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Probability and Statistics 
for Com

puter Science 

“I have now
 used each of the 

term
s m

ean, variance, 
covariance and standard 
deviation in tw

o slightly 
different w

ays.” ---Prof. 
Forsythe 

Hongye Liu, Teaching Assistant Prof, CS361, UIUC, 9.17.2021

Credit: w
ikipedia
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Independence of random
 variables

✺
Random

 variable X and Y are 
independent if

✺
In the previous coin toss exam

ple
✺

Are X
and Y

independent?
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Are S
and D

independent?
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Joint	Probability	Exam
ple	

�
 Tossing	a	coin	tw

ice,	w
e	define	

random
	variable	X and Y for	each	

toss. 
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Joint	probability	distribution	
exam

ple	
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Joint probability distribution 
exam

ple
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Joint probability distribution 
exam

ple
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Bayes rule for random
 variable

✺
Bayes rule for events generalizes to 
random

 variables
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Conditional probability distribution 
exam

ple
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Conditional probability distribution 
exam

ple
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Three im
portant facts of Random

 
variables

✺
Random

 variables have 
probability functions

✺
Random

 variables can be 
conditioned

on events or other 
random

 variables
✺

Random
 variables have averages
-
8



Expected value

✺
The expected value

(or expectation) 
of a random

 variable X
is

The expected value is a w
eighted sum

of allthe values X
can take
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Expected value

✺
The expected value

of a random
 

variable X
is

The expected value is a w
eighted sum

of all the values X
can take
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Expected	value:	profit		

�
 A
	com

pany	has	a	project	that	has	p	
probability	of	earning	10	m

illion	and	1-p	
probability	of	losing	10	m

illion.	

�
 Let	X

	be	the	return	of	the	project.	
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Linearity	of	Expectation	

�
 For	random

	variables	X
	and	Y	

and	constants	k,c	
�
 Scaling	property	

	�
 A
ddi5vity	

�
 A
nd		
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Linearity	of	Expectation	

�
 Proof	of	the	addi5ve	property	

	

	

E
[X

+
Y
]
=

E
[X

]+
E
[Y

]

[-1×
+
4
-1-6
]_
E
t

5
-
✗
+
Y

E-[1/+
4
]=
5
-15
)
=
-3

s
P
c
s
)

Pcs
)
=
P
(5
--5
)

I
S
I
p
c
x
iy
)

={s=*+y}{
f-Key }

N
o
te

.
PC
5
=
5
7
--0

=
I
Ic
x
ty

>
p
c
k
,y
)

if
x
ty
ts

x
y



X
,
Y
,
-2
a
r
e

B
e
rn
o
u
lli
w
ith

E
[
✗
+
2
T
-
7
)

p
=
a
. 's

=
-61×7-1
n
e
tt
E
lz
)

=
2
×
0
-
5
-0
-5
1
=
1

EI×
2=
EH
1=
Et
-27

=
P
t
i
t
cvp
i.co

=
p
=
0
.5



P
ro
o
f
c
o
n
t
:c
.

E-[ ✗
+
Y
]=
I
Ic
x
ty

>
p
c
x
,y
)

x
y

EG
X-IY-i.tk?=-z-zacpcx.y)--zIypcx.Y

)

✗
y

a
-
y

=

E. x-zgpckkt-g-zypcx.gs
=

E
x

-P
ix
)
+
I
y
E
p
ix
,
Y
)

y

=
E-
(
X)
-1
I
y
p
c
y
)

y
=

E-
[
X
I
+
E-
[
Y
]



Q
.	W

hat’s	the	value?	

�
 W

hat	is	E[E[X]+
1]?	

					A
.	E[X]+1							B.	1								C.	0																																										
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Expected	value	of	a	function	of	X 

�
 If	f	is	a	func5on	of	a	random

	
variable	X

	,	then	Y	=	f	(X
)	is	a	

random
	variable	too	

�
 The	expected	value	of	Y	=	f	(X

)	is	
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Expected	value	of	a	function	of	X 

�
 If	f	is	a	func5on	of	a	random

	
variable	X

	,	then	Y	=	f	(X
)	is	a	

random
	variable	too	

�
 The	expected	value	of	Y	=	f	(X

)	is	
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Expected	tim
e	of	cat	

�
 A
	cat	m

oves	w
ith	random

	constant	
speed	V

,	either	5m
ile/hr	or	20m

ile/hr	
w
ith	equal	probability,	w

hat’s	the	
expected	5m

e	for	it	to	travel	50	m
iles?	
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Q
:	Is	this	statem

ent	true?		

If	there	exists	a	constant	such	that	
P(X

	≥	a)	=		1,	then	E[X
]	≥	a	.	It	is:	

	A
. 
True	

B. 
False	
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V
ariance	and	standard	deviation 

�
 The	variance	of	a	random

	
variable	X

	is	

�
 The	standard	devia5on	of	a	
random

	variable	X
	is	
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Properties	of	variance 

�
 For	random

	variable	X
	and	

constant	k	
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A
	neater	expression	for	variance 
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�
 Variance	of	Random

	Variable	X	is	
defined	as:		

�
 It’s	the	sam

e	as:	



A
	neater	expression	for	variance 
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V
ariance: the profit exam

ple

✺
For the profit exam

ple, w
hat is the 

variance of the return? W
e know
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M
otivation for covariance

✺
Study the relationship betw

een 
random

 variables

✺
N

ote that it’s the un-norm
alized 

correlation

✺
Applications include the fire control 
of radar, com

m
unicating in the 

presence of noise. 



Covariance

✺
The

covariance
of random

 
variables X

and Y
is

✺
Note that
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A
 neater form

 for covariance

✺
A neater expression for
covariance

(sim
ilar derivation as 

for variance)
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Correlation coefficient is norm
alized  

covariance
✺

The correlation coefficient is

✺
W

hen X, Y
takes on values w

ith equal 
probability to generate data sets 
{(x,y)}, the correlation coefficient w

ill 
be as seen in Chapter 2.
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Correlation coefficient is norm
alized  

covariance
✺

The correlation coefficient can also be 
w

ritten as:
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Correlation seen from
 scatter plots

Positive 
correlation

Negative 
correlation

Zero 
Correlation

Credit:
Prof.Forsyth



Covariance seen from
 scatter plots

Positive 
Covariance

Negative 
Covariance

Zero 
Covariance

Credit:
Prof.Forsyth



W
hen correlation coefficient or 

covariance is zero 
✺

The covariance is 0!

✺
That is:

✺
This is a necessary property of 
independence of random

 variables * (not 
equal to independence)
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V
ariance of the sum

 of tw
o random

 
variables
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If events X &
Y are independent, 

then
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A
ssignm

ents

✺
Finish w

eek4 m
odule

✺
Next tim

e: M
arkov and Chebyshev

inequality &
 W

eak law
 of large 

num
bers, Continuous random

 variable
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See you next tim
e
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!


