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ÿǫƨɄɼƨȭ ࣯�țƨƨȳƨऒʌ ÿǫƨɄɼƨȭ ࣱ

� ȑŗȩǐʠŗǐƣ Ǯɾ ɮƣǐʠȑŗɮ Ǯǋ ŗȩƐ ȹȩȑ˖ Ǯǋ Ǯʋ ƅŗȩ Żƣ ȹŻʋŗǮȩƣƐ ǋɮȹȣ
̃ȩǮʋƣ ȑŗȩǐʠŗǐƣɾ Ż˖ ŗɤɤȑ˖Ǯȩǐ ʋǣƣ ʋǣɮƣƣ ȹɤƣɮŗʋǮȹȩɾࣘ

 āȩǮȹȩ
 *ȹȩƅŗʋƣȩŗʋǮȹȩ
 ÞƣɤƣʋǮʋǮȹȩ

ŗ ̃ȩǮʋƣ ȩʠȣŻƣɮ ȹǋ ʋǮȣƣɾࣖ

ࢉ

food



éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

� Ɖțŗʌʌ ɄǑ ʌǶȭɱțƨ ſʯʚ ʯʌƨǑʯț țŗȳǖʯŗǖƨʌࣖ
ÿǫƨ ʌƨʚ ɄǑ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ Ʉ˙ƨɼ ʌɄȭƨ ŗțɱǫŗſƨʚ ⌃ Ƕʌ ƕƨ̇ȳƨƕ
ǶȳƕʯƉʚǶ˙ƨț ࣖ˦

$ŗʌƨ ,ŗʌƨ

 ; Ƕʌ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣖ
 {✏} Ƕʌ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣖ
 {ŗ} Ƕʌ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨ ǑɄɼ ƨŗƉǫ ŗ 2 ⌃ࣖ yȳʚƨɼɱɼƨʚǶȳǖ ŗ ŗʌ
ʌʚɼǶȳǖ ɄǑ țƨȳǖʚǫ ࣖࡹ
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éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

yȳƕʯƉʚǶ˙ƨ ʌʚƨɱࣘ

İƨ Ɖŗȳ ſʯǶțƕ ʯɱ țŗȳǖʯŗǖƨʌ ʯʌǶȳǖ ŗ Ǒƨ˝ ſŗʌǶƉ ɄɱƨɼŗʚǶɄȳʌࣘ

 yǑ ,ࡹ� ࡽ� ŗɼƨ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� [ ࡽ� Ƕʌ ɼƨǖʯțŗɼࣖ
 yǑ ,ࡹ� ࡽ� ŗɼƨ ɼƨǖʯțŗɼ ʚǫƨȳ ࡽ�ࡹ� Ƕʌ ɼƨǖʯțŗɼࣖ
 yǑ � Ƕʌ ɼƨǖʯțŗɼࣗ ʚǫƨȳ �⇤ = [ȩࡱ��ȩ Ƕʌ ɼƨǖʯțŗɼࣖ
ÿǫƨ ·⇤ ɄɱƨɼŗʚɄɼ ȳŗȭƨ Ƕʌ �ȑƣƣȩƣ ɾʋŗɮࣖ

 yǑ � Ƕʌ ɼƨǖʯțŗɼࣗ ʚǫƨȳ ʌɄ Ƕʌ � = ⌃⇤ \ �ࣖ

éƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ŗɼƨ ƉțɄʌƨƕ ʯȳƕƨɼ ɄɱƨɼŗʚǶɄȳʌ ɄǑ ʯȳǶɄȳࣗ
ƉɄȳƉŗʚƨȳŗʚǶɄȳ ŗȳƕ �țƨƨȳƨ ʌʚŗɼࣖ





éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

pŗ˙ƨ ſŗʌǶƉ ɄɱƨɼŗʚǶɄȳʌ ʚɄ ſʯǶțƕ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌࣖ

yȭɱɄɼʚŗȳʚࣘ �ȳ˦ țŗȳǖʯŗǖƨ ǖƨȳƨɼŗʚƨƕ ſ˦ ŗ ̇ȳǶʚƨ ʌƨɸʯƨȳƉƨ ɄǑ
ʌʯƉǫ ɄɱƨɼŗʚǶɄȳʌ Ƕʌ ɼƨǖʯțŗɼࣖ

�ƨȭȭŗ
�ƣʋ ,ࡹ� ,ࡽ� . . . , Żƣ ɮƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣɾ ȹˉƣɮ ŗȑɤǣŗŻƣʋ ⌃ࣖ òǣƣȩ ʋǣƣ
ȑŗȩǐʠŗǐƣ [1

Ǯ=ࡹ�Ǯ Ǯɾ ȩȹʋ ȩƣƅƣɾɾŗɮǮȑ˖ ɮƣǐʠȑŗɮࣖ

E˥ŗȭɱțƨࣘ
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�ƨȭȭŗ
tǋ ˍ Ǯɾ ŗ ɾʋɮǮȩǐ ʋǣƣȩ � = {ˍ} Ǯɾ ɮƣǐʠȑŗɮࣖ

