
Maxwell’s Equations
(without displacement current)
differential form:

integral form:

Physics 435 – Equation Sheet for Final Exam

Electrostatics

𝐹⃑ = 𝑞𝐸

𝐸 𝑟 =
1

4𝜋𝜀!
+
𝑑𝑞
𝓇" .𝓇

𝑉 𝑟 =
1

4𝜋𝜀!
+
𝑑𝑞
𝓇

𝑑𝑞 → 𝜌	𝑑𝜏# volume
𝑑𝑞 → σ	𝑑𝑎# area
𝑑𝑞 → λ	𝑑𝑙′	(line)	

𝐸 𝑟 = −∇𝑉 𝑟

𝑉 𝑟 = −+
$

&⃑
𝐸 𝑟 G 𝑑𝑙

𝑊 =
𝜀!
2
% 𝐸

"
𝑑𝜏 =

1
2
%𝜌𝑉𝑑𝜏

∇ G 𝐸 =
𝜌
𝜀!

∇×𝐸 = −
𝑑𝐵
𝑑𝑡

∇ G 𝐵 = 0

∇×𝐵 = 𝜇!𝐽 + 𝜀!𝜇!
𝑑𝐸
𝑑𝑡

O𝐸 G 𝑑𝑎⃑ =
𝑄
𝜀!

!𝐸 # 𝑑𝑙 = −
𝑑
𝑑𝑡
*𝐵 # 𝑑 𝑎⃑

O𝐵 G 𝑑𝑎⃑ = 0

∮𝐵 # 𝑑𝑙 = 𝜇!𝐼+ 𝜀!𝜇! ∫
"#
"$

# 𝑑𝑎⃑

E-fields for simple charge configurations

𝐸 = '
()*!&"

𝑟̂	 (point	charge, at	origin) 

𝐸 = +
")*!,

𝑠̂	 (line	charge, along	z	axis) 

𝐸 =
𝜎
2𝜀!

±𝑧̂ 	(plane	charge, in	xy	plane)

 

Capacitance / capacitors

𝐶 =
𝑄
𝑉

𝐶 =
𝐴	𝜀!
𝑑

𝓇⃑ = 𝑟 − 𝑟′

Divergence / Stokes Theorem

O𝐸 G 𝑑𝑎⃑ = + ∇ G 𝐸 𝑑𝜏

+ ∇×𝐵 G 𝑑𝑎⃑ = O𝐵 G 𝑑𝑙

surface volume

contoursurface

Laplace’s Equation
∇"𝑉 = −

𝜌
𝜀!
	 → 	 ∇"𝑉 = 0	(if	𝜌 = 0)

Separation of variables for 𝜵𝟐𝑽 = 𝟎:
Cartesian:
𝑉 𝑥, 𝑦 = (

!"#

$

𝐴!𝑒%!& + 𝐵!𝑒'%!& 𝐶! sin 𝑘!𝑦 + 𝐷! cos 𝑘!𝑦

Spherical: 

𝑉 𝑟, 𝜃 =/
ℓ6!

7

𝐴ℓ𝑟ℓ +
𝐵ℓ
𝑟ℓ89

𝑃ℓ cos 𝜃
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Law of cosines
𝑐" = 𝑎" +𝑏" −2	𝑎	𝑏 cos 𝜃./	

Boundary conditions near sheet charge
𝐸01234 − 𝐸14526 =

𝜎
𝜀!
.𝑛	

𝑑𝑉01234
𝑑𝑛 −

𝑑𝑉14526
𝑑𝑛 = −

𝜎
𝜀!

Multipole expansion

𝑉 𝑟 =
1

4𝜋𝜀!
k
78!

$
1

𝑟79:+ 𝑟# 7𝑃7 cos 𝛼  𝜌 𝑟# 𝑑𝜏#

𝑉 𝑟 =
𝑄

4𝜋𝜀!𝑟
+

𝑝⃑ G 𝑟̂
4𝜋𝜀!𝑟"

+⋯(these	are	the	monopole + 	dipole	terms)	

𝑝⃑ ≡ +𝑟#	𝜌 𝑟# 𝑑𝜏#

Dipoles
𝑝⃑ = 𝛼𝐸
𝜏 = 𝑝⃑×𝐸
𝐹⃑ = 𝑝⃑ G ∇ 𝐸

Polarization
𝑃 = 𝑑𝑝⃑/𝑑𝜏

𝑉;< 𝑟 =
1

4𝜋𝜀!
O
𝜎/	𝑑𝑎⃑′
𝓇

−
1

4𝜋𝜀!
+
𝜌/
𝓇
𝑑𝜏#

𝜎/ = 𝑃 G .𝑛
𝜌/ = −∇ G 𝑃

The displacement
𝐷 = 𝜀!𝐸 + 𝑃
𝜌 = 𝜌/ + 𝜌=
∇ G 𝐷 = 𝜌= 	↔ 	∮𝐷 G 𝑑𝑎⃑# = 𝑄=
𝑃 = 𝜀!𝜒>𝐸
𝐷 = 𝜀! 1 + 𝜒> 𝐸 = ε𝐸
𝜀& = 1 + 𝜒> = 𝜀/𝜀!

