
CS 580: Algorithmic Game Theory, Fall 2023

HW 3 (due on Monday, 30th October at 11:59pm CST)

Instructions:

1. We will grade this assignment out of a total of 40 points.

2. You can work on any homework in groups of (≤) two. Submit only one assignment per
group. First submit your solutions on Gradescope and you can add your group member after
submission.

3. If you discuss a problem with another group then write the names of the other group’s
members at the beginning of the answer for that problem.

4. Please type your solutions if possible in Latex or doc whichever is suitable, and submit on
Gradescope.

5. Even if you are not able to solve a problem completely, do submit whatever you have. Partial
proofs, high-level ideas, examples, and so on.

6. Except where otherwise noted, you may refer to lecture slides/notes. You cannot refer to
textbooks, handouts, or research papers that have not been listed. If you do use any approved
sources, make sure you cite them appropriately, and make sure to write in your own
words.

7. No late assignments will be accepted.

8. By AGT book we mean the following book: Algorithmic Game Theory (edited) by Nisan,
Roughgarden, Tardos and Vazirani. Its free online version is available at Prof. Vijay V.
Vazirani’s webpage.

1. (Routing games problem 1)

(a) (5 points) Prove that if C is the set of cost functions of the form c(x) = ax2 + bx + c

with a, b, c ≥ 0, then the Piguo bound α(C) is 3
√
3

3
√
3−2

.

(b) (5 points) Give example of a potential game where the strategy profile achieving mini-
mum potential does not give the minimum cost NE.

[Hint: Try cost-sharing game.]

2. (Routing games problem 2) (10 points) Consider an atomic selfish routing game in which all
players have the same source vertex and sink vertex (and each controls one unit of flow).
Assume that edge cost functions are non-decreasing, but do not assume that they are affine.
Prove that a pure-strategy Nash equilibrium can be computed in polynomial time. Be sure to
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discuss the issue of fractional vs. integral flows, and explain how (or if) you use the hypothesis
that edge cost functions are non-decreasing.

[Hint: Recall the Rosenthal’s potential function. You can assume without proof that the
minimum-cost flow can be solved in polynomial time. If you haven’t seen the min-cost flow
problem before, you can read about it in any book on “combinatorial optimization”.]

3. (Best response Dynamics)

(a) (2 points) Give an example of a game with 2 players that admits a PNE, but the best-
response dynamics cycles.

(b) This problem studies a scenario with n agents, where agent i has a positive weight
wi > 0. There are m identical machines. Each agent chooses a machine, and wants to
minimize the load of her machine, defined as the sum of the weights of the agents who
choose it. A pure Nash equilibrium in this game is an assignment of agents to machines
so that no agent can unilaterally switch machines and decrease the load she experiences.

Consider the following restriction of best-response dynamics:

Algorithm 1: Maximum Weight Best-Response Dynamics

While the current outcome s is not a PNE:
among all agents with a beneficial deviation, let i denote an agent
with the largest weight wi and s′i a best response to s−i

update the outcome to (s′i, s−i)

i. (3 points) Show that, starting from the outcome s0 where no agent has selected any
machines (all machines have load 0), the MaximumWeight Best-Response Dynamics
converges to a PNE in exactly n iterations.

ii. (5 points) Show that, starting from any outcome s, the Maximum Weight Best-
Response Dynamics converges to a PNE in at most n iterations.

4. (Single parameter auctions) (10 points)

(a) (5 points) Consider a first price single item auction with set of bidders A. Let n = |A|,
and private value vi of each bidder i comes from a uniform distribution [0, 1]. Show

that bid profile (b1, . . . , bn) such that bi =
(n−1)

n vi, ∀i ∈ A is a Nash equilibrium.

Extra: What is the expected revenue of the auctioneer at this Nash equilibrium? How
does it compare with the expected revenue of Vickrey Auction?

(b) (5 points) Consider a single item second-price (Vickrey) auction with n bidders. Assume
that a subset S of the bidders decide to collude, that is, the bidders in S coordinate to
submit false bids in order to maximize the sum of their payoffs. Under what conditions
will this collusion be successful, and what should their collective strategy be?

5. (Bonus Question) Show that computing the pure Nash equilibrium of a potential game is
PLS-complete.
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