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1. Motivation and Problem Statement

 Some channels do not preserve order (abc = cba)
* DNA storage
* Packets in a network

\

Note: while mentioned in
literature, these applications SENDER RECEIVER

are not very compelling

NETWORK




1. Motivation and Problem Statement

W X" zZ" P i Y™ W
C— Encoder — DMC —— . — Decoder —.
Permutation

 ADMC with an extra random permutation step
* Draw one of the many possible permutations of n symbols uniformly

* The order of the received symbols is uninformative
* |nstead of sequences into/out of a channel, we care about types
* Atype tells us everything about a sequence except the ordering



1. Motivation and Problem Statement

Definitions: Channel

RateisR =

Message W € {1,2, ..., M}

Encoded into codeword X" = f,,(W) where X € X ={1,2, ..., q}
DMC channelinput X" yields output Z",Z € Y = {1,2, ..., k}
Random permutationyields Y™ € Y™

Decoded into output W = g, (Y™)

P = Pr{W # W}

log M

Tog n to account for loss of information from random permutation

* The number of distinguishable types is polynomialin n

* The number of distinguishable sequences is exponentialin n



1. Motivation and Problem Statement

Definitions (continued): General

* Probability simplex:

q
Aq—1= {(ﬂl,ﬂz, ...,nn);E. 17Ti |\
L=

* Method of Types
a; ap a

P, = {P EAp_1:P = (;, - ,...,72) where a4, a,, ..., a, € {0,1, ...,n}}

T (P) = {xn . p = <N(a1|x),N(a2|x)’ i N(an|x)>}

n n T oon



1. Motivation and Problem Statement

Definitions (continued): Channel Distributions w

* Pz xisaq X k DMC matrix \
* (Pzix)bj = Pzx(jlb) = pp; forb € X andj € Y s

* Rowssumto 1
* Pzx s.p. (strictly positive) whenp,; >0 Vb e X,j €Y

* Pynjz = Pyjx o U is the distribution under fixed type m € P,
* Where we draw U uniformly from T, (1) (A)
* Then pass independently through the DMC Py|x
* Note that Pz x and Py|x are interchangeable yn
* Marginal Py forany Y; € Y"~Pyn,
* Marginalis independent of index t due to (A) 174



1. Motivation and Problem Statement

Definitions (continued): Other Distributions:

* @y is anydistribution overY

« Qy(y™) =11, @y (¥;) is the product distribution

» Categorical distribution Qy, with u = (uy,..., 1) € Ax_q with Qy,(j) = u;

« Multinomial Q},, has no direct relevance to a noisy permutation, but simplifies analysis
Yu

Nats are used, not bits



1. Motivation and Problem Statement

Theorem 1: Main result

For s.p. (strictly positive) Py|x, the capacity of the noisy permutation channel is

rank(Pzx) — 1
2

Cperm (PZIX) =

From [Makur, 2020] we know that (for s.p. Py|x)

rank(PZ|X) -1
2

Cperm (PZ|X) =

Thus, we seek a converse (upper) bound to prove theorem 1



1. Motivation and Problem Statement )

n
Markov chainis 0

T X"t yn

for some n-type ™ € P, chosen by the encoder. Thus, should find the
upper bound of I(1r; Y™) to get capacity.

Further, we know Yn
I(m;Y") < mng(PYnm”Qyn)

Proposition 1: Covering for Noisy Permutation Channel

For a noisy permutation channel with DMC Py|x and any n-type = € 5,, we assume that




2. Covering Converse

Covering a space of distributions

Consider the space of possible marginals| Py

L(Py|x)= U (Zﬂipu;zﬂipiz;---;ZM’Pik)
i i i

TL'EAk_l

with dimension | = [rank(Px)||— 1 Ra Paix 5+ dim(S) = rank(Py0)
DMC Probability vec
Aq_l___, PZ|X S:dim(S) = rank(PZ|X) -1




2 . COVG rl ng CO nve rSG Background: e-net covering are a popular toolin CS

Covering a space of distributions (continued)

Define the e-net covering of L(Pyx) as N,, (also, lete = 1/n)

N, is a set of “covering centers” (i = (Uq, U, -, Ui) € A1,
and not necessarily i € L(Pyx)

Idea: use a few vectors to describe a space of vectors

1. Every point T in space L(Py|X) is e-close to some center pi, in terms of KLD

1

max min D(Qy, Il Qv ) < € =—
neL(Pyx) FENn ( Yiu Yl”) n




2. Covering Converse

Covering a space of distributions (continued)

2. Cardinality of covering has convenient form

IN,| < C(qg,D(nDY? | o ___ Theorem 4

* C(q,l)isgiveninthe text, butis independent of n and will be made to vanish

* Reminder:e =1/n

Why bother with coverings?

