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ﬁdagl Dealing with Garbage (contd)
Dniversal Quantom Gate Set

Deutsch's Algorimm

RECAP
[—> Coming soon
Q1: Does 3 F which quantom arcoits can com}:ute much more eﬁl‘d‘enﬂy than classical ohes 7
lagtk <
time &2

Con q,uan-tUrn civeots simolate classical circots 7

Q3:  Does the exact quantum gate: mattey ©

Last time we saw that the onswer to Q2 was YES bub all classical o?erattbns
need +o be done ih a veversible manner

E.g, AND g'ate X ol X — X,
%, SNA — gwba@t
0 Pl—— x, AND X,
T
* analla

Dealin o with onwanted gatbage brts

SuPpo:e we wart to use a classical circoit as a sobrovbithe in a guantum circut
F:§o,8" — {o,3™

IF we implement the classical Circutt fe_\/erg'nbly ie.

lx, ,.-w%, ) 100072 —— |F&KI7 | GX))

garlo age

ancilla

Puzale (in-class)

Suﬂbose we have a veversible civcoik

(P Q,O--“O) —» (P-Q, gav/bage)
Why can't we reverse it g g'd; on efficient algoff-l:hm for facto rl'ng_?

If things  are in svyeq:os\bl'on 5 g’a*bage is difficolt to deal with

rpot> loupuy  If gobage s entangied with outpt
Q-c. we can't e.q&b/ ge{: nd of
lancilla) ‘gq"”’“go Also , makes ¢ d|j°\f|‘c0lt to use it as

a Subroutine
So, often e want fo vemove gqvbage



Unmmpu’d&g Garbage [ Bennett ‘80s)

Soy F: {0.\3“—3 $0,13 comru’ced Yeversfbly

. x = F-F(x) outPt)'t
lnFot { [ C"‘.---’h: 0..-0) —_ (FCX), g’[x))
— avbape
Xn ¢ - g €
analla { ?, E
)

Trick:  copy the onswer somewhere and undo the compotation

x - FoX) ——T——- )
inyot { ' F ’ } E
X c . ,

X — ¢ Xh
. D i | c—
onalla pe — — \ } 0
o ) I
exkra & F&)
ancila o o—

by
(*-®, 0---0,0) —_— (X,---—xh, 00, F(?‘”

If we initiaize the extva ancilla bit Yo 1

(tretn, 0-0,1) —— (% Xp, 00, 10 Fx)

Co, ovevall we ge'b & guantim circat ‘)mP|emerrl:l'n£’

1%, D00 1y? — | %, %) 10 =0 Iy@F)

.

T f
|

Wwe can even throw these away how
Snee H')Ey are Unmtangledf

Deﬁnih‘oij A quantum civeor implements  F: f003" — £0)37 f i+ csmputes i as

1Kp-etn? Ly 2 — %, %) | YBFXIY
)’w—)’m

let's try to ahswer K3 now! What kind o\f gcdies do we reed :fo-( a q’uarrtdm Clreort 7



Congider o general, q;uantom civeuit  which n'm,;lernent-s a Onikaf)/ on h+ea q/ob;u

2h+¢lx2h+°\ Onil:qu

| input y— — loutput ? Extremely big unitary & dHficolt e build in prefol
LL

Are one or two qubit Fates encoph to lmplement W 7
\th‘\\a) — — | gafbuge7 YES ! v g g my

Univercal Gate Set

{H, S, eNOT, T] is universal for quantom computing  — similar 1o how AND  OR,NOT

is umvesal for classical circuts

o

T = 1 O
o e,lm/‘*

Since 3 Uncoontably many Oonitanes , here we con onl\/ f’et’ £- QP)DYOx;ma-h‘On
medning the output state of the quantdm dvcot ushe {Hs, cNoT, Ty
gatc is &-close on any inFo’c state 1o 4he veal oul:Fot State:

where S = {' 0] Phase gqte

| Uiy - C\LV>“ £ ¢ — Al measvreent ovtcomes will only diffcyby ¢
T)nivm*a\ qoantom Civcort

One wanls 40 choose €= _1
Pely(n)

oy even 2-" where h =4 qubr\.—s

So, dePendence on & mattevs a ot} Does the gabz set matier Jor this 7

So\ovqy- Kitaev theovem says that ugingx a d\;'ﬁ-“everrl: umvevsa| gal:e set can
only vedoce the nomber of gates by a fackor of lop ', e

# Gates with oniversal gae et G £ Gates wth {H,CNOT, S, T} - log <_|S

Analog of Shamnon's Theorem fov Quantom Setting

Any ongary U on qubts can be app roximoted , with any oniversal pote set,
bo € -precision Udng

0 (‘ln- Icgc '/E) gates

Most unibaries also require (vovghly) +this many gabes.



Now we can stavt with dnswenng” Q1 — can quantom civewrts be more eﬁ'aienl: ih computing
a fu.(nction.?

Deuksch ‘s ALgoﬂthrn

This was arpuably the first ever quantum algorfthm !

What is the problem ?

Given a function f: {0,lf — 10,13  determine i 1t s constant or balahced

* Fx) x £0x)
constant : f(o) = {C1) O e 2ep OF O .
i 11
balahced :  £0) F £0) Oe_ %0 o °><).‘°
1 —7 4 1 1

How's the function given to you *  Only "blad-box” or "query” access

AT}

One is given an API which allows you 4o get the valve Of £ on any wput.
This is the only way to access f. In porticvlar, you can’b see the code of
how { is implemented .

How many queries ave needed classn'cally to Sole the Froblcm (with po evvey) 7

> 2 que_n‘as are necessavy ond Suffl\dIEhf
Deutsch's qlgov\‘thm does it in a single gotry <— 2% S]DezduP over classical ng)'O'ﬂ:bhn‘LS

Quartom Queries

What does it mean to query a function as a black-box 7

12> — § 1407 is not veversible ond hence hot unH:a_r)/ in peneval
| e.¢ f=AND

We need 4o imFlement e Yeversibly as we have Seeh:
U :
%21 y? —f |'X>ly®f&)> Let us call this unitary U_f
llhpu-b oukpu{'
A cluqn’cum algoﬁthm can query ig sq}:'er,posfhbn It s eoSy 1o See that 2 q,oe,vies
ave stll req/u?reo( if we only use
o classical veversble cireuit



Suppose  we FU.": the fivst qlubilr ih M) State

4210) —f Up |7 L b;lo? 4 L U,1107
| 2 2
= Ljoo) +11107 =1 |1o)|fe) +1 |DIfa)Y
J2 J2 J2 2

|

Cordains information about both f10) and 1)
How do we extvact it ’chou&yl—n 7
Measuring 15F qubit collapses to

1021£0)) o 1021F0) w\prob _3:2;_ each

We covld have clone thie cassically as well
by querying” on 4 random hit

let us 'bvy Puth'ng the gnd qubfl: in duPerPosftl‘on .

lxY1-7 — U-f

el Uplodlo? — 2 UelxPla?
i vz

=1 |90) -1 |44)
Ja J2

L x>0 fa) —L 2211 &f6E07

J=2 V2
- |x>(l,|0@§cm —_J:,lieafcsth)
Tz =
- —— —

L 1od—-1 1) x)=0
= W fox

Jz
Ly - Lloy f fod=1
J2 J2
= { -2 Vf‘ :F(X):O
-1 F =1

= N =

£ is l‘m]Dlemerfteol i the globaL Phase  but stll measyrement will hot he(P wth @ glolaal ):hage

Tn summay : Fivst qub'rt in .sure.fposl'h‘on 1+>10) —| Yp — \—;-_-L_——l07lf(0)> + L \OHOY

2 NES
Second q{ubit n suPchosfﬂ'on % 21=) — U C—I)fcx) (% 5]-7




let's put both qubs in SchrFosf'Hon :

42=> —] 0p |— L _Uplo2-> + L UglaA-D
[ = =
= (L 10y +£(—n’°‘"m)®|—>
V2 J2

let’s focws on the first qubit and ipnore the second

whet we have is @ qobib L (-D716) (¥

NP} J2
= (14> i 4 =) These two states can be distinguished
up to - if ) 4 fC1) P{vjfectly) Interfevence at work!
g|oba\ phase

[F';nal Alp—orﬂ:hm\ () Create 4the stote W21
¥ G) Apply Up
(i) Meosove the Afixst qobt In [£2 basis
If outcome is "+"  output “f is constant *
If outcome s =", output “f is balanced

Exercise Dyaw 4 civeut dl'ag{am fov this algoﬁ‘lj'\m

ernind Yoo ymay wonder that +his algov'rlhm has ho l'n}bu’c qubits

The input is the {ruth table of the function §
but it can ohl\/ be accessed as a“b(o.ck-boy” or oracle"

Basfcally , the civeutt can be dvawn as

| - o= In summary, we toke oOuvv
lancilay —| U Input = the truth table of f
I— —r"rJ - and the anallas and write o
¥ 0 | subrovtine to compote { vevercibly

=VUp The guanom algor'nthm ts then allowed

16 Lse Uf as a. gal:e in the cireatt

The subrovtine is the only way o access the \‘nfu{' but may be very CDmFIex
1o imr\cme.nt-

So, nwmber of queries s not the final word for effn'cl'eng



So, why study this model ?
® Theowetically interesting” and One can vigovously Compave  quantom s classical
@ For most practical goantom alpovitims , 4 qoenes = H# pates

@ We dor't know how +o prove that theve are wo efficient classiaal circutts
ih terms of # gates

This model is called query c_on\}:\exily model  or " block-box model” or “ovacle madel”

[ NExT Time Quarntom algo'fiﬂ'\ms can give eyponential advah’ca@e.'