E˥ŗȭɱțƨࣘ {ŗŻŗ} Ʉɼ {ŗŻŻŗŻŻŗŻ}ࣖ İǫ˦ࣞ

�ƨȭȭŗ
Bˉƣɮ˖ ̃ȩǮʋƣ ȑŗȩǐʠŗǐƣ � Ǯɾ ɮƣǐʠȑŗɮࣖ

E˥ŗȭɱțƨʌࣘ � = {ŗ,ŗŻŗŗŻ,ŗŻŗ}ࣖ � = {ˍ | |ˍ|  ࣖ{ࡱࡱࡹ İǫ˦ࣞ
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E˥ŗȭɱțƨࣘ {ŗŻŗ} Ʉɼ {ŗŻŻŗŻŻŗŻ}ࣖ İǫ˦ࣞ

�ƨȭȭŗ
Bˉƣɮ˖ ̃ȩǮʋƣ ȑŗȩǐʠŗǐƣ � Ǯɾ ɮƣǐʠȑŗɮࣖ

E˥ŗȭɱțƨʌࣘ � = {ŗ,ŗŻŗŗŻ,ŗŻŗ}ࣖ � = {ˍ | |ˍ|  ࣖ{ࡱࡱࡹ İǫ˦ࣞ
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��� Ǯ = ,ࡱ ,ࡹ . . . ,1
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ࣖࢅ ࢅ� = {ˍ 2 ,ࡱ} ⇤{ࡹ | ˍ ǫŗʌ ŗʚ ȭɄʌʚ ࢅࢁ ࣖ{ʌࡹ ࢅ� Ƕʌ ɼƨǖʯțŗɼࣖ
ÿࣩbࣞ

ࡹࡹ
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B
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� ˝ŗ˦ ʚɄ ƕƨȳɄʚƨ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ

 ʌǶȭɱțƨ ɱŗʚʚƨɼȳʌ ʚɄ ƕƨʌƉɼǶſƨ ɼƨțŗʚƨƕ ʌʚɼǶȳǖʌ
 ʯʌƨǑʯț Ƕȳ

 ʚƨ˥ʚ ʌƨŗɼƉǫ ࣯ƨƕǶʚɄɼʌࣗ ĎȳǶ˥ࣩǖɼƨɱࣗ ƨȭŗƉʌࣱ
 ƉɄȭɱǶțƨɼʌࣘ țƨ˥ǶƉŗț ŗȳŗț˦ʌǶʌ
 ƉɄȭɱŗƉʚ ˝ŗ˦ ʚɄ ɼƨɱɼƨʌƨȳʚ ǶȳʚƨɼƨʌʚǶȳǖࣩʯʌƨǑʯț țŗȳǖʯŗǖƨʌ
 ƕŗʚƨʌ ſŗƉȕ ʚɄ ऒʌࣘࡱࢉ óʚƨɱǫƨȳ �țƨƨȳƨ
˝ǫɄ ǫŗʌ ŗ ʌʚŗɼ ȳŗȭƨʌ ŗǑʚƨɼ ǫǶȭ ࣖࡹ

�țƨƨȳƨࣗࡹ óʚƨɱǫƨȳ ,ࣖࣘ ऐéƨɱɼƨʌƨȳʚŗʚǶɄȳ ɄǑ E˙ƨȳʚʌ Ƕȳ ¥ƨɼ˙ƨ ¥ƨʚʌ ŗȳƕ bǶȳǶʚƨ
�ʯʚɄȭŗʚŗऐࣖ yȳ óǫŗȳȳɄȳࣗ ,țŗʯƕƨ Eࣖࣙ ¡Ɖ,ŗɼʚǫ ࣗ˦ �Ʉǫȳࣖ �ʯʚɄȭŗʚŗ óʚʯƕǶƨʌࣗ
âɼǶȳƉƨʚɄȳ ĎȳǶ˙ƨɼʌǶʚ˦ âɼƨʌʌࣖ ɱɱࣖ ࣗࣖࡽࢅँࢁ ࣖࢍࢉ࢙ࡹ

ࡽࡹ



yȳƕʯƉʚǶ˙ƨ 6ƨ̇ȳǶʚǶɄȳ

� ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɼ Ʉ˙ƨɼ ŗȳ ŗțɱǫŗſƨʚ ⌃ Ƕʌ Ʉȳƨ ɄǑ ʚǫƨ
ǑɄțțɄ˝Ƕȳǖࣘ
$ŗʌƨ Ɖŗʌƨʌࣘ

