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PART I Fundamental Concepts in Quantum Information - One-qubit - superposition
- L

measurement

Invitin Lunitary transformations

sle qubits - superpositionL
partial measurements
L
quantum circuits

↓
entanglement

#AY Quantum. Circuits and Entanglement

RECAP Say Alice has a qubit 14) and Bob has a qubit 147eD2
-

tion1 : What is the joint A-d state
.
"

on2 : If Bob applies a unitary We &* to his qubit ,
what is the new 4-d State ?

estion5 :

If only Alice measures her qubit , what happens ?

Joint State Alice d-qudit Bob e-qudit
--

-( 147 =!
Joint state is de-dimensional qudit

111 aB :

112) 9
, B2

" ↓ " I it = moreis ae -

121 &
zBi

Ide] ade in
This operation is called a tensor product .

①



More generally ,
tensor product of two matrices A and B :

*
B = !"

mxn matrix p x q matrix

As= ot Each block is a pxq matrix

rp x nq Matrix

I
=

1

1007"Eg. 102 x 10) = (d) * (d) = joi
100 =

(0) - (E) =

(a)
= =100) +El01)

Il

(10+

1010) - () * (0) = Fo
=

=100+

Demonstrates that tensor product is not a commutative operation
1007

· ior- (E) * (E) fireI
111

1107

Let's do this in the ket notation

(10 + (10 - (k) = 1100 -110 +(10) -!

②



artiesof E product
11

· Acts likemutativeplication

(A+ B) * C = A* C + Be C

A * (B + C) = A * B + AQ C

A * (BAC) = (A* BIGC = A * BOC

Eg. Alice Bob Charlie Joint state is

doBoVo 10007(ii) (ii) (vi)
doPoY, 100K

I :
d

, B , U , (111)

(A * B) = A * B

(A*B) · ((xD) = (Ado(BD)
↑

Matrix

multiplication

amCircuits

Let's suppose Alice and Bob each prepared a qubit and got together

Alice ⑧ These two particles have a joint state

Bob ⑧ &0 1007
+

do , 1017 +
,
1107 + 4

,
/11

↑Y
I

Alice Bob

Let's imagine they go in a physical device that changes their state (jointly)
e.g . the device applies a CNOT operation 1

③



tion(CNOTI

Conte = 4x4 unitary transformation defined as follows

"If the control qubit is o
,
do nothing

Else
, apply a NOT to the target pubit

"

Formally , 1007 -> 1007 110) - 111)

10K + 1017 11K + (10)

The matrix representation of CNOT is

100
100 00
I

101not (t-lt
111
I

This is a permutation matrix
,
so it is easy to see

that this is a unitary transformation

What is the joint state of Alice and Bob's qubit after CNOT ?

We draw this operation as a "quantum circuit" diagram

-Bob CNOT

200 100) + &, 101) 200 100) + do , 101

+ do (10) + ,
/11

+ &
,
(10) + 0

,0111

Let's draw a more interesting quantum circuit now
RECALL

Alice-At- H = (i -i)

-Bob ⑧ ! : 10) -+ Ht)

CNOT 11 + 1->

② ③

What are the states at locations &
,

and ?

④



State at location 8 : 100)

at location & : Alice only applies a gate to her qubit H10L=It)

so
,
state is

1x10) = 100) + /10

at location : CNOT swaps the amplitude of 110) & 11K

so
,
state is

E100) + EIID) - Bell state

OR EPR pair

Trem Bell State is not of the form 147 * 14) for any 14) , 1992

This means that such states can only arise when the particles interact

roof Let 14= (9) and 14 = /Bit
Then 127 & 18) = doBo

loo , Ia
Observe that the product of amplitudes on 101) & (10)

- product of amplitudes on 100) & IR

for any tensor product state

This is not true for the Bell State ⑭

*tion A state on multiple pubits is called entangled across a bipartition (of the qubits)
if it cannot be written as 147410) for any 142410)

It is not obvious just by looking at a state if its entangled

Eg. Is 2100L + I 10R
+ I /10) + E /K entangled ?

= (t)x1+)

⑤



Suppose Bob applies a NOT gate to her qubit -> This is 2x2 unitary
How can we make sense of this ?

aBob ! " : i
⑤

-100) + IID

At location : F 101 +E /10)

suppose Alice now applies a H gate

Alice Bob

At location 8 : plitude E :
State is

applying H to Alice's qubit gives (H107(& 117
=>(t)(1)

=> =104(1) + (1)x11)
52

- (01) + /11)

amplitude State TiresPescai
= 1 -> & 107

=

E 100)
-= 110)
52

Final State
, (10 + 7) + (100 - 10)I
= =1003 +110x - =(10) + /11)

In general , say we have a 2-qubit state (i) ec"
and a exe unitary v = (Pai)

911

What is the state after we apply U to 2nd qubit ?
⑥



#6 We only need to figure out what happens on the basis states 100)
,
1017

,
1107

,
1117

100) = 10) 10)

-5navit 10 a von
= ( ! )"() =

(a)
11 = 10am xaux = (o)"() =

(8)
110) 8 112) o

⑧(i) / 11
q I

Matrix for the overall transformation is

00 0 I 10 11

P v ⑧ ⑧
I

q S ⑧ 0 = T!
O 0 q S

I -

2x2
*

O 0 P 2

If you did W to 1st qubit and nothing to 2d : UeT
-

2x2

-> and V to 2"* : UQ V

(L* F2xz) 17
# .

Alice

! SWAPIBob· !
--

!
(IV) (UXI)15)

143x14) CNOT 1470 197 157
= rV15)

- SWAP . CNOT 14 >8 197

↑
The order does not matter if you apply separate transformations on each particle

ALECTURES Partial Measurements & EPR Paradox
- ⑦


