +ࡹ) +ࡱ)⇤(ࡱࡹ)(ࡱࡱ (ࡹࡹ

+ࡹࡱ) +ࡹ) +ࡱ)⇤(ࡱࡹ)(ࡱࡱ ⇤((ࡹࡹ

ࡽࡽ
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A
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óʚŗʚƨ éƨȭɄ˙ŗț ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡽ

ࡹࡱ ࡱࡱॻࡹ ࡱࡹ

ࡹࡹॻࡱ

ɪࡱʌʚŗɼʚ

+ࡹࡱ +ࡹ) +ࡱ)⇤(ࡱࡹ)(ࡱࡱ (ࡹࡹ

+ࡹࡱ) +ࡹ) +ࡱ)⇤(ࡱࡹ)(ࡱࡱ ⇤((ࡹࡹ

ࡽࡽ



óʚŗʚƨ éƨȭɄ˙ŗț ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡽ

ࡹࡱ ࡱࡱॻࡹ ࡱࡹ

ࡹࡹॻࡱ

ɪࡱʌʚŗɼʚ

+ࡹࡱ +ࡹ) +ࡱ)⇤(ࡱࡹ)(ࡱࡱ (ࡹࡹ

+ࡹࡱ) +ࡹ) +ࡱ)⇤(ࡱࡹ)(ࡱࡱ ⇤((ࡹࡹ

ࡽࡽ



�țǖƨſɼŗǶƉ ȭƨʚǫɄƕ

ÿɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳʌ ŗɼƨ ʚǫƨȭʌƨț˙ƨʌ ŗțǖƨſɼŗǶƉ ƨ˥ɱɼƨʌʌǶɄȳʌࣛ