 ; ƕƨȳɄʚƨʌ ʚǫƨ țŗȳǖʯŗǖƨ ;
 ✏ ƕƨȳɄʚƨʌ ʚǫƨ țŗȳǖʯŗǖƨ {✏}ࣖ
 ŗ ƕƨȳɄʚƨ ʚǫƨ țŗȳǖʯŗǖƨ {ŗ}ࣖ

yȳƕʯƉʚǶ˙ƨ Ɖŗʌƨʌࣘ yǑ ɼࡹ ŗȳƕ ɼࡽ ŗɼƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ ƕƨȳɄʚǶȳǖ
țŗȳǖʯŗǖƨʌ Þࡹ ŗȳƕ Þࡽ ɼƨʌɱƨƉʚǶ˙ƨț˦ ʚǫƨȳࣗ

 (ɼࡹ + ɼࡽ) ƕƨȳɄʚƨʌ ʚǫƨ țŗȳǖʯŗǖƨ Þࡹ [ Þࡽ
 (ɼࡹ·ɼࡽ) = ɮࡹ·ɮࡽ = (ɼࡹɼࡽ) ƕƨȳɄʚƨʌ ʚǫƨ țŗȳǖʯŗǖƨ ÞࡹÞࡽ
 (ɼࡹ)⇤ ƕƨȳɄʚƨʌ ʚǫƨ țŗȳǖʯŗǖƨ Þ⇤ࡹ

ࢁࡹ



éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ ˙ʌ éƨǖʯțŗɼ E˥ɱɼƨʌʌǶɄȳʌ

éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ éƨǖʯțŗɼ E˥ɱɼƨʌʌǶɄȳʌ

; ɼƨǖʯțŗɼ ; ƕƨȳɄʚƨʌ ;
{✏} ɼƨǖʯțŗɼ ✏ ƕƨȳɄʚƨʌ {✏}
{ŗ} ɼƨǖʯțŗɼ ǑɄɼ ŗ 2 ⌃ ŗ ƕƨȳɄʚƨ {ŗ}
Þࡹ [ Þࡽ ɼƨǖʯțŗɼ ǶǑ ſɄʚǫ ŗɼƨ ɼࡹ + ɼࡽ ƕƨȳɄʚƨʌ Þࡹ [ Þࡽ
ÞࡹÞࡽ ɼƨǖʯțŗɼ ǶǑ ſɄʚǫ ŗɼƨ ɼࡹ·ɼࡽ ƕƨȳɄʚƨʌ ÞࡹÞࡽ
Þ⇤ Ƕʌ ɼƨǖʯțŗɼ ǶǑ Þ Ƕʌ ɼ⇤ ƕƨȳɄʚƨ Þ⇤

éƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ ƕƨȳɄʚƨ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ः ʚǫƨ˦ ƨ˥ɱțǶƉǶʚț˦
ʌǫɄ˝ ʚǫƨ ɄɱƨɼŗʚǶɄȳʌ ʚǫŗʚ ˝ƨɼƨ ʯʌƨƕ ʚɄ ǑɄɼȭ ʚǫƨ țŗȳǖʯŗǖƨ

ࢅࡹ



¥ɄʚŗʚǶɄȳ ŗȳƕ âŗɼƨȳʚǫƨʌǶʌ

 bɄɼ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɼࣗ �(ɼ) Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ƕƨȳɄʚƨƕ ſ˦
ɼࣖ ¡ʯțʚǶɱțƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ Ɖŗȳ ƕƨȳɄʚƨ ʚǫƨ ʌŗȭƨ
țŗȳǖʯŗǖƨࣛ
E˥ŗȭɱțƨࣘ +ࡱ) (ࡹ ŗȳƕ +ࡹ) (ࡱ ƕƨȳɄʚƨ ʌŗȭƨ țŗȳǖʯŗǖƨ ,ࡱ} {ࡹ

 ÿ˝Ʉ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ ɼࡹ ŗȳƕ ɼࡽ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ ǶǑ
�(ɼࡹ) = �(ɼࡽ)ࣖ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗƕɄɱʚǶȳǖ ɱɼƨƉƨƕƨȳƉƨ Ʉɼƕƨɼࣘ ⇤ࣗ
ƉɄȳƉŗʚƨȳŗʚƨࣗ +ࣖ
E˥ŗȭɱțƨࣘ ɮ⇤ɾ+ ʋ = ((ɮ⇤)ɾ) + ʋ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗʌʌɄƉǶŗʚǶ˙Ƕʚ˦ ɄǑ ƨŗƉǫ ɄǑ ʚǫƨʌƨ
ɄɱƨɼŗʚǶɄȳʌࣖ
E˥ŗȭɱțƨࣘ ɮɾʋ = (ɮɾ)ʋ = ɮ(ɾʋ)ࣗ
ɮ + ɾ+ ʋ = ɮ + (ɾ+ ʋ) = (ɮ + ɾ) + ʋࣖ

