BIOE 498/598



Exam 1 Review


BIOE 498 – Review Sheet for Exam 1

The exam is closed book and closed notes with an equation sheet provided. It will consist of several (~3) short answer questions and several problems covering chapters 1- 6. Homework Problem summary:
	Handout 1 

Handout2
	Matrix manipulation 

Solving simultaneous equations

	1.4

1.9
	Evaluate an integral using Galerkin method,  determine “A” in  y(x) = A sin(x/H

Evaluate an integral using Galerkin method, determine “A” in y(x)=A sin(x/H

	2.1a

2.3a
2.6
2.7
	Evaluate ( at a given “x” given nodal values of ( and their Xi, Xj coordinates

Given 1-D element quadratic shape functions verify 0, 1 at nodes, sum to 1; to 0. 

Develop the shape functions Ni(() and Nj(() given the interpolating equation. Given Given the displacement equation for a beam element, develop the shape function equations for N1, N2, N3, N4.

	3.2
3.4a
3.5
	Calculate the nodal temperature values within a composite wall by writing the residual equation at each node.
Given Q, write the residual equations for a domain (0, 2) divided into 4 elements (L=0.5) and solve the system of equations for the interior nodal values.

Evaluate the residual equation for node one in a one-dimensional system of equations using the weighting function shown in Fig. 3.2a

	4.3
4.4c
	Develop and solve the system of equations for a 1-D heat transfer problem with 3 elements and 4 nodes by writing the element matrices and assembling them.
Write the element matrices for a 1-D problem (5 nodes, 4 elements), assemble the global matrix, then solve the system of equations for a 1-D element

	5.2
5.7
5.14
	Verify that Ni for a linear triangular element is zero everywhere along side j-k.
Given the X and Y nodal coordinates and the nodal values for a triangular element, calculate the value of ( at point A, determine xy coordinates of a contour line (( = 170), and evaluate the derivatives /x and /y within the element. 

Given the X and Y nodal coordinate values for a rectangular element and the values of Φ at each node: a) calculate  at point B, b) determine three sets of coordinates for the contour line φ = 154, and c) evaluate the derivatives /x and /y at point B.

	6.2
6.4
6.6b
      6.9c
6.12
	For the 1-D quadratic element, write the shape functions in terms of the natural coordinate “ξ.” 

Develop the shape functions for a local coordinate system “r” with the origin at the point 1/3 of the way between node I and j starting with the  “x”, “s”, and “q” coordinate systems.

 Given the quadratic shape functions in terms of the length ratio local coordinate system, evaluate the integral Ni Nj ds using the length coord. factorial equation 6.17.
  Evaluate the integral of (Ni2+Nj) using the area coordinate factorial equation 6.29

Show that the shape functions of the rectangular element reduce to the linear shape functions alongside i-j.


Chapter 1  Introduction

Background, uses of the Finite Element Method – You should know the advantages (why it is used) and the disadvantages of the finite element method.
Know the techniques that can be used to find an approximate solution to a boundary value problem (finite difference, weighted residual methods) that does not an analytical solution (or that has a complicated analytical solution).
Know the names and general approach taken in weighted residual methods: 
	Method
	Weighting Function
	Comments:

	Collocation
	(x-Xi)
	Impulse functions.  Require residual to vanishes at points.

	Subdomain
	1
	Requires residual to vanish over interval

	 Galerkin
	Approx. function
	       Yields same result as variational method. 

	Least  Squares
	R(x)
	Error minimized w.r.t. unknown coefficients in the approximate solution.


Know that a potential energy formulation is used for numerical solutions of solid mechanics problems

Know the five basic steps used in the finite element method (discretize the region, specify the approximating equation, develop the system of equations, solve the system, and calculate quantities of interest).
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Chapter 2  1-D linear element

Introduction to the 1-D linear element

Interpolation function  varies linearly between nodes

Derivation of Shape Functions

Plug known values into 
Solve for 
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Group 
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Shape function properties

= 1 at own node, = 0 at other node
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They are always polynomials of the same type as 
The derivatives of the shape functions w.r.t. x sum to 0.

Several continuous piecewise smooth equations for a 1-D region can be connected to form a one dimensional region. (Piecewise smooth - values are the same at the nodes but the derivatives are discontinuous.)
Notation: 
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Finite element notation 

Chapter 3  A Finite Element Example

Given – a governing equation and boundary conditions:


g.d.e:
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b.c.s:

[image: image11.wmf](

)

0

0

ff

=

 and 
[image: image12.wmf](

)

H

H

ff

=


Evaluate the weighted residual to generate a system of equations (Galerkin’s method)
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Evaluation of the weighted residual integral, Rs, gives the following residual equation:
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1. Create table (for the beam: D = EI, Q = -M(x); for 1-Dimensional heat transfer, D= 1, Q = 0)
	e
	D
	Q
	L


2. Write residual equations for nodes where  is unknown (interior nodes)

3. Incorporate boundary conditions (known nodal values, usually at the ends for 1-D elements)
4. Solve for the unknown nodal values
Examples

Deflection of simply supported beams when moment diagram is known

Heat flow through a composite wall when surface temperatures are known

Matrix notation
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where [K] contains the (D/L) terms and {F} contains the (QL/2) terms.

Chapter 4: Element matrices: Galerkin’s formulation

Formulation using element contributions to a system of equations for the 1-D problem:
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and
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Define the element stiffness matrix and element force vector
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Properties of the global stiffness matrix:
Always symmetric and positive definite for structural problems and for governing differential equations that are self adjoint.

Diagonal coefficients, Kii, are always positive and relatively large compared to the off-diagonal values in same row.

[K] is a banded matrix.  Nonzero coefficients are located relatively close to the main diagonal.

All coefficients beyond the bandwidth are zero.

Bandwidth is related to numbering of the nodes. 
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  where BW(e) is the difference between the largest and smallest node numbers for an element.

Chapter 5: 2-Dimensional elements

2-D elements and grids

The linear triangular element and shape functions

Interpolation function is:  
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Shape Functions:
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The a’s, b’s, and c’s are defined on page 57.

Properties:

= 1 at its own node and = 0 at others
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A shape function is 0 along the side opposite its node

Bilinear rectangular element and shape functions

Interpolation function is:  
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Shape Functions:
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Properties:

= 1 at its own node and = 0 at others
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A shape function is 0 along the two sides it does not touch

The interpolation functions for the elements are continuous piecewise smooth equations
Chapter 6 Coordinate systems

Local coordinate systems (origin is located on the element): 1-D elements: They simplify the evaluation of integrals involving products of the shape functions.
The s coordinate system (origin at node “i”):
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Shape Functions:
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Limits of integration:  0, L

The q coordinate system (origin at the center of the element):
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Shape Functions:
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Limits of integration:  -L/2, L/2

Natural coordinate system: A local coordinate system that permits the specification of a point within the element by a dimensionless number whose absolute magnitude never exceeds unity. It allows the computer to use numerical integration techniques to evaluate element matrices.
 coordinate system
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Shape Functions:
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Limits of integration:  -1, 1

Length ratios coordinate system




Ratios:
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Limits of integration:  0, 1




Evaluation of integrals:
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where
[image: image48.wmf](

)

1

i

Nsl

=

 and 
[image: image49.wmf](

)

2

j

Nsl

=


Natural coordinate systems for the rectangular and triangle
Rectangular Element 
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Triangular Element 
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Integral evaluation:
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Reduction to 1-D shape functions:




Page 77 equations 6.33, 6.34, 6.35

Continuity (
[image: image58.wmf]f

 is continuous along common boundaries but derivatives do not have to be continuous) example discussed in handout)
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