First few Legendre polynomials
𝑃! 𝑥 = 1
𝑃: 𝑥 = 𝑥
𝑃" 𝑥 = (3𝑥" − 1)/2
𝑃? 𝑥 = (5𝑥? − 3𝑥)/2

a

b

c
𝜃%&

𝐵:;<=>? = 𝐵;>@<A?

𝐵:;<=>
∥ − 𝐵;>@<A

∥ = 𝜇! 𝑘×;ℓ 

𝐴:;<=>? = 𝐴;>@<A?

𝜕𝐴:;<=>
𝜕𝑛 −

𝜕𝐴;>@<A
𝜕𝑛 = −𝜇!𝑘
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Magnetostatics

𝐹⃑ = 𝑞𝑣⃑×𝐵

𝐹⃑ = +𝑑𝑙 𝐼×𝐵

𝐵 𝑟 =
𝜇!
4𝜋

+
𝑑𝐼× .𝓇
𝓇"

𝐴 𝑟 =
𝜇!
4𝜋

+
𝑑𝐼
𝓇

𝑑𝐼 → 𝐽	𝑑𝜏# volume
𝑑𝐼 → 𝑘	𝑑𝑎# area
𝑑𝐼 → 𝐼	𝑑𝑙′	(line)	

𝐼 = 𝜆𝑣⃑ (line current)
𝑘 = 𝜎𝑣⃑ (sheet current)
𝐽 = 𝜌𝑣⃑ (volume current)

𝐵 = ∇×𝐴

𝑊 =
1
2𝜇!

* 𝐵
'
𝑑𝜏 =

1
2
* 𝐴 # 𝐽 𝑑𝜏

B-fields for simple currents

𝐵 = !C"
#$%

(𝜙   (infinite line current along z-axis)

𝐵 = ± !C&
#
+𝑦   (infinite sheet current in xy        

plane, with current in x-direction)

𝐵 = 𝜇'𝑛𝐼𝑧̂	(infinite solenoid along z-axis)

𝐵 = !C("
#$%

(𝜙  (torus with radius s and 
symmetry axis along z)

 

𝓇⃑ = 𝑟 − 𝑟′

Continuity equation, Ampere’s Law for 𝑨 

∇ G 𝐽 = −
𝑑𝜌
𝑑𝑡

∇ ∇ G 𝐴 − ∇"𝐴 = 𝜇!𝐽

∇"𝐴 = −𝜇!𝐽 (Coulomb gauge)

Magnetization

𝑚 = I ∫𝑑𝑎⃑′

𝜏 = 𝑚×𝐵

𝑀 =
𝑑𝑚
𝑑𝜏

𝐴@0A 𝑟 =
𝜇!
4𝜋

+
𝐽/(𝑟#)
𝓇 	𝑑𝜏# +O

𝑘/(𝑟#)
𝓇 𝑑𝑎′

𝐽/ ≡ ∇#×𝑀	 bound	volume	current

𝑘/ ≡ 𝑀×.𝑛     (bound	sheet	current)

Auxiliary field 𝑯

𝐻 ≡
1
𝜇!
𝐵 −𝑀

∇×𝐻 = 𝐽= 	 ↔ 	 O𝐻 G 𝑑𝑙 = 𝐼=

𝑀 = 𝜒B𝐻

𝐵 = 𝜇𝐻        𝜇 = 𝜇! 1 + 𝜒B
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Circuits

𝑅 =
𝑝
𝑞𝐵!

𝐼 = 𝜆𝑣⃑
𝐽 = 𝜎𝐸	 or	 V = IR
𝑃 = 𝐼"𝑅

𝜀 = O𝑓 G 𝑑𝑙 =O𝑓C G 𝑑𝑙

Φ = +𝐵 G 𝑑𝑎⃑

𝜀 = −
𝑑Φ
𝑑𝑡

𝐿 = Φ/𝐼

𝑊D =
1
2
𝑄𝑉 =

1
2
𝑄𝐶" =

1
2
𝑄"

𝐶
𝑊E =

1
2𝐿𝐼

" =
1
2 𝐼Φ

Waves

∇"𝐸 =
1
𝑐"
𝑑"𝐸
𝑑𝑡"

∇"𝐵 =
1
𝑐"
𝑑"𝐵
𝑑𝑡"

𝜔 = 𝑐𝑘

𝐸 = 𝐸! cos 𝑘 G 𝑟 − 𝜔𝑡 + 𝜙

𝐵 = 𝐵! cos 𝑘 G 𝑟 − 𝜔𝑡 + 𝜙

𝑘 = 𝐸!×𝐵!

∇ B 𝐷 = 𝜌D

∇ B 𝐵 = 0

∇×𝐸 = −
𝑑𝐵
𝑑𝑡

∇×𝐻 = 𝐽E +
𝑑𝐷
𝑑𝑡

H𝐷 B 𝑑𝑎⃑ = 𝑄E

H𝐵 B 𝑑𝑎⃑ = 0

H𝐸 B 𝑑𝑙 = −
𝑑
𝑑𝑡%𝐵 B 𝑑𝑎⃑

H𝐻 B 𝑑𝑙 = 𝐼E +%
𝑑𝐷
𝑑𝑡

B 𝑑𝑎⃑

Maxwell’s Equations in a Medium