 óʯɱƨɼʌƉɼǶɱʚ +ࣖ bɄɼ ƉɄȳ˙ƨȳǶƨȳƉƨࣗ ƕƨ̇ȳƨ ɼ+ = ɼɼ⇤ࣖ pƨȳƉƨ ǶǑ
�(ɼ) = Þ ʚǫƨȳ �(ɼ+) = Þ+ࣖ

 ¶ʚǫƨɼ ȳɄʚŗʚǶɄȳࣘ ɮ + ɾࣗ ɮ [ ɾࣗ ɮ|ɾ ŗțț ƕƨȳɄʚƨ ʯȳǶɄȳࣖ ɮɾ Ƕʌ
ʌɄȭƨʚǶȭƨʌ ˝ɼǶʚʚƨȳ ŗʌ ɮ·ɾࣖ

ࢉࡹ



¥ɄʚŗʚǶɄȳ ŗȳƕ âŗɼƨȳʚǫƨʌǶʌ

 bɄɼ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɼࣗ �(ɼ) Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ƕƨȳɄʚƨƕ ſ˦
ɼࣖ ¡ʯțʚǶɱțƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ Ɖŗȳ ƕƨȳɄʚƨ ʚǫƨ ʌŗȭƨ
țŗȳǖʯŗǖƨࣛ
E˥ŗȭɱțƨࣘ +ࡱ) (ࡹ ŗȳƕ +ࡹ) (ࡱ ƕƨȳɄʚƨ ʌŗȭƨ țŗȳǖʯŗǖƨ ,ࡱ} {ࡹ

 ÿ˝Ʉ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ ɼࡹ ŗȳƕ ɼࡽ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ ǶǑ
�(ɼࡹ) = �(ɼࡽ)ࣖ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗƕɄɱʚǶȳǖ ɱɼƨƉƨƕƨȳƉƨ Ʉɼƕƨɼࣘ ⇤ࣗ
ƉɄȳƉŗʚƨȳŗʚƨࣗ +ࣖ
E˥ŗȭɱțƨࣘ ɮ⇤ɾ+ ʋ = ((ɮ⇤)ɾ) + ʋ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗʌʌɄƉǶŗʚǶ˙Ƕʚ˦ ɄǑ ƨŗƉǫ ɄǑ ʚǫƨʌƨ
ɄɱƨɼŗʚǶɄȳʌࣖ
E˥ŗȭɱțƨࣘ ɮɾʋ = (ɮɾ)ʋ = ɮ(ɾʋ)ࣗ
ɮ + ɾ+ ʋ = ɮ + (ɾ+ ʋ) = (ɮ + ɾ) + ʋࣖ

 óʯɱƨɼʌƉɼǶɱʚ +ࣖ bɄɼ ƉɄȳ˙ƨȳǶƨȳƉƨࣗ ƕƨ̇ȳƨ ɼ+ = ɼɼ⇤ࣖ pƨȳƉƨ ǶǑ
�(ɼ) = Þ ʚǫƨȳ �(ɼ+) = Þ+ࣖ

 ¶ʚǫƨɼ ȳɄʚŗʚǶɄȳࣘ ɮ + ɾࣗ ɮ [ ɾࣗ ɮ|ɾ ŗțț ƕƨȳɄʚƨ ʯȳǶɄȳࣖ ɮɾ Ƕʌ
ʌɄȭƨʚǶȭƨʌ ˝ɼǶʚʚƨȳ ŗʌ ɮ·ɾࣖ

ࢉࡹ



¥ɄʚŗʚǶɄȳ ŗȳƕ âŗɼƨȳʚǫƨʌǶʌ

 bɄɼ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɼࣗ �(ɼ) Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ƕƨȳɄʚƨƕ ſ˦
ɼࣖ ¡ʯțʚǶɱțƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ Ɖŗȳ ƕƨȳɄʚƨ ʚǫƨ ʌŗȭƨ
țŗȳǖʯŗǖƨࣛ
E˥ŗȭɱțƨࣘ +ࡱ) (ࡹ ŗȳƕ +ࡹ) (ࡱ ƕƨȳɄʚƨ ʌŗȭƨ țŗȳǖʯŗǖƨ ,ࡱ} {ࡹ

 ÿ˝Ʉ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ ɼࡹ ŗȳƕ ɼࡽ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ ǶǑ
�(ɼࡹ) = �(ɼࡽ)ࣖ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗƕɄɱʚǶȳǖ ɱɼƨƉƨƕƨȳƉƨ Ʉɼƕƨɼࣘ ⇤ࣗ
ƉɄȳƉŗʚƨȳŗʚƨࣗ +ࣖ
E˥ŗȭɱțƨࣘ ɮ⇤ɾ+ ʋ = ((ɮ⇤)ɾ) + ʋ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗʌʌɄƉǶŗʚǶ˙Ƕʚ˦ ɄǑ ƨŗƉǫ ɄǑ ʚǫƨʌƨ
ɄɱƨɼŗʚǶɄȳʌࣖ
E˥ŗȭɱțƨࣘ ɮɾʋ = (ɮɾ)ʋ = ɮ(ɾʋ)ࣗ
ɮ + ɾ+ ʋ = ɮ + (ɾ+ ʋ) = (ɮ + ɾ) + ʋࣖ