6ƨȭŗɼƉŗʚƨ ʌʚŗʚƨʌ ŗʌ ˙ŗɼǶŗſțƨʌࣖ

,ŗȳ ɼƨ˝ɼǶʚƨ ɪࡹ = �(ɪࡱ, ˕) ŗʌ ɪࡹ = ɪࡱ˕

óɄț˙ƨ ǑɄɼ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨࣖ

ࢁࡽ

9a gox



�țǖƨſɼŗǶƉ ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ

ɪࡽ ɪࢁ

ࡱ

ࡹ

ࡱࡹ ࡱ

ࡹ ࣗࡹࡱ

 ɪࡱ = ✏+ ɪࡹࡹ+ ɪࡱࡽ
 ɪࡹ = ɪࡱࡱ
 ɪࡽ = ɪࡹࡱ
 ɪࢁ = ɪࡱࡹ+ ɪࡹࡽ+ ɪࡱ)ࢁ+ (ࡹ

ࢅࡽ



�țǖƨſɼŗǶƉ ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ

ɪࡽ ɪࢁ

ࡱ

ࡹ

ࡱࡹ ࡱ

ࡹ ࣗࡹࡱ

 ɪࡱ = ✏+ ɪࡹࡹ+ ɪࡱࡽ
 ɪࡹ = ɪࡱࡱ
 ɪࡽ = ɪࡹࡱ
 ɪࢁ = ɪࡱࡹ+ ɪࡹࡽ+ ɪࡱ)ࢁ+ (ࡹ

ࢅࡽ



�țǖƨſɼŗǶƉ ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

 ɪࡱ = ✏+ ɪࡹࡹ+ ɪࡱࡽ
 ɪࡹ = ɪࡱࡱ
 ɪࡽ = ɪࡹࡱ
 ɪࢁ = ɪࡱࡹ+ ɪࡹࡽ+ ɪࡱ)ࢁ+ (ࡹ

¥Ʉ˝ ˝ƨ ʌǶȭɱțƨ ʌɄț˙ƨ ʚǫƨ ʌ˦ʌʚƨȭ ɄǑ ƨɸʯŗʚǶɄȳʌ ǑɄɼ ɪࣘࡱ

 ɪࡱ = ✏+ ɪࡹࡹ+ ɪࡱࡽ
 ɪࡱ = ✏+ ɪࡹࡱࡱ+ ɪࡱࡹࡱ
 ɪࡱ = ✏+ ɪࡹࡱ)ࡱ+ (ࡱࡹ

ÿǫƨɄɼƨȭ ࣯�ɼƕƨȳऒʌ ÿǫƨɄɼƨȭࣱ
Þ = Ü+ Þ× = Ü×⇤

ࢉࡽ

start.NO



�țǖƨſɼŗǶƉ ȭƨʚǫɄƕ ࣽ E˥ŗȭɱțƨ

 ɪࡱ = ✏+ ɪࡹࡹ+ ɪࡱࡽ
 ɪࡹ = ɪࡱࡱ
 ɪࡽ = ɪࡹࡱ
 ɪࢁ = ɪࡱࡹ+ ɪࡹࡽ+ ɪࡱ)ࢁ+ (ࡹ

¥Ʉ˝ ˝ƨ ʌǶȭɱțƨ ʌɄț˙ƨ ʚǫƨ ʌ˦ʌʚƨȭ ɄǑ ƨɸʯŗʚǶɄȳʌ ǑɄɼ ɪࣘࡱ

 ɪࡱ = ✏+ ɪࡹࡹ+ ɪࡱࡽ
 ɪࡱ = ✏+ ɪࡹࡱࡱ+ ɪࡱࡹࡱ
 ɪࡱ = ✏+ ɪࡹࡱ)ࡱ+ (ࡱࡹ
 ɪࡱ = +ࡹࡱ) ⇤(ࡱࡹ = +ࡹࡱ) ⇤(ࡱࡹ

ࢍࡽ



,Ʉȭɱțƨȭƨȳʚ țŗȳǖʯŗǖƨ



,Ʉȭɱțƨȭƨȳʚ

çʯƨʌʚǶɄȳࣘ yǑ � Ƕʌ ŗ 6b�ࣗ Ƕʌ ʚǫƨɼƨ ŗ 6b� �0 ʌʯƉǫ ʚǫŗʚ
�(�0) = ⌃⇤ \ �(�)ࣞ ÿǫŗʚ Ƕʌࣗ ŗɼƨ țŗȳǖʯŗǖƨʌ ɼƨƉɄǖȳǶ˲ƨƕ ſ˦ 6b�ʌ
ƉțɄʌƨƕ ʯȳƕƨɼ ƉɄȭɱțƨȭƨȳʚࣞ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

ࡽ

M odd O's

on



,Ʉȭɱțƨȭƨȳʚ

�ʯʌʚ ̈Ƕɱ ʚǫƨ ʌʚŗʚƨ ɄǑ ʚǫƨ ʌʚŗʚƨʌࣛ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

ɪࡱʌʚŗɼʚ ɪࡹ

ࡹ
ࡱ

ࡹ

ࡱ

ࡽ

odd 0 s even I 0 s



,Ʉȭɱțƨȭƨȳʚ

ÿǫƨɄɼƨȭ
�ŗȩǐʠŗǐƣɾ ŗƅƅƣɤʋƣƐ Ż˖ 3^�ɾ ŗɮƣ ƅȑȹɾƣƐ ʠȩƐƣɮ ƅȹȣɤȑƣȣƣȩʋࣖ

âɼɄɄǑࣖ
�ƨʚ � = (Ü,⌃, �, ɾ,�) ʌʯƉǫ ʚǫŗʚ � = �(�)ࣖ
�ƨʚ �0 = (Ü,⌃, �, ɾ,Ü \ �)ࣖ ,țŗǶȭࣘ �(�0) = �̄ࣖ İǫ˦ࣞ
�⇤� = �⇤�0 ࣖ ÿǫʯʌࣗ ǑɄɼ ƨ˙ƨɼ˦ ʌʚɼǶȳǖ ˍࣗ �⇤�(ɾ,ˍ) = �⇤�0(ɾ,ˍ)ࣖ
�⇤�(ɾ,ˍ) 2 �) �⇤�0(ɾ,ˍ) 62 Ü \ �ࣖ
�⇤�(ɾ,ˍ) 62 �) �⇤�0(ɾ,ˍ) 2 Ü \ �ࣖ

