
ECE 566: Coding Theory Spring 2020

Lecture 1 — January 23, 2020

Instructor: Prof. Olgica Milenkovic Scribe: Eli Brottman

We shall defer formal definitions to upcoming lectures. In this lecture, we shall work with termi-
nologies as explained by the accompanying examples.

Let s denote a binary string of length n, i.e., s ∈ {0, 1}n. The ith bit of string s is denoted by si.
Given a string, several types of errors might occur. Bits may be omitted from the string or added
to the string. Bits may be substituted by their complements as well.

Given a binary string s. If some bit sj of s is changes to 1− sj , then such an error is termed as a
substitution error.

For example, consider the strings
s = 1 0 1 0

and
s′ = 1 1 1 0.

Clearly, bit 0 was substituted by bit 1 at the second position of the string s.

While reading information, errors might be disruptive. Hence, we would like to develop methods to
encode information to ensure that the information can be retrieved even in the presence of errors.

A rather trivial idea to correct the substitution errors is to simply repeat each bit. In one such
repetition scheme, every bit is repeated three times: bit 1 is stored as 111, and bit 0 is stored as
000. Thus, string s = 1010 is stored as

t = 111 000 111 000.

If the string that is read is
t′ = 111 100 111 000,

to infer string s, the bits of t′ are first grouped in 3’s. The bit that occurs more frequently than
the other in the ith group is declared as bit si. In our example t4t5t5 = 100 form the second group.
Since the number of 0s exceeds the number of 1s in 100, s2 is declared to be 0. Thus, even if an
error occurs, string s = 1010 can be recovered.

An obvious issue with the repetition code is that in systems, the errors that occur are often corre-
lated. Assuming that one isolated error occurs is rather unrealistic and does not model the physical
system well. Also, in our example, we spent 12 bits to convey a string of length 4. At the outset,
this seems excessive.

To address these issues, Hamming codes were proposed. Let n denote the total number of bits in
the binary string, k denote the number of useful or informative bits. We shall now describe the
Hamming code for the parameters n = 7 and k = 4. We shall prove later that all Hamming codes
with parameters n = 7 and k = 4 can correct one substitution error. Note that this scheme is
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definitely more efficient than the previously mentioned repetition scheme in terms of the number
of bits used to convey four bits of information.

This efficiency over the repetition codes was achieved via the use of parity-check bits. Using three
bubbles which intersect as shown in Figure 1, one can determine the three parity bits p1, p2 and
p3 for every unique information string d1 d2 d3 d4. The three parity bits are then appended to the
information string to form the code string of length n = 7.

The three parity bits are chosen to ensure that every bubble in Figure 1 satisfies the parity condi-
tions:

d1 + d2 + d4 + p1 = 0 (mod 2), (1)

d1 + d3 + d4 + p2 = 0 (mod 2), (2)

d2 + d3 + d4 + p3 = 0 (mod 2). (3)

Equivalently, we can represent the conditions given by (1), (2) and (3) by the following equation:

1 1 0 1 1 0 0
1 0 1 1 0 1 0
0 1 1 1 0 0 1




d1
d2
d3
d4
p1
p2
p3


= 0 (mod 2). (4)

Figure 1: Illustration of how parity bits p1, p2 and p3 are constructed from information bits for a
n = 7 and k = 4 Hamming code. Source: [1].

Example 1. Let the information string be 1101. Then, we must choose p1, p2 and p3 to ensure:

1 + 1 + 1 + p1 = 0 (mod 2),

1 + 0 + 1 + p2 = 0 (mod 2),

1 + 0 + 1 + p3 = 0 (mod 2).

Thus, p1 = 1, p2 = 0 and p3 = 0. The codestring d1 d2 d3 d4 p1 p2 p3 = 1101100.
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Let’s suppose that the read codestring was corrupted by a single substitution error. To recover the
information string the following equations are evaluated:

1 + 1 + 1 + p1 (mod 2), (5)

1 + 0 + 1 + p2 (mod 2), (6)

1 + 0 + 1 + p3 (mod 2). (7)

The bit present in the intersection of the bubbles that do not satisfy the parity condition is inferred
to be the erroneous bit.

Example 2. Given an erroneous string 0101011, we wish to find the correct error-free codestring
d1 d2 d3 d4 p1 p2 p3. We evaluate (4) for the given erroneous codestring:

1 1 0 1 1 0 0
1 0 1 1 0 1 0
0 1 1 1 0 0 1




0
1
0
1
0
1
1


=

0
0
1

 (mod 2). (8)

Thus, the parity bit p3 is the erroneous bit. (Every other bit in the pink bubble is present in the
intersection of the pink and at least one other bubble.)

A string is called a valid codeword if it satisfies (4). Note that all valid codewords lie in the null
space of the “parity-check” matrix of the code, which we sometimes call (with abuse of notation)
the code. The parity-check matrix is denoted by H. Thus, a string u is a codeword if it satisfies
Hu = 0 (mod 2), where H is the matrix as given in (4).

Let’s consider strings
s1 = 1 0 1 1 0,

s2 = 1 0 0 0 1,

and an erroneous string
s∗ = 1 1 0 0 1.

Assuming only substitution errors occur, if we read s∗, one would say that it is more likely that s2
was the true information string since it is “closer” to the output string s∗. In making this inference,
we have also implicitly assumed that “not too many” errors occur.

The number of positions in which two codes s and t disagree is called the Hamming distance, and
is denoted by dH(s, t). In the example above dH(s, t) = 3, dH(s1, s

∗) = 4 and dH(s2, s
∗) = 1.

Given a code as defined by its parity-check matrix, how many errors can it correct? To understand
the error correcting properties of a code, one must understand how the codes are spaced. To
that end, we define the minimum Hamming distance, dmin(H) of a code. The minimum Hamming
distance of a code is the minimum number of positions in which any two codewords (in the code
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H) differ. The Hamming weight of the codestring s is the number of 1s in the string and is denoted
by w(s).

For any two codewords c1 and c2, c1 6= c2, we know that Hc1 = Hc2 = 0 (mod 2). Hence, by
linearity of the code H(c1 + c2) = Hc1 + Hc2 = 0 (mod 2). Therefore, c1 + c2 is a codeword as
well. Therefore

min
c1,c2

H(c1, c2) = min
c1,c2

H(c1 + c2, c2 + c2) = min
c

H(c, 0).

Thus, the minimum Hamming distance of a linear code H is equal to the minimum Hamming
weight of a codeword in H.
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