 óʯɱƨɼʌƉɼǶɱʚ +ࣖ bɄɼ ƉɄȳ˙ƨȳǶƨȳƉƨࣗ ƕƨ̇ȳƨ ɼ+ = ɼɼ⇤ࣖ pƨȳƉƨ ǶǑ
�(ɼ) = Þ ʚǫƨȳ �(ɼ+) = Þ+ࣖ

 ¶ʚǫƨɼ ȳɄʚŗʚǶɄȳࣘ ɮ + ɾࣗ ɮ [ ɾࣗ ɮ|ɾ ŗțț ƕƨȳɄʚƨ ʯȳǶɄȳࣖ ɮɾ Ƕʌ
ʌɄȭƨʚǶȭƨʌ ˝ɼǶʚʚƨȳ ŗʌ ɮ·ɾࣖ

ࢉࡹ



¥ɄʚŗʚǶɄȳ ŗȳƕ âŗɼƨȳʚǫƨʌǶʌ

 bɄɼ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɼࣗ �(ɼ) Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ƕƨȳɄʚƨƕ ſ˦
ɼࣖ ¡ʯțʚǶɱțƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ Ɖŗȳ ƕƨȳɄʚƨ ʚǫƨ ʌŗȭƨ
țŗȳǖʯŗǖƨࣛ
E˥ŗȭɱțƨࣘ +ࡱ) (ࡹ ŗȳƕ +ࡹ) (ࡱ ƕƨȳɄʚƨ ʌŗȭƨ țŗȳǖʯŗǖƨ ,ࡱ} {ࡹ

 ÿ˝Ʉ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ ɼࡹ ŗȳƕ ɼࡽ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ ǶǑ
�(ɼࡹ) = �(ɼࡽ)ࣖ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗƕɄɱʚǶȳǖ ɱɼƨƉƨƕƨȳƉƨ Ʉɼƕƨɼࣘ ⇤ࣗ
ƉɄȳƉŗʚƨȳŗʚƨࣗ +ࣖ
E˥ŗȭɱțƨࣘ ɮ⇤ɾ+ ʋ = ((ɮ⇤)ɾ) + ʋ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗʌʌɄƉǶŗʚǶ˙Ƕʚ˦ ɄǑ ƨŗƉǫ ɄǑ ʚǫƨʌƨ
ɄɱƨɼŗʚǶɄȳʌࣖ
E˥ŗȭɱțƨࣘ ɮɾʋ = (ɮɾ)ʋ = ɮ(ɾʋ)ࣗ
ɮ + ɾ+ ʋ = ɮ + (ɾ+ ʋ) = (ɮ + ɾ) + ʋࣖ

 óʯɱƨɼʌƉɼǶɱʚ +ࣖ bɄɼ ƉɄȳ˙ƨȳǶƨȳƉƨࣗ ƕƨ̇ȳƨ ɼ+ = ɼɼ⇤ࣖ pƨȳƉƨ ǶǑ
�(ɼ) = Þ ʚǫƨȳ �(ɼ+) = Þ+ࣖ

 ¶ʚǫƨɼ ȳɄʚŗʚǶɄȳࣘ ɮ + ɾࣗ ɮ [ ɾࣗ ɮ|ɾ ŗțț ƕƨȳɄʚƨ ʯȳǶɄȳࣖ ɮɾ Ƕʌ
ʌɄȭƨʚǶȭƨʌ ˝ɼǶʚʚƨȳ ŗʌ ɮ·ɾࣖ

ࢉࡹ



¥ɄʚŗʚǶɄȳ ŗȳƕ âŗɼƨȳʚǫƨʌǶʌ

 bɄɼ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɼࣗ �(ɼ) Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ƕƨȳɄʚƨƕ ſ˦
ɼࣖ ¡ʯțʚǶɱțƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ Ɖŗȳ ƕƨȳɄʚƨ ʚǫƨ ʌŗȭƨ
țŗȳǖʯŗǖƨࣛ
E˥ŗȭɱțƨࣘ +ࡱ) (ࡹ ŗȳƕ +ࡹ) (ࡱ ƕƨȳɄʚƨ ʌŗȭƨ țŗȳǖʯŗǖƨ ,ࡱ} {ࡹ