࢙ࡽ

If L is regular then I is regular



,Ʉȭɱțƨȭƨȳʚ

ÿǫƨɄɼƨȭ
�ŗȩǐʠŗǐƣɾ ŗƅƅƣɤʋƣƐ Ż˖ 3^�ɾ ŗɮƣ ƅȑȹɾƣƐ ʠȩƐƣɮ ƅȹȣɤȑƣȣƣȩʋࣖ

âɼɄɄǑࣖ
�ƨʚ � = (Ü,⌃, �, ɾ,�) ʌʯƉǫ ʚǫŗʚ � = �(�)ࣖ
�ƨʚ �0 = (Ü,⌃, �, ɾ,Ü \ �)ࣖ ,țŗǶȭࣘ �(�0) = �̄ࣖ İǫ˦ࣞ
�⇤� = �⇤�0 ࣖ ÿǫʯʌࣗ ǑɄɼ ƨ˙ƨɼ˦ ʌʚɼǶȳǖ ˍࣗ �⇤�(ɾ,ˍ) = �⇤�0(ɾ,ˍ)ࣖ
�⇤�(ɾ,ˍ) 2 �) �⇤�0(ɾ,ˍ) 62 Ü \ �ࣖ
�⇤�(ɾ,ˍ) 62 �) �⇤�0(ɾ,ˍ) 2 Ü \ �ࣖ

࢙ࡽ



âɼɄƕʯƉʚ ,ɄȳʌʚɼʯƉʚǶɄȳ



ĎȳǶɄȳ ŗȳƕ yȳʚƨɼʌƨƉʚǶɄȳ

�ɼƨ țŗȳǖʯŗǖƨʌ ŗƉƉƨɱʚƨƕ ſ˦ 6b�ʌ ƉțɄʌƨƕ ʯȳƕƨɼ ʯȳǶɄȳࣞ ÿǫŗʚ Ƕʌࣗ
ǖǶ˙ƨȳ 6b�ʌ ࡹ� ŗȳƕ ࡽ� Ƕʌ ʚǫƨɼƨ ŗ 6b� ʚǫŗʚ ŗƉƉƨɱʚʌ (ࡹ�)� [ ࣞ(ࡽ�)�

pɄ˝ ŗſɄʯʚ ǶȳʚƨɼʌƨƉʚǶɄȳ (ࡹ�)� \ ࣞ(ࡽ�)�

yƕƨŗ ǑɼɄȭ ɱɼɄǖɼŗȭȭǶȳǖࣘ Ʉȳ Ƕȳɱʯʚ ʌʚɼǶȳǖ ˍ

 óǶȭʯțŗʚƨ ࡹ� Ʉȳ ˍ
 óǶȭʯțŗʚƨ ࡽ� Ʉȳ ˍ
 yǑ ſɄʚǫ ŗƉƉƨɱʚ ʚǫŗȳ ˍ 2 (ࡹ�)� \ ࣖ(ࡽ�)� yǑ ŗʚ țƨŗʌʚ Ʉȳƨ
ŗƉƉƨɱʚʌ ʚǫƨȳ ˍ 2 (ࡹ�)� [ ࣖ(ࡽ�)�

 ,ŗʚƉǫࣘ İƨ ˝ŗȳʚ ŗ ʌǶȳǖțƨ 6b� � ʚǫŗʚ Ɖŗȳ Ʉȳț˦ ɼƨŗƕ ˍ ɄȳƉƨࣖ
 óɄțʯʚǶɄȳࣘ óǶȭʯțŗʚƨ ࡹ� ŗȳƕ ࡽ� Ƕȳ ɱŗɼŗțțƨț ſ˦ ȕƨƨɱǶȳǖ ʚɼŗƉȕ
ɄǑ ʌʚŗʚƨʌ ɄǑ Żȹʋǣ ȭŗƉǫǶȳƨʌ