I(m; Y™) < log|N,,| + 7%?)): Tgrel}vrrll D(Pyn“-c I Q{}m) [Yang 1999]



2. Covering Converse

I(m; Y™) < log|N,| + %%x l_grel}vn D(Pyn|n I erfllﬁ) [Yang 1999]

< log|N,| + max min nD(PrllQy) +f() Assume (for now)

< log|N,| + f(n) + 71%%%1))2 r{rel}vr,ll nD (Py||Qy)

< log|N,|+ f(n) + n=
M _____. By covering

_______________________ n____________-- Bycovering

<logC(g,1) +é(10gl +logn) + f(n)) + n%

l
Elogn +c' + f(n) ¢’ contains all terms not depending onn



2. Covering Converse

Proof of proposition 1

logM < I(m;Y™) < élogn +c' + f(n)

ByR = loﬂwe have
log
[ c’ n
R<-+ AL
2 logn logn
[ n
limR ==+ lim S
n—oo 2 n-oowo logn
Thus
rank(P —1 n
Cperm (Pzix) < ( ;'X) + 1im LY QED (Proposition 1)

n—o logn



2. Covering Converse

Proposition 1: Covering for Noisy Permutation Channel

For a noisy permutation channel with DMC Py|x and any n-type = € 5, we assume that

 D(PyalOfin) = ’_"P_(_P_Y_“Q_Y_)_Tﬂ_"_) ——————— Next (Theorem 2)
For any distribution Qyn. Then,
rank(Pzx) — 1 f(n)
Cperm (leX) = 2 N0 log n

Theorem 1: Main result

For s.p. (strictly positive) Py|x, the capacity of the noisy permutation channel is

rank(Pzx) — 1
Cperm(PZIX) = 2|




3. Divergence under Fixed Types

® Recap Theorem 2: When | is s.p. (stricyly positive), = (C 1) ,with- —  ()in

uniform, .
Final goal

nD(P, || 0y )< D(P, oU || 0} )< nD(P, || Oy )+ ¢



3. Divergence under Fixed Types

® Proposition 3: Consider ( , ) ~( x | )iniid, with =1 ( )}
AR Pla=1y"=y"]
D\P;, o P PlY" = A=1])1
(B oU 107 )=nD(7 10+ 3 Plr" =71 4=1}op==2r
® Proof (1/2): )
® with: (| W )=1[ = | =1];

® (P, U 0;)
Ply"=y"4=1]
Oy(»")
. Pla=1]y" =y |pr" =y
— = A=1|1
2P =y =1} log P(A=1)0;(")
_E{l an(Yn)A:1}+E{logP[AzllYHZYH]|A:1
o} (r") P(A=1)
@ @

--------------------------------- KL-Divergence

:ZP[Y” =y" |A:1]-log
i

--------------------- Baye’s Theorem




3. Divergence under Fixed Types

® Proposition 3: Consider( , ) —(C x| )iniid, with = 1{ @)
_______________ : o Pla=11y" ="
D(P oU 107)=nD(P, 10, )+ Y PlY" =y" | 4=1}1og =117 =]
P(A=1)
® Proof (2/2): @) )
Oy (¥Y")
= ZP[Y” =" A=1]log PYn(Yn) --------------------- Expectation
" QY(Y)
_ no_ny o4 |{f3yf=a}| P (a) ) By(a)
—yZnP[Y =y IA—l]gn P Y F— log o iy = 2153, =al llog %3

i R@ R
By

—nD(P ||Qy) alphabet : a,,a, - a,

________________




3. Divergence under Fixed Types

® Recap Theorem 2: When | is s.p. (stricyly positive), = (C 1) ,with- —  ()in

uniform, .
Final goal

nD(P,||0,)< D(PL, oU || 0} )< nD(P, || 0, )+¢

® Recap Proposition 3: Consider a noisy permutation channel with DMC | , for any

D{Ey U 1107)=nD(710,)+ T Pl =5 4=1] 1 P[A; — |

@

® \Vhat's next?
® Equals to proof:

P[A:1|Y” :y”]gc Final goal

0< Y Ply"=y"|4=1]log AT

yi’l EY}’I




3. Divergence under Fixed Types

® Equalized Theorem 2: When | is s.p. (stricyly positive), = (C 1) ,with - —  ()in
uniform,

(]< P[Y”:y”|A:1],10gP[A:1|Yn:yn]gc Final goal

- o) eY P(4=1)
® Let's prove the lower bound:
E| log [ _1|Yn — ) ]|A—1
P(A =1)
) e Pla=17" =]
_;P[Y =y |A—1] log PA=D
= ZP[Y” =y"| A= 1]- lrogP[Y;[;nyi |y1j ]: 1] --------------------------------- Baye’s Theorem
= D(P[Y" | A = 1]| P[Y” D> o. e KL-Divergence

______

® \We only need to prove the upper bound for remaining part.



