Inductive probability
relies on combinatorics
or the art of counting
combinations



Multiplication and permutation
rules are two examples
of a general
problem, where
a sample of size k is drawn
from a population of
n distinct objects



Balls drawn from an urn (or a bag)
1 ball is red () '"
1ballisblue @) N N
1 ball is green ‘

n=3 balls of different colors in a bag from which | draw k=2
balls one at a time

Dol put each ball back to the bag after
drawing it?
* Yes: problem with replacement
* No: problem without replacement

* Dol keep track of the order in which the
balls were drawn?
* Yes: the order matters
* No: the order does not matter



George Polya

* George Polya (December 13, 1887
— September 7, 1985) was a
Hungarian mathematician.

 He was a professor of mathematics
at ETH Zurich from 1914 to 1940
and at Stanford University from
1940 to 1953. He made
fundamental contributions to
combinatorics, number theory,
numerical analysis and probability
theory.

Hasam M. Mahmoud
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Sampling table

How many ways to choose a sample of k objects out of population of n objects?

Order matters Order does not
matter

Replacement (n)k Difficult:

(n + k — 1)=
k

(n+k-1)!

(n—1)'k!

No replacement n(n-1)(n-2)..(n-k+1)= (n)= n!
n! k) (n—k)k!

=(n—k)!




Example

A DNA of 100 bases is characterized by
its numbers of 4 nucleotides:

d,, d., dg, and d; (d,+d+d-+d.=100)

* | don’t care about the sequence (only about
the total numbers of A,C,G, and T

* How many distinct combinations of d,, d, d,
and d; are out there?



What is n and k in this problem?

<=100, n=4
<=4, n=100
«<=100, n=4100
. k=410 n=4
don’t know
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What is n and k in this problem?

>

. k=100, n=4

<=4, n=100
«<=100, n=4100
. k=410 n=4
don’t know
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Is it sampling with or without

replacement & does order matter?

A.
B.
C.
D.
E.

with replacement, order matters
without replacement, any order
with replacement, any order
without replacement, order matters
| don’t know

Get your i-clickers



Is it sampling with or without
replacement & does order matter?

A. with replacement, order matters
B. without replacement, any order

C. with replacement, any order

D. without replacement, order matters
E. Idon’t know
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Probability Axioms,
Conditional Probability,
Statistical (In)dependence,
Circuit Problems



Axioms of probability

Probability 1s a number that is assigned to each member of a collection of events
from a random experiment that satisfies the following properties:
If § is the sample space and £ is any event in a random experiment,

() P(S) =1
2) 0=PE)=1
(3) For two events E; and E, with £, N E, = J

P(E; U E,) = P(E)) + P(E,)

These axioms imply that: A2 =0

P(E") = 1 — P(E)

if the event E, is contained in the event E,

P(E,) = P(E,)



Addition rules following from the

Axiom (3)
If A and B are mutually exclusive events, ; , 6. A () @ = ¢
P(4 U B) = P(4) + P(B) (2-2)
P(4 U B) = P(A) + P(B) — P(A N B) (2-1)
AuB
AN
4 N

e




P(AUBUC)=P(A) + P(B) + P(C) -
-P(AMB)-P(ANC)-P(BMN C)+

+ P(AMN BN C).




Conditional probability

The conditional probability of an event B given an event 4, denoted as P(B|A4), is
P(B|4) = P(4 N B)/P(A)

for P(4) > 0.

This definition can be understood in a special case in which all outcomes of a random exper-
iment are equally likely. If there are n total outcomes,

P(A) = (number of outcomes in A)/n
Also,
P(A N B) = (number of outcomes in 4 M B)/n
Consequently,

number of outcomesin 4 M B

P(4 N B)/P(4) =

number of outcomes 1in A

Therefore, P(B| A) can be interpreted as the relative frequency of event B among the trials that
produce an outcome in event A4.
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Multiplication rule
s just definition of conditional probability

P(B|A) =P(BNA)/P(A) =

P(BNA)=P(B|A)-P(A)



Drake equation
N=R-f, nf;- £ f.- L

N = The number of civilizations in The Milky Way Galaxy whose
electromagnetic emissions are detectable.

R* = The rate of formation of stars suitable for the development of
intelligent life.

f, = The fraction of those stars with planetary systems.

n, = The number of planets, per solar system, with an environment
suitable for life.

f, = The fraction of suitable planets on which life actually appears.
f.= The fraction of life bearing planets on which intelligent life
emerges.

f.= The fraction of civilizations that develop a technology that
releases detectable signs of their existence into space.

L = The length of time such civilizations release them



Ms. Perez figures that there is a 5% chance that her
company will set up a branch in Phoenix. If it does, she is
10% certain that she will be made its manager. What is
the probability that Perez will be a Phoenix branch office
manager?

A. 15%

C. 50%
D. 5%
E. 10%

Get your i-clickers ;



Statistically independent events
Always true: P(ANB)=P(A|B)-P(B)=P(B|A)-P(A)

= Two events

Two events are independent if the following equivalent statements is true:
(1) P(4]B) = P(4)
(2) P(Bl4) = P(B)
(3) P(4 N B) = P(4)P(B)

= Multiple events

The events E,, E,, ..., E, are independent if and only if for any subset of these
events £; , E;, ... , E;,

ID(E‘,'l ﬂE,-zﬂ ﬂE,-k) — P(Efl) X P(E'Z) X -+ X P(E'k)
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Example 3.10. Let an experiment consist of drawing a card at random from
a standard deck of 52 playing cards. Define events A and B as “the card is
a &” and “the card is a queen.” Are the events A and B independent? By
definition, P(A - B) = P(Q®#) = =5. This is the product of P(#) = 13 and
PO = 54—2, and events A and B in question are independent. In this situ-
ation, intuition provides no help. Now, pretend that the 20 is drawn and
excluded from the deck prior to the experiment. Events A and B become

dependent since

P(A)-P(B) =z = # z= =P(A-B).
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