ࡱࢁ

w I w has odd of O's I's

M odd of O's

Mz odd
of 1 s



ĎȳǶɄȳ ŗȳƕ yȳʚƨɼʌƨƉʚǶɄȳ

�ɼƨ țŗȳǖʯŗǖƨʌ ŗƉƉƨɱʚƨƕ ſ˦ 6b�ʌ ƉțɄʌƨƕ ʯȳƕƨɼ ʯȳǶɄȳࣞ ÿǫŗʚ Ƕʌࣗ
ǖǶ˙ƨȳ 6b�ʌ ࡹ� ŗȳƕ ࡽ� Ƕʌ ʚǫƨɼƨ ŗ 6b� ʚǫŗʚ ŗƉƉƨɱʚʌ (ࡹ�)� [ ࣞ(ࡽ�)�

pɄ˝ ŗſɄʯʚ ǶȳʚƨɼʌƨƉʚǶɄȳ (ࡹ�)� \ ࣞ(ࡽ�)�

yƕƨŗ ǑɼɄȭ ɱɼɄǖɼŗȭȭǶȳǖࣘ Ʉȳ Ƕȳɱʯʚ ʌʚɼǶȳǖ ˍ

 óǶȭʯțŗʚƨ ࡹ� Ʉȳ ˍ
 óǶȭʯțŗʚƨ ࡽ� Ʉȳ ˍ
 yǑ ſɄʚǫ ŗƉƉƨɱʚ ʚǫŗȳ ˍ 2 (ࡹ�)� \ ࣖ(ࡽ�)� yǑ ŗʚ țƨŗʌʚ Ʉȳƨ
ŗƉƉƨɱʚʌ ʚǫƨȳ ˍ 2 (ࡹ�)� [ ࣖ(ࡽ�)�

 ,ŗʚƉǫࣘ İƨ ˝ŗȳʚ ŗ ʌǶȳǖțƨ 6b� � ʚǫŗʚ Ɖŗȳ Ʉȳț˦ ɼƨŗƕ ˍ ɄȳƉƨࣖ
 óɄțʯʚǶɄȳࣘ óǶȭʯțŗʚƨ ࡹ� ŗȳƕ ࡽ� Ƕȳ ɱŗɼŗțțƨț ſ˦ ȕƨƨɱǶȳǖ ʚɼŗƉȕ
ɄǑ ʌʚŗʚƨʌ ɄǑ Żȹʋǣ ȭŗƉǫǶȳƨʌ

ࡱࢁ



ĎȳǶɄȳ ŗȳƕ yȳʚƨɼʌƨƉʚǶɄȳ

�ɼƨ țŗȳǖʯŗǖƨʌ ŗƉƉƨɱʚƨƕ ſ˦ 6b�ʌ ƉțɄʌƨƕ ʯȳƕƨɼ ʯȳǶɄȳࣞ ÿǫŗʚ Ƕʌࣗ
ǖǶ˙ƨȳ 6b�ʌ ࡹ� ŗȳƕ ࡽ� Ƕʌ ʚǫƨɼƨ ŗ 6b� ʚǫŗʚ ŗƉƉƨɱʚʌ (ࡹ�)� [ ࣞ(ࡽ�)�

pɄ˝ ŗſɄʯʚ ǶȳʚƨɼʌƨƉʚǶɄȳ (ࡹ�)� \ ࣞ(ࡽ�)�

yƕƨŗ ǑɼɄȭ ɱɼɄǖɼŗȭȭǶȳǖࣘ Ʉȳ Ƕȳɱʯʚ ʌʚɼǶȳǖ ˍ

 óǶȭʯțŗʚƨ ࡹ� Ʉȳ ˍ
 óǶȭʯțŗʚƨ ࡽ� Ʉȳ ˍ
 yǑ ſɄʚǫ ŗƉƉƨɱʚ ʚǫŗȳ ˍ 2 (ࡹ�)� \ ࣖ(ࡽ�)� yǑ ŗʚ țƨŗʌʚ Ʉȳƨ
ŗƉƉƨɱʚʌ ʚǫƨȳ ˍ 2 (ࡹ�)� [ ࣖ(ࡽ�)�

 ,ŗʚƉǫࣘ İƨ ˝ŗȳʚ ŗ ʌǶȳǖțƨ 6b� � ʚǫŗʚ Ɖŗȳ Ʉȳț˦ ɼƨŗƕ ˍ ɄȳƉƨࣖ

 óɄțʯʚǶɄȳࣘ óǶȭʯțŗʚƨ ࡹ� ŗȳƕ ࡽ� Ƕȳ ɱŗɼŗțțƨț ſ˦ ȕƨƨɱǶȳǖ ʚɼŗƉȕ
ɄǑ ʌʚŗʚƨʌ ɄǑ Żȹʋǣ ȭŗƉǫǶȳƨʌ

ࡱࢁ



ĎȳǶɄȳ ŗȳƕ yȳʚƨɼʌƨƉʚǶɄȳ

�ɼƨ țŗȳǖʯŗǖƨʌ ŗƉƉƨɱʚƨƕ ſ˦ 6b�ʌ ƉțɄʌƨƕ ʯȳƕƨɼ ʯȳǶɄȳࣞ ÿǫŗʚ Ƕʌࣗ
ǖǶ˙ƨȳ 6b�ʌ ࡹ� ŗȳƕ ࡽ� Ƕʌ ʚǫƨɼƨ ŗ 6b� ʚǫŗʚ ŗƉƉƨɱʚʌ (ࡹ�)� [ ࣞ(ࡽ�)�

pɄ˝ ŗſɄʯʚ ǶȳʚƨɼʌƨƉʚǶɄȳ (ࡹ�)� \ ࣞ(ࡽ�)�

yƕƨŗ ǑɼɄȭ ɱɼɄǖɼŗȭȭǶȳǖࣘ Ʉȳ Ƕȳɱʯʚ ʌʚɼǶȳǖ ˍ

 óǶȭʯțŗʚƨ ࡹ� Ʉȳ ˍ
 óǶȭʯțŗʚƨ ࡽ� Ʉȳ ˍ
 yǑ ſɄʚǫ ŗƉƉƨɱʚ ʚǫŗȳ ˍ 2 (ࡹ�)� \ ࣖ(ࡽ�)� yǑ ŗʚ țƨŗʌʚ Ʉȳƨ
ŗƉƉƨɱʚʌ ʚǫƨȳ ˍ 2 (ࡹ�)� [ ࣖ(ࡽ�)�

 ,ŗʚƉǫࣘ İƨ ˝ŗȳʚ ŗ ʌǶȳǖțƨ 6b� � ʚǫŗʚ Ɖŗȳ Ʉȳț˦ ɼƨŗƕ ˍ ɄȳƉƨࣖ
 óɄțʯʚǶɄȳࣘ óǶȭʯțŗʚƨ ࡹ� ŗȳƕ ࡽ� Ƕȳ ɱŗɼŗțțƨț ſ˦ ȕƨƨɱǶȳǖ ʚɼŗƉȕ
ɄǑ ʌʚŗʚƨʌ ɄǑ Żȹʋǣ ȭŗƉǫǶȳƨʌ

ࡱࢁ



E˥ŗȭɱțƨ

0

1

1

0

0

1

M2 accepts #1 = odd

0 1
10

0

1

M1 accepts #0 = odd

ࡹࢁ



E˥ŗȭɱțƨ

Cross-product machine

0 1
10

0

1

M1 accepts #0 = odd

0

1

1

0

0

1

M2 accepts #1 = odd

0

00 10

01 11

0

0

0
1 1 1 1

ࡽࢁ



âɼɄƕʯƉʚ ƉɄȳʌʚɼʯƉʚǶɄȳ ǑɄɼ ǶȳʚƨɼʌƨƉʚǶɄȳ

ࡹ� = (Üࡹ,⌃, ,ࡹ� ɾࡹ�,ࡹ) ŗȳƕ ࡽ� = (Üࡹ,⌃, ,ࡽ� ɾࡽ�,ࡽ)

