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#ay Simon's Algorithm (Wrapup)
Quantum Fourier Transform

#CAP Given black-box access to f that is L-periodic
,
determine LeC0 , 13

"

Black-box access : xxy)-/- (x)1yf(x)---' a 11 = H- 1

- periodic : f(x) = f(y) iff x &y = L => pairs (x , x+L) get a distinct color

(1 . 4)"classical is 42 quantum

#dea Use quantum subroutine to get random linear equations in bit representation of L

tum time

(i) Prepare the state Ei Yes, 1f(x

ciil Measure the COLOR C

=> state collapses to Ex+ * ①1) Where f(x) = f(x + 2) = 211
x
*S

(iii) Applying H*" to first I qubits gives so
is & MEASURE

suppose we get s......,s eE0 , 13" then

e
.g .

L
, (201, 04 = 0

IEtt- ↳2013 = 0

L
, Lz = 8

(304 = 0

· At least 2 solutions 0
,
L and others

· If no equations, I could be one of 2" "possible colors

· Each new if it is linearly independent , reduces #solns by half

· Exactly 2 solutions if s".....
Sit contain 1-1 linearly independent equations

⑪



im #[first n-c gi"
....
- are linearly independent) E

start again if they are not

E[# applications of Up until we succeed] = 4

#of Claim Assume s" ....,) are linearly independent
i . e

. they span a subspace [x,
"
+& +--+ d;S",, 2, ... a: =[0 , 133

which has size 2
:

The next slitt is independent if it is not in the span

IP
(i+i][ s - spangs" ..."3]= I
-

bad event

IP /good : scit * span ds" ..... S"] = 1-2

#(all 1-1 are linearly independent) =( )(E)(*) ...-?)
↑ A

↳ [s * span .303] I
⑭[s-"Espanas"....s 3]

= -- = - )()(i)
=> (i)(6)(is) ....

"El - - ! - -)
= It

*

#
:

Buildup to Shor's Factoring Algorithm

Given Ne find p , 9 S . t . p -q=N

Shor's algorithm uses a similar subroutine over integers mod N called ORDER FINDING

ORDER FINDING : f(x) = a
* modN where a is uniform random number

coprime to N

find 2 (dividing-N) S.t . f(x) = f(x+ 2) = f(x +22) = f(x+3)) ....
②



LIN
Main differences with Simon's problem :

① Arithmetic mod N where N is a large number

② No promise that divides N
.
so need some results from number theory to deal with it

③ We can build the black-box ourselves -> This is what makes it practical !

The algorithm for order finding is similar to Simon's algorithm but we need an

analog of H
*"
that Works Mod N

This is the Quantum Fourier Transform which we now introduce

#Fourier Transform

Let us first talk about thesldiscourie form

Useful in recovering periodic structure in data

E
. g
. Continuous fourier transform allows

ir= =
↓ freq 1

I I

ener E freq
-

7I Time domain cydomai-

Discrete Fourier Transform (DFT)

Given f : 24 + C

10) f(0)

IN-1
li - fisish - 'sClu> where [1vo) , .... -3 is

S
=

0

a different basis called
- f(N-1) ↓ the EN-Fourier basis and

↓ f(il are the Fourier coefficients
&I

TIME" domain "FREQ" domain

Standard basis Fourier basis

③



N-1

(Inverse) DFT Matrix DFT = S1,Xs1 = I

wo
ins

..

whic Unitary Matrix
S= 0 i 11 I i DFT = DFTN

Eg - (2 DFT = (ii) = H

For general N . we need complex numbers

Let wy=e
*YN

be the primitive Nt-root of unity
w

⑧

·

wi
· WN

⑧

&

8

-
⑧Wi

= e = cos() + i sin()
I /N

N-1

⑳
N N N

④

⑧
&

&

⑳ #C

wee
= 0

I"
I = wasDFTr=

x - -.......w SOI I / Iwin-s

Plotting Real parts of Us the graph looks like a discrete cosine wave

ReCUsIn
&

I je .......... .... -.I e->X i-1ii -x

S = 0 S = 1

0

WaEg(N =4) bFTy= Wi wa w
18I 0 wowas e IWa wi
0

wh w wi wis
-> can express mod 4

since w= 1

DFT= Conjugate Transpose of DFTa

=put negative signs in the exponent

④



One can compute discrete fourier transform of any vector in NooN time classically

However
.
Since DFTi is a unitary matrix , one can applying it to a quantum state

NOTE The coefficients in standard and Fourier basis are encoded as amplitudes unlike
-

the classical case where one can write the N coffecients on a piece of paper

The advantage is that one can IMPLEMENT DFTN for N = 2" with

O(n2 quantum gates (1 and 2 qubit gates)

O(2" 2) time classically , so exponential savings but
here we get a quantum State

Let's see how to do this by example . Say N = 16

N -1 2
We want to implement 1x) S WSX1S) where wi= C := w#so 16

DFT
,/x)

= !(10000) + wY1000) + w2 1000 + w 100K + ...

+
w IIL)

Is this state entangled
? No !

--oa)a) (wi52

152] -

compare this to the following step in Simon's algorithm :

48"(x) = (t)a1-(a) + e
.... output qubit : depends only on input qubit x:

↑ ↓

if xz
= 0

if x 2
= 1

For DFT
,
each output qubit depends on all n-input qubits

We will do the transform qubit-by-qubit

It will be very convenient to reverse the order

least significant bit I en 15,] most sig .

1x,- 1527

(x2)
-15

,
3

1770St
- 1x37- 150) least sig $x = xyzx, Yo



One can do I SWAP gates to reverse the order at the end

To do the oth wire
.
We need to get K

- seems like this depends on all
- 4 qubits of X

Notice
,

wo
= w

,8 = (- 1)

so
,

w8x = <- KY and it only depends on whether

x is even or odd
,
i . e . On Xo

so
, we want At** = HIXo

Isbxx 153] Misb

1x,- 1527

(x2)
-15

,
3

msb 1437- 150) Isb

To do the 1st wire
,
we need to get 11 = seems like this depends on all

4 qubits of X again

~
*
= i

,
so wh = i Y = only depends on x mod 4

i
. e . No and x1

4(Xo +2x, + 4X2 ++3)
W
nx

= w
, 6

since 16 x2 ,
32xz = 0

=who ·

wox
= (w) *0(-1)*

so
,
the IK state should pick up phase (-1) if x, = 1 < Hadamard

should also pick up phase wh if Xo=1

"Wed-w""gate ,
control qubit = No

100) -> 100) 110) -> wIi0)

101 -> 1017 111 + w"I117

00 I

01 I

11 I whI10 24

⑥



Isb Woi
List

1x, 1527

(x2)
-15

,
3

1st
1x37- 150) Isb

Rest is similar
,
in the end we have

Isb xener 153] Misb

1x, 1527-- 15
,
3

I
1str 150) Isb

Total gates : 1 + 2 + 3 + 4 + - -
+ n = 0(n2)

IRemarkssl For general n , say n = 1000 wer is the controlled 21000th root of unity
phase shift gate

We cannot build this accurately in practice

In general , hot realistic for 2"root of unity for k, 30

Luckily , it's not a problem !

#Suppose we delete all gates where K 108 (*) E
. g . K

= 30

E = 1%u

Then the resulting circuit

· "I approximates" DFTN -> success probability of Show's
algorithm only goes down by a

· remaining gates can be built since they have large phases

· only o(nlog) gates remain Near linear size !

Way more efficient !

I NEXT# Buildup to Skor's Algorithm : Order Finding

⑦


