
P(T=t)=(1-1/N)t-1(1/N) ≈ (1/N) exp(-(t-1)/N)

Assume 
that x –
the # of 
daughters per each 
mother follows 
a Poisson 
distribution 

Population does 
not grow  λ=1 

Prob(merge)=
=E[x(x-1)]/N=
= λ2/N=1/N



• Start with individuals.  Time for one pair to 
merge is E(T)=  exp(−t/N)=N 

• Any of  pairs can merge first. The average 

time for the first pair to merge is 

• After merger 
• So, the time until the next 

merger is 

Most Recent Common Ancestor (MRCA)



Most Recent Common Ancestor (MRCA)

Total time until the MRCA



Hot off the press: human ancestors 
almost got extinct about 1M years ago

Hu W, et al. Science. 2023;381: 979–984



Effective human population size ~10,000

From ~1000 modern genomes: Bergström A, et al. Science. 2020;367



• Population is not constant and for a long 
time was very low

• Change N  to the “effective” size Ne

• Current thinking is that for all of us including 
people of African ancestry Ne~10,000 people

• For humans of European + Asian ancestry 
Ne~ 3000 people

• Mito Eve lived in Africa ~2*(Ne/2)*20 
years=10,000*20 years= 200,000 years ago



Effective human population size
in Europe and Asia ~3000 people

~60,000 years ago

From ~1000 modern genomes: Bergström A, et al. Science. 2020;367



“Mitochondrial Eve” lived in Africa

“Mitochondrial Eve” lived in Makgadikgadi–Okavango paleo-wetland of southern 
Africa ~200,000 years ago (between 165,000 and 240,000 years ago)

Chan EKF, et al. Nature. 2019; 575: 185–189. 



Okavango Delta now



“Mitochondrial Eve” lived in Africa

“Mitochondrial Eve” lived in Makgadikgadi–Okavango paleo-wetland of southern 
Africa ~200,000 years ago (between 165,000 and 240,000 years ago)

Chan EKF, et al. Nature. 2019; 575: 185–189. 



Modern mitochondrial DNA contains 
history of human migrations

Poznik GD, et al (Carlos Bustamante lab in Stanford), Science 341: 562 (August 2013). 



What about men?

• Y-chromosome is transferred from father to 
son

• Like mitochondria it can be used to trace 
ancestry of all men to the “Y-chromosome 
Adam”

• Where did “Adam’” live? Did he meet the 
“mitochondrial Eve”?



Y-chromosomal Adam also lived in Africa 
~200,000 years ago

Karmin M, Saag L, Vicente M, Sayres MAW, Järve M, Talas UG, et al. Genome Res. 2015;25: 459–466. 



“Adam” and “Eve” both lived in Africa

• “Mitochondrial Eve” lived in Africa between 100,000 and 240,000 years ago
• “Y-chromosome Adam” also lived in Africa  between 120,000 and 160,000 years ago
• Poznik GD, et al (Carlos Bustamante lab in Stanford), Science 341: 562 (August 2013).



15

Mitochondrial Eve (maternally transmitted ancestry)
Y-chromosome Adam (paternally transmitted ancestry)

lived ~200,000 years ago.

When lived the latest common ancestor 
shared by all of us based on nuclear DNA?

A. 1 million years ago
B. 200,000 years ago
C. 3400 years ago
D.  660 years ago
E.  Yesterday, I really have no clue

Get your i-clickers
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Last common ancestor in 
nuclear (non Y-chr) DNA is another matter
• Unlike Mito or Y-chromosome, nuclear DNA gets mixed with 

every generation
– Each of us gets 50% of nuclear DNA from the father & 50% from 

the mother
– Each of us has 2 parents, 4 grandparents, 8 great-grand parents …

• If one assumes: 
– Well-mixed marriages (not true: mostly local marriages until 

recently)
– Constant size population (not true: much smaller in the past)
– In 33 generations the number of ancestors: 

233 =8 billion > 7 billion people living today
• Every pair of  us living today should have at least one shared 

ancestor who lived 
– 33 generations * 20 years/generation=660 years ago ~1300 AD 



Corrected for (mostly) local marriages
and rare migrations 



Last Universal Common Ancestor (LUCA)

LUCA:  3.5-3.8 Billion years old
Earth is 4.5 Billion years old

Archaea were discovered here at UIUC in 1977
by Carl R. Woese (1928-2012) and George E. Fox 



Credit: XKCD 
comics 



Negative Binomial Definition
• In a series of independent trials with constant 

probability of success, p, let the random variable X 
denote the number of trials until r successes occur.  
Then X is a negative binomial random variable with 
parameters: 
0 < p < 1 and r = 1, 2, 3, ....

• The probability mass function is:

• Compare it to binomial 

   1
1 1  for , 1, 2...       (3-11)x rx r

rf x C p p x r r r
    

   1  for 1, 2,... n  n xn x
xf x C p p x  

NOTE OF CAUTION: Matlab, Mathematica, and many other sources use 
x to denote the number of failures until one gets r  successes.
We stick with Montgomery-Runger.



Negative Binomial Mean & Variance

• If X is a negative binomial random variable 
with parameters p and r,

• Compare to geometric distribution:

Sec 3-7 Geometric & Negative Binomial 
Distributions 22
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Matlab exercise
• Estimate mean, variance, and PMF based 

on 100,000 random variables drawn from 
a negative binomial distribution
with p=0.1, r=3

• Repeat with negative binomial distribution
with p=0.1, r=100



Matlab: Negative binomial distribution
• Stats=100000;
• r=3; p=0.1;
• r2=zeros(Stats,1);
• for k=1:Stats
• n_trials=0;
• n_successes=0;
• while n_successes<r
• if rand<p
• n_successes=n_successes+1;
• end;
• n_trials=n_trials+1;
• end;
• r2(k)=n_trials;
• end;
• disp('Observed average value’); disp(sum(r2)./Stats);
• disp('Expected average value’); disp(r./p);
• disp('Observed variance’); disp(sum(r2.^2)./Stats-(sum(r2)./Stats).^2);
• disp('Expected variance’); disp(r.*(1-p)./p^2);
• [a,b]=hist(r2, 1:max(r2));
• p_nb=a./sum(a);
• figure; semilogy(b,p_nb,'ko-');



Negative binomial PMF, p=0,1 r=3



Negative binomial PMF, p=0,1 r=100



Cancer is scary!
• Approximately 40% of men and women will be diagnosed 

with cancer at some point during their lifetimes 
(source: NCI website)

• “War on Cancer” – president Nixon 1971. 
“Moonshot to Cure Cancer” – vice-president Joe Biden 2016

Table from 
J. Pevsner
3rd edition



“War on Cancer” progress report



Probability theory and statistics 
is a powerful tool to 

learn new cancer biology



“Driver genes” theory 
• Progression of cancer is caused by accumulation of mutations in

a handful of “driver” genes 
• Mutations in driver genes boost the growth of a tumor
• Oncogenes:  expression needs to be elevated for cancer 
• Tumor suppressors (e.g. p53) need to be turned off in cancer

Douglas Hanahan and 
Robert A. Weinberg
Hallmarks of Cancer: 
The Next Generation
Cell 144, 2011



Statistics of cancer incidence vs age

Cancer death rate
~ (patient age)6

It suggests the 
existence of 
k=7 driver genes

P(Tcancer ≤ t) ~(u1t)(u2t)..(ukt) ~u1u2..uk tk

P(Tcancer = t) ~ (u1t)(u2t)..(ukt) ~k u1u2..uk tk-1