 ÿ˝Ʉ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ ɼࡹ ŗȳƕ ɼࡽ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ ǶǑ
�(ɼࡹ) = �(ɼࡽ)ࣖ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗƕɄɱʚǶȳǖ ɱɼƨƉƨƕƨȳƉƨ Ʉɼƕƨɼࣘ ⇤ࣗ
ƉɄȳƉŗʚƨȳŗʚƨࣗ +ࣖ
E˥ŗȭɱțƨࣘ ɮ⇤ɾ+ ʋ = ((ɮ⇤)ɾ) + ʋ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗʌʌɄƉǶŗʚǶ˙Ƕʚ˦ ɄǑ ƨŗƉǫ ɄǑ ʚǫƨʌƨ
ɄɱƨɼŗʚǶɄȳʌࣖ
E˥ŗȭɱțƨࣘ ɮɾʋ = (ɮɾ)ʋ = ɮ(ɾʋ)ࣗ
ɮ + ɾ+ ʋ = ɮ + (ɾ+ ʋ) = (ɮ + ɾ) + ʋࣖ

 óʯɱƨɼʌƉɼǶɱʚ +ࣖ bɄɼ ƉɄȳ˙ƨȳǶƨȳƉƨࣗ ƕƨ̇ȳƨ ɼ+ = ɼɼ⇤ࣖ pƨȳƉƨ ǶǑ
�(ɼ) = Þ ʚǫƨȳ �(ɼ+) = Þ+ࣖ

 ¶ʚǫƨɼ ȳɄʚŗʚǶɄȳࣘ ɮ + ɾࣗ ɮ [ ɾࣗ ɮ|ɾ ŗțț ƕƨȳɄʚƨ ʯȳǶɄȳࣖ ɮɾ Ƕʌ
ʌɄȭƨʚǶȭƨʌ ˝ɼǶʚʚƨȳ ŗʌ ɮ·ɾࣖ

ࢉࡹ

roEE C

Ino
epsilon



¥ɄʚŗʚǶɄȳ ŗȳƕ âŗɼƨȳʚǫƨʌǶʌ

 bɄɼ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɼࣗ �(ɼ) Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ƕƨȳɄʚƨƕ ſ˦
ɼࣖ ¡ʯțʚǶɱțƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ Ɖŗȳ ƕƨȳɄʚƨ ʚǫƨ ʌŗȭƨ
țŗȳǖʯŗǖƨࣛ
E˥ŗȭɱțƨࣘ +ࡱ) (ࡹ ŗȳƕ +ࡹ) (ࡱ ƕƨȳɄʚƨ ʌŗȭƨ țŗȳǖʯŗǖƨ ,ࡱ} {ࡹ

 ÿ˝Ʉ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ ɼࡹ ŗȳƕ ɼࡽ ŗɼƨ ƨɸʯǶ˙ŗțƨȳʚ ǶǑ
�(ɼࡹ) = �(ɼࡽ)ࣖ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗƕɄɱʚǶȳǖ ɱɼƨƉƨƕƨȳƉƨ Ʉɼƕƨɼࣘ ⇤ࣗ
ƉɄȳƉŗʚƨȳŗʚƨࣗ +ࣖ
E˥ŗȭɱțƨࣘ ɮ⇤ɾ+ ʋ = ((ɮ⇤)ɾ) + ʋ

 ¶ȭǶʚ ɱŗɼƨȳʚǫƨʌǶʌ ſ˦ ŗʌʌɄƉǶŗʚǶ˙Ƕʚ˦ ɄǑ ƨŗƉǫ ɄǑ ʚǫƨʌƨ
ɄɱƨɼŗʚǶɄȳʌࣖ
E˥ŗȭɱțƨࣘ ɮɾʋ = (ɮɾ)ʋ = ɮ(ɾʋ)ࣗ
ɮ + ɾ+ ʋ = ɮ + (ɾ+ ʋ) = (ɮ + ɾ) + ʋࣖ

 óʯɱƨɼʌƉɼǶɱʚ +ࣖ bɄɼ ƉɄȳ˙ƨȳǶƨȳƉƨࣗ ƕƨ̇ȳƨ ɼ+ = ɼɼ⇤ࣖ pƨȳƉƨ ǶǑ
�(ɼ) = Þ ʚǫƨȳ �(ɼ+) = Þ+ࣖ

 ¶ʚǫƨɼ ȳɄʚŗʚǶɄȳࣘ ɮ + ɾࣗ ɮ [ ɾࣗ ɮ|ɾ ŗțț ƕƨȳɄʚƨ ʯȳǶɄȳࣖ ɮɾ Ƕʌ
ʌɄȭƨʚǶȭƨʌ ˝ɼǶʚʚƨȳ ŗʌ ɮ·ɾࣖ