ÿǫƨɄɼƨȭ
�(�) = (ࡹ�)� \ ࣖ(ࡽ�)�

,ɼƨŗʚƨ � = (Ü,⌃, �, ɾ,�) ˝ǫƨɼƨ

 Ü =

 ɾ =
 � :

 � =

ࢁࢁ



âɼɄƕʯƉʚ ƉɄȳʌʚɼʯƉʚǶɄȳ ǑɄɼ ǶȳʚƨɼʌƨƉʚǶɄȳ

ࡹ� = (Üࡹ,⌃, ,ࡹ� ɾࡹ�,ࡹ) ŗȳƕ ࡽ� = (Üࡹ,⌃, ,ࡽ� ɾࡽ�,ࡽ)

ÿǫƨɄɼƨȭ
�(�) = (ࡹ�)� \ ࣖ(ࡽ�)�

,ɼƨŗʚƨ � = (Ü,⌃, �, ɾ,�) ˝ǫƨɼƨ

 Ü =

 ɾ =
 � :

 � =

ࢁࢁ

Q X Q2 Cq agis Ei E Q c Ee E Qe

Sr Sz

Q x E Q where

S Cq ga a SCq a Sz qua

A X Az Cq q I 9 EA e E E Ae



yȳʚƨɼʌƨƉʚǶɄȳ ˙ʌ ĎȳǶɄȳ

ࣘࡹ�
ɪࡱʌʚŗɼʚ ɪࡹ

ࡻ
ࡴ

ࡻ

ࡴ ࡽ� :
ɪࡱʌʚŗɼʚ ɪࡹ

ࡻ
ࡴ

ࡻ

ࡴ

ࡹ� ࡽ�\ ࡹ� ࡽ�]

ɪ(ࡱ,ࡱ)ʌʚŗɼʚ

ɪ(ࡹ,ࡱ)

ɪ(ࡱ,ࡹ)

ɪ(ࡹ,ࡹ)

ࡻࡻ

ࡴ

ࡴ

ࡴ

ࡴ

ࡻࡻ

ɪ(ࡱ,ࡱ)ʌʚŗɼʚ

ɪ(ࡹ,ࡱ)

ɪ(ࡱ,ࡹ)

ɪ(ࡹ,ࡹ)

ࡻࡻ

ࡴ

ࡴ

ࡴ

ࡴ

ࡻࡻ

ࢅࢁ



âɼɄƕʯƉʚ ƉɄȳʌʚɼʯƉʚǶɄȳ ǑɄɼ ʯȳǶɄȳ

ࡹ� = (Üࡹ,⌃, ,ࡹ� ɾࡹ�,ࡹ) ŗȳƕ ࡽ� = (Üࡹ,⌃, ,ࡽ� ɾࡽ�,ࡽ)

ÿǫƨɄɼƨȭ
�(�) = (ࡹ�)� [ ࣖ(ࡽ�)�

,ɼƨŗʚƨ � = (Ü,⌃, �, ɾ,�) ˝ǫƨɼƨ

 Ü = Üࡹ ⇥ Üࡽ = {(ɪࡹ,ɪࡽ) | ɪࡹ 2 Üࡹ,ɪࡽ 2 Üࡽ}
 ɾ = (ɾࡹ, ɾࡽ)
 � : Ü⇥ ⌃ ! Ü ˝ǫƨɼƨ

�((ɪࡹ,ɪࡽ),ŗ) = ,(ŗ,ࡹɪ)ࡹ�) ((ŗ,ࡽɪ)ࡽ�

 � =

ࢉࢁ

g see g EA or Ez C Az