3. Divergence under Fixed Types

® Equalized Theorem 2: When | is s.p. (stricyly positive), = (C 1) ,with - —  ()in
uniform,

P[A:1|Y” :y”]gc Final goal

0< Y Py =y"|4=1]log AT

yi’leY}’l
® The lower bound has been proved in previous slides:
® To prove the upper bound:

Z=1|}7”=y"]

E logP[ P(Zzl) | A=1 =E[10gP[Z=1|?”=y”]|2=1]—logP[A:1]

@ @



3. Divergence under Fixed Types

® Llemma2:let(, ) ~( x | )iniid, with =1{ ()hand =( g, )
1 1 1 —1 1
log——<——logn+ —log p.n+——log27w +—
“Pa=1) 2 ¢ ,.;02 Py O o
® Proof (1/1): ®
1 1
® Stirling approximation: v2 - »2+1< I<sy2 - 12
—logP(4A=1)
— _log O 1 g Method of Types
| pln’...pqn i=l1
| q 1) 7"
=—log n']—log H(p’n)
n’ = (pn)!

1 1 d 1 1
g\@— Elog n— ElOg 27 + El(—bw + Elog p:n+ Elog 27 + &) """""""" Stirling approx.



3. Divergence under Fixed Types

® Recap equalized Theorem 2: When | is s.p. (stricyly positive), = (C 1) , with
~ () in uniform,

0< Yy p[yn:yn|A:1].10gP[A=1|Y”=y”]gc Final goal

ot P(4=1)
® From Lemma 2 which we have proved:
1 1 1 —1 1
log———<——logn+ —log pn+—log2mr+—
SpA=1_ 2 °° ,.;02 Sy e o

® \Ve can get:

P[;‘z_:_lr{fn_lenLA:l
L P(4=1)

c=E| log

7750 !

S'qz_llognJrc'JIrE[logP[2=1|}7” =Y”]|A:1]




3. Divergence under Fixed Types

® Theorem 5 (Petrov 2012): When ( - =— /2)= , ( - = [/2)= , =1, , ,
-1/2

O(S ;A)=supPlz<S, <z+1]< aﬂ(i /”tfbij
® This provides us a conclusion: Let ~ (), = : :

Pls =z]<0(S.:1/2)< £

\/Z; min{p;,l-p;} =5 baIIs
® Lemma 3: Independently throw Dballs into one of bins, we get:
e
P[lenﬂl, ,N,=nr, Sn(q—l)/Z 2 —3b|ns

I1 ' min{p, , / 7, § 1_1 2_1 3_3
R L () N i _: Probability of -th ball threw into -th bin.

T i ¢, (i) i m[le{pi,b/ﬂ'b} Increasing order




3. Divergence under Fixed Types

: Pib Pib
® A useful bound: miny = 2 R—
=l pi,a a=b pi,a
( Pip q Pia |
iz L :
= min- i Za>b _Z, >
— , p
q pi,a q i,a
\Zab @ ﬂ.a Zazb @ ﬂa )
:5balls
- {pi,a}
i a ' q
) T T T T,
> —-ming — b | ZZ>”
imaX {pi,a } Za DR Za:b T
ﬂ“ —3b|ns
o L
min{p,, /7, } L_ “Za:bﬂa 1_1 2_1 3_3
= mine— (f) . T Py  Probability of -th ball threw into -th bin.
Ve maxip,, /7,

Increasing order



B=c 7,
ﬂ.max
3. Divergence under Fixed Types
® Lemma 3: Independently throw Dballs into one of __b_ln_s_ y\_/_e_get
!
P[Nl =n7y, s N, :nﬂq]_in(ql)/z B
® Proof: Ll
P[N1 =N, N, = I’l7Z'qJ
q
= 1__‘[P|:Nb =nrn, |N1 :nﬂ-lau'aNb—l :nﬂ’-b—l]
o [Petrov 2012]
b 1\/2 mln{pla’l pla}
< 12[ useful bound

- = = =y

c Gy . min{p,/7}

¢, = minh—= = min

m]flx{pi,b /7, }

=5 baIIs

= 3 bins

1—1 2—1 3—3

. Probability of -th ball threw into -th bin.

Increasing order



3. Divergence under Fixed Types

® To prove the upper bound:

@
Ellog P|A=1|7" = y"|| 4=1]
:logP[N1 =nm,,N, :mzq,]

a’
Slog n(qv_l)/zﬁ ________________________________________________ Lemma3
_10 aq'_l nﬂ.max
g PN nr,

1 1 ;', a

= Elognﬂmax - Oalogmb +(¢-Dlog——1 . = , s
o ____________ \/: ] number of symbols.

1 1
<—logn— X~ —lognx,+cc" : min{p., /7, }

2 bty >0 D L o C (l) . p Pip/! 7y

¢, = min—— = min
Poc, () i mbaX{pi,b/ﬂ.b}

+



3. Divergence under Fixed Types

® Recap Theorem 2: When | is s.p. (stricyly positive), = (C 1) ,with- —  ()in

uniform,
Proved

nD(P,||0,)< D(PL, oU || 0} )< nD(P, || 0, )+¢

® Recap Proposition 1: Consider a noisy permutation channel with DMC | , for any , with
o= C Il )+ (), weget:
rank(P, ,)—1 Proved
C o (B )< Bl S0)
2 n—>00 logn

® Recap [Makur 2020], that:
rank(F,y)—1 Reference

Cperm (})Y|X)Z 2
® Combine them, we get the main result Theorem 1:

rank(Fy, ) —1
Cperm (PY|X ) = 2




Thank you for your attention!