ࢉࡹ



óɄȭƨ ƨ˥ŗȭɱțƨʌ ɄǑ ɼƨǖʯțŗɼ
ƨ˥ɱɼƨʌʌǶɄȳʌ



yȳʚƨɼɱɼƨʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

ࣖࡹ +ࡱ) ࣘ⇤(ࡹ

ࣖࡽ +ࡱ) +ࡱ)ࡹࡱࡱ⇤(ࡹ ࣘ⇤(ࡹ
ࣖࢁ ⇤ࡱ + ࣘ⇤(⇤ࡱࡹ⇤ࡱࡹ⇤ࡱࡹ⇤ࡱ)
ࣖࢅ (✏+ +✏)⇤(ࡹࡱ)(ࡹ ࣘ(ࡱ

ࢍࡹ

All binary strings

ULif
L



yȳʚƨɼɱɼƨʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

ࣖࡹ +ࡱ) ࣘ⇤(ࡹ
ࣖࡽ +ࡱ) +ࡱ)ࡹࡱࡱ⇤(ࡹ ࣘ⇤(ࡹ

ࣖࢁ ⇤ࡱ + ࣘ⇤(⇤ࡱࡹ⇤ࡱࡹ⇤ࡱࡹ⇤ࡱ)
ࣖࢅ (✏+ +✏)⇤(ࡹࡱ)(ࡹ ࣘ(ࡱ

ࢍࡹ

Could be
C

All strings with 001
as substring

0101 001



yȳʚƨɼɱɼƨʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

ࣖࡹ +ࡱ) ࣘ⇤(ࡹ
ࣖࡽ +ࡱ) +ࡱ)ࡹࡱࡱ⇤(ࡹ ࣘ⇤(ࡹ
ࣖࢁ ⇤ࡱ + ࣘ⇤(⇤ࡱࡹ⇤ࡱࡹ⇤ࡱࡹ⇤ࡱ)

ࣖࢅ (✏+ +✏)⇤(ࡹࡱ)(ࡹ ࣘ(ࡱ

ࢍࡹ

of EI's divisible by 3
L O O 0010000 I 00 I 0



yȳʚƨɼɱɼƨʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

ࣖࡹ +ࡱ) ࣘ⇤(ࡹ
ࣖࡽ +ࡱ) +ࡱ)ࡹࡱࡱ⇤(ࡹ ࣘ⇤(ࡹ
ࣖࢁ ⇤ࡱ + ࣘ⇤(⇤ࡱࡹ⇤ࡱࡹ⇤ࡱࡹ⇤ࡱ)
ࣖࢅ (✏+ +✏)⇤(ࡹࡱ)(ࡹ ࣘ(ࡱ

ࢍࡹ

I 01O l E

Iterating
Fino o o

l O



,ɼƨŗʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

ࣖࡹ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƨȳƕ Ƕȳ ࣞࡹࡹࡱࡹ

ࣖࡽ �țț ʌʚɼǶȳǖʌ ƨ˥Ɖƨɱʚ ࣞࡹࡹ
ࣖࢁ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ࡱࡱࡱ ŗʌ ŗ ʌʯſʌƨɸʯƨȳƉƨࣞ
ࣖࢅ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ʚǫƨ ʌʯſʌʚɼǶȳǖ ࣞࡱࡹ

ࡹ

Get I 01 I



,ɼƨŗʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

ࣖࡹ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƨȳƕ Ƕȳ ࣞࡹࡹࡱࡹ
ࣖࡽ �țț ʌʚɼǶȳǖʌ ƨ˥Ɖƨɱʚ ࣞࡹࡹ

ࣖࢁ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ࡱࡱࡱ ŗʌ ŗ ʌʯſʌƨɸʯƨȳƉƨࣞ
ࣖࢅ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ʚǫƨ ʌʯſʌʚɼǶȳǖ ࣞࡱࡹ

ࡹ

ik All string 3 characters or greater

U G O O l l03

U o 13 U E3

C t O e l e o o e ol
t lo Coe 1

3 Lot 1



,ɼƨŗʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

ࣖࡹ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƨȳƕ Ƕȳ ࣞࡹࡹࡱࡹ
ࣖࡽ �țț ʌʚɼǶȳǖʌ ƨ˥Ɖƨɱʚ ࣞࡹࡹ
ࣖࢁ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ࡱࡱࡱ ŗʌ ŗ ʌʯſʌƨɸʯƨȳƉƨࣞ

ࣖࢅ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ʚǫƨ ʌʯſʌʚɼǶȳǖ ࣞࡱࡹ

ࡹ

Abc is a subsequence ofstring

if the letters a'I i

appear in the string in that order
but not necessarilyconsecutively

Ex gattu

I Eto f Eto I geatu

00 E O E O E Oo

0 E E E O E o



,ɼƨŗʚǶȳǖ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

ࣖࡹ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƨȳƕ Ƕȳ ࣞࡹࡹࡱࡹ
ࣖࡽ �țț ʌʚɼǶȳǖʌ ƨ˥Ɖƨɱʚ ࣞࡹࡹ
ࣖࢁ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ࡱࡱࡱ ŗʌ ŗ ʌʯſʌƨɸʯƨȳƉƨࣞ
ࣖࢅ �țț ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ʚǫƨ ʌʯſʌʚɼǶȳǖ ࣞࡱࡹ

ࡹ

All zeros must come before all 1 s

O



ÿ˦Ƕȳǖ ƨ˙ƨɼ˦ʚǫǶȳǖ ʚɄǖƨʚǫƨɼ

,ɄȳʌǶƕƨɼ ʚǫƨ ɱɼɄſțƨȭ ɄǑ ŗ ȳࣽǶȳɱʯʚ ��3 ǑʯȳƉʚǶɄȳࣖ ÿǫƨ Ƕȳɱʯʚ ࣯˕ࣱ
Ƕʌ ŗ ʌʚɼǶȳǖ ȳࣽƕǶǖǶʚʌ țɄȳǖ ˝Ƕʚǫ ⌃ = ,ࡱ} {ࡹ ŗȳƕ ǫŗʌ ŗȳ Ʉʯʚɱʯʚ ࣯˖ࣱ
˝ǫǶƉǫ Ƕʌ ʚǫƨ țɄǖǶƉŗț ��3 ɄǑ ŗțț ʚǫƨ ƨțƨȭƨȳʚʌ ɄǑ ˕ࣖ

bɄɼȭʯțŗʚƨ ʚǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ˝ǫǶƉǫ ƕƨʌƉɼǶſƨʌ ʚǫƨ ŗſɄ˙ƨ
țŗȳǖʯŗǖƨࣘ

ࡹ

L 010 ill 0010 0010 9010 Cllr

Case where y I p f p

Case where y 0 Cot Cleo O

ftp.ipicoii OCieo5 f



éƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ Ƕȳ ɱɼɄǖɼŗȭȭǶȳǖ



¶ȳƨ țŗʌʚ ƨ˥ɱɼƨʌʌǶɄȳࣖࣖࣖࣖ



$Ƕʚ ʌʚɼǶȳǖʌ ˝Ƕʚǫ Ʉƕƕ ȳʯȭſƨɼ ɄǑ ʌࡱ ŗȳƕ ʌࡹ

ÿǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ Ƕʌ
�
+ࡱࡱ ࡹࡹ

�⇤
+ࡹࡱ) (ࡱࡹ

⇣
+ࡱࡱ +ࡹࡱ)+ࡹࡹ +ࡱࡱ)(ࡱࡹ +ࡹࡱ)⇤(ࡹࡹ (ࡱࡹ

⌘⇤

࣯óɄț˙ƨƕ ʯʌǶȳǖ ʚƨƉǫȳǶɸʯƨʌ ʚɄ ſƨ ɱɼƨʌƨȳʚƨƕ Ƕȳ ʚǫƨ ǑɄțțɄ˝Ƕȳǖ
țƨƉʚʯɼƨʌࣱࣖࣖࣖ

࢙ࡹ



$Ƕʚ ʌʚɼǶȳǖʌ ˝Ƕʚǫ Ʉƕƕ ȳʯȭſƨɼ ɄǑ ʌࡱ ŗȳƕ ʌࡹ

ÿǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ Ƕʌ
�
+ࡱࡱ ࡹࡹ

�⇤
+ࡹࡱ) (ࡱࡹ

⇣
+ࡱࡱ +ࡹࡱ)+ࡹࡹ +ࡱࡱ)(ࡱࡹ +ࡹࡱ)⇤(ࡹࡹ (ࡱࡹ

⌘⇤

࣯óɄț˙ƨƕ ʯʌǶȳǖ ʚƨƉǫȳǶɸʯƨʌ ʚɄ ſƨ ɱɼƨʌƨȳʚƨƕ Ƕȳ ʚǫƨ ǑɄțțɄ˝Ƕȳǖ
țƨƉʚʯɼƨʌࣱࣖࣖࣖ

࢙ࡹ

o



$Ƕʚ ʌʚɼǶȳǖʌ ˝Ƕʚǫ Ʉƕƕ ȳʯȭſƨɼ ɄǑ ʌࡱ ŗȳƕ ʌࡹ

ÿǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ Ƕʌ
�
+ࡱࡱ ࡹࡹ

�⇤
+ࡹࡱ) (ࡱࡹ

⇣
+ࡱࡱ +ࡹࡱ)+ࡹࡹ +ࡱࡱ)(ࡱࡹ +ࡹࡱ)⇤(ࡹࡹ (ࡱࡹ

⌘⇤

࣯óɄț˙ƨƕ ʯʌǶȳǖ ʚƨƉǫȳǶɸʯƨʌ ʚɄ ſƨ ɱɼƨʌƨȳʚƨƕ Ƕȳ ʚǫƨ ǑɄțțɄ˝Ƕȳǖ
țƨƉʚʯɼƨʌࣱࣖࣖࣖ

࢙ࡹ